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PEBFACE. 

The foundations of Mechanical Science were laid by Newton, 
and his achievements in this department constitute perhaps his 
most enduring title to fame. Later writers have developed his 
principles analytically, and have extended the region of their 
application, but, in regard to the principles themselves, they have 
acted the part of commentators. Nevertheless we may trace a 
tendency in modem investigations, which is of the nature of a 
gradual change in the point of view : there is less search for 
causes, more inclination to regard the object to be attained as a 
precise formulation of observed facts. On another side there is 
an important respect in which modern writers have departed 
from the form of the Newtonian theory. The philosophical 
dictum that all motion is relative stands in pronounced contra- 
diction with Newton's dynamical apparatus of absolute time, 
absolute space, and absolute motion. It has been necessary to 
reconsider in detail the principles, and the results deduced from 
them, in order to ascertain what modification would be needed 
to bring the theory of Rational Mechanics founded by Newton 
into harmony with the doctrine of the relativity of motion. 

The purpose of this book is didactic ; it is meant to set before 
students an account of the principles of Mechanics, which shall 
be as precise as possible, and which shall be in accordance with 
modem ideas. 

The book is divided into three parts. The first part is pre- 
liminary in character, and is intended to accustom the student to 
the idea of acceleration, and to the fact that a precise description 
of any motion can be given by a statement of the accelerations 
involved. In the first Chapter attention has been paid to the 
determination of position, the essential relativity of position being 
the key to much that follows. In the second Chapter is intro- 
duced the idea of a Vector, and it proves useful to recognise classes 
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of Vectors separated by degrees of localisation. In the third 
Chapter care has been taken to give precise definitions of velocity 
and acceleration. The fourth Chapter treats of the simpler 
motions — uniformly accelerated rectilinear motion, parabolic 
motion, simple harmonic motion, elliptic motion, and central 
orbits. 

The second part is devoted to an exposition of the Principles 
of Dynamics. Chapter V. contains a statement of the principles. 
The standpoint adopted is that for which the notion of Mass is 
the central idea of the subject. In Chapter VI. will be found an 
analytical formulation of the general theory, so far as to include the 
equations of motion and the theory of the motion of the centre of 
inertia. It does not include the equations of Lagrange. Chapter 
VII. treats of systems of forces, the main point dealt with being 
the resultant of forces applied to a rigid body. An indication 
is given here of the application of theoretical mechanics to elastic 
bodies. Chapter VIII. deals with the theory of work and energy, 
the equation of energy being regarded primarily as an integral 
of the equations of motion. A note at the end of Chapter V. 
indicates very briefly the history of the fundamental principles of 
Dynamics, and a note at the end of Chapter VlII. describes 
critically the transformation of the subject from a theory of force 
to a theory of energy. To avoid interruptions of the argument, 
the discussion of Units and Dimensions is postponed to an 
Appendix, and some matters which offer special difficulties, when 
not treated from the old " absolute " standpoint, are reserved for 
the last Chapter (XIII.). 

The third part of the book is devoted to exemplifying the 
applications of the general theory. Chapters IX. and X. deal 
with Dynamics of a Particle ; the former referring to free motions 
of particles, and the latter to constrained and resisted motions. 
Chapter XI. contains the elements of Rigid Dynamics. Experience 
shows that students appreciate the theory of momentum most 
easily in its application to rigid bodies. The subject is treated 
only in its elementary stages, the geometrical difficulties inherent 
in the consideration of three dimensional motions making it 
advisable to postpone their discussion. Chapter XII. contains a 
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number of miscellaneous methods and subsidiary theories, relating 
to impulses, initial motions, small oscillations, and the motion 
of chains, and it includes also some further applications of the 
principles of energy and momentum. The order is very different 
from that adopted in most English text-books; in the ordinary 
course Mechanics is subordinated to. Geometry, the order being 
that of geometrical difficulty. The order here adopted is meant 
to be that of the difficulty of the physical notions involved. 
There can be no doubt that the mechanical meaning of equations 
of motion in general is easier to grasp than that of equations 
of initial motion, and the theory of collision involves special 
hypotheses subsidiary to the general principles of dynamics. 

The class of students for whom the book is intended may 
be described as beginners in Mathematical Analysis. The reader 
is supposed to have a slight acquaintance with the elements of 
the Differential and Integral Calculus, and some knowledge of 
Plane Coordinate Geometry. He is not assumed to have read 
Solid Geometry or Differential Equations. The apparatus of 
Cartesian Coordinates in three dimensions is described, and the 
solutions of the differential equations that occur are explained. 
It not infrequently happens that analytical methods are preferred 
to geometrical ones, as likely to be more helpful to the students 
whose wants are in view. Chapter XI., and isolated Articles in 
other chapters, are marked with an asterisk to indicate that in a 
first reading they may with advantage be omitted. These Articles 
usually contain matter of such a degree of difiiculty that they 
are likely to be more easily understood after the rest of the book 
has been read, and further progress in Pure Mathematics has 
been made. A student attempting to read the book without the 
guidance of a teacher is recommended to pay the greatest attention 
in the first place to the unmarked Articles in Chapters IV., IX., X., 
and XII., and to work out the Examples inserted in the text and 
attached to such Articles, passing lightly over the more theoretical 
Chapters, and reverting to them wherever they are referred to. 
He cannot expect to grasp the whole subject at once in its logical 
order, and he will find it advisable to read some parts two or three 
times, connecting them with different special applications. 
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In addition to the Examples in the text, some of which are 
well-known theorems and are referred to in subsequent demon- 
strations, large collections have been appended to some of the 
Chapters. It is hoped that these may prove useful to teachers, 
and to students occupied in revising their work. These Examples 
are for the most part taken from University and College Examina- 
tion papers; others, in very small number, which I have not 
found in such papers, are taken from the well-known collections 
of Besant, Routh, and Wolstenholme. 

The works which have been most useful to me in connexion 
with matters of principle are Kirchhoff's Vorlesungen ilher Mathe- 
matische Physik (Mechanik), Pearson's Orammar of Science, and 
Mach's Science of Mechanics. The last should be in the hands of 
all students who desire to follow the history of dynamical ideas. 
In regard to methods for the treatment of particular questions, I am 
conscious of a deep obligation to the teaching of Mr E. R. Webb. 

I am much indebted to the kindness of friends who have 
assisted me in the production of this book. Mr J. Larmor has 
read a large part of the manuscript, and his criticisms and sug- 
gestions have been of the greatest value. He has also pointed 
out a number of errors in the proofs, and has shown a deep and 
encouraging interest in the progress of the work. Mr J. Greaves 
has read all the proofs with untiring punctuality and care, and 
the painstaking industry he has expended upon them leads me to 
hope that the book may be found free from serious misprints. He 
has also helped with many valuable suggestions. Prof. Greenhill 
also has assisted me with a number of corrections and criticisms. 
Mr R. Hargreaves has most kindly performed the distasteful task 
of verifying a large number of the Examples. His work shows 
that a sensible proportion of those submitted to him were originally 
either ambiguous or incorrect, and I fear that many inaccuracies 
may remain among the others. I shall be grateful for a notice of 
any correction that ought to be made. 

A. E. H. LOVE. 

Caubridqe, 

Augxist, 1897. 
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PEELIMINAEY. 
CHAPTEE I. 

INTBODUCTOEY. 

1. Mechanics is a Natural Science; its data are facts of 
experience, its principles are generalisations from experience. 
The .possibility of Natural Science depends on a principle which 
is itself derived from multitudes of particular experiences — the 
" Principle of the Uniformity of Nature." This principle may 
be stated as follows — Natural events take place in invariable 
sequences. The object of Natural Science is the description of 
the facts of nature in terms of the rules of invariable sequence 
which natural events are observed to obey. These rules of sequence, 
discovered by observation, suggest to our minds certain general 
notions in terms of which it is possible to state the rules in 
abstract forms. Such abstract formulas for the rules of sequence 
which natural events obey we call the " Laws of Nature." When 
any rule has been established by observation, and the corresponding 
Law formulated, it becomes possible to predict a certain kind of 
future events. 

The Science of Mechanics is occupied with a particular kind 
of natural events, viz. with the motions of material bodies. Its 
object is the description of these motions in terms of the rules 
of invariable sequence which they obey. For this purpose 
it is necessary to introduce and define a number of abstract 
notions suggested by observations of the motions of actual 
bodies. It is then possible to formulate laws according to which 
such motions take place, and these laws are such that the 

L. 1 
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future motions and positions of bodies can be deduced from them, 
and predictions so made are verified in experience. But in the 
process of formulation the Science assumes a highly abstract 
character. The fundamental notions involved have, for the most 
part, names in common use, such as " force " for example, but the 
common use of such names is never precise, and for scientific 
purposes the meaning to be attached to them must be made 
definite. This is done, as in Geometry, by means of definitions 
and postulates. Except in the statement of the postulates nothing 
ought to be taken from experience, all the results ought to be 
logically deduced. There is thus an abstract logical theory of 
Mechanics, of the same nature as Geometry, in which all that is 
assumed is suggested by experience, all that is found is proved by 
reasoning. The test of the validity of a theory of this kind is 
its consistency with itself, the test of its value is its ability to 
fiimish rules under which natural events actually fall. In what 
follows we shall be mainly occupied with the exposition of the 
theory, we shall not detail the observations and experiments by 
which the fundamental notions were suggested, nor shall we do 
more than indicate in particular cases the kinds of natural events 
to which applications of our theory can be made. 

2. Motion of a point. We have said that our object is 
the description of the motions of bodies. The necessity for a 
simplification arises from the fact that, in general, all parts of a 
body have not the same motion, and the simplification we make 
is to consider the motion of so small a portion of a body that 
the differences between the motions of its parts are unimportant. 
How small the portion must be in order that this may be the 
case we cannot say beforehand, but we avoid the difficulty thus 
arising by regarding it as a geometrical point. We think then in 
the first place of the motion of a point. 

Motion may be defined as change of position taking place in ' 
time. 

In regard to this definition it is necessary to make clear two 
things: one is the measurement of time, and the other is the 
meaning of the phrase " change of position." 

3. Measurement of time. Time may be measured by 
any process which goes on continually. The amount of the 
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process that is effected in any interval of time is supposed to 
be measurable, and the measure of this amount can be taken to 
measure the interval, so that equal intervals of time are those in 
which equal amounts of the process selected as time-measurer 
take place, and different intervals are in the ratio of the measures 
of the amounts of the process that take place in them. In any 
interval of time many processes may be going on. Of these one 
is selected as a time-measurer; we shall call it the standard 
process. " Uniform processes " are such that equal amounts of 
them are effected in equal intervals of time, that is, in intervals 
in which equal amounts of the standard process are effected. 
Processes which are not uniform are said to be " variable." It is 
clear that processes which are uniform when measured by one 
standard may be variable when measured by another standard. 
The choice of a standard being in our power, it is clearly desirable 
that it should be so made that a number of processes uncontroll- 
able by us should be uniform or approximately uniform ; it is also 
clearly desirable that it should have some relation to our daily 
life. The process actually adopted for measuring time is the 
average rotation of the Earth relative to the Sun* and the unit 
in terms of which this process is measured is called the "mean 
solar second." In the course of this book we shall assume that 
time is measured in this way, and we shall denote the measure of 
the time which elapses between two particular instants by the 
letter t, then f is a real number (in the most general sense of the 
word " number ") and the interval it denotes is t seconds. 

4. Determination of Position. Position of a point relative 
to a set of points f is not definite until the set includes four points 
which do not all lie in one plane. Suppose 0, A,B,G to be four 
such points ; one of them, 0, is chosen and called the origin, and 
the three planes OBC, OCA, OAB are the faces of a trihedral 
angle having its vertex at 0. The position of a point P with 
reference to this trihedral angle is determined as follows: — we 
draw PN parallel to 00 to meet the plane AOB in N, and we 
draw NM parallel to OB to meet OA in M; then the lengths 
OM, MN, NP determine the position of P. Any particular length, 
e.g. one centimetre, being taken as the unit of length, each of these 

* See Chapter XIII. 

t The phrase " position of a point " means its position relative to other points. 

1—2 
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lengths is represented by a number (in the general sense) viz. by 
the number of centimetres contained in it. It is clear that OP 




is a diagonal of a parallelepiped and that OM, MN, NP are three 
edges no two of which are parallel. The position of a point is 
therefore determined by means of a parallelepiped whose edges 
are parallel to the lines of reference, and one of whose diagonals 
is the line joining the origin to the point. 

It is generally preferable to take the set of lines of reference 
to be three lines mutually at right angles, then the faces of the 
trihedral angle are also at right angles; sets of lines so chosen 
are called systems of rectangular axes, and the planes that contain 
two of them are coordinate planes*. It is clear from the figure 




Fig. 2. 

* We shall, in the course of this book, make use of rectangular coordinatea 
only. 
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that a set of rectangular coordinate planes divide the space about 
a point into eight compartments, the particular trihedral angle 
OABG being one compartment. The lengths OM, MN, NP of 
Fig. 1, taken with certain signs, are called the coordinates of the 
point P, and are denoted by the letters x, y, z. The rule of signs 
is that X is equal to the number of units of length in the length 
OM when P and A are on the same side of the plane BOG, and 
is equal to this number with a minus sign when P and A are on 
opposite sides of the plane BOG, and similarly for y and z. We 
can express the conventions as regards sign by means of the 
following table, in which A', B', C denote points m AO, BO, GO 
produced : — 





sign of X 


sign of y 


sign of z 


in trihedral angle OABG 


+ 


+ 


+ 


„ „ „ OA'BC 


- 


+ 


+ 


„ „ „ OAB'C 


+ 


- 


+ 


„ „ „ OA'B'O 


- 


- 


+ 


„ „ „ OABG' 


+ 


+ 


- 


„ „ „ OA'BG' 


- 


+ 


- 


„ „ „ OAB'G' 


+ 


- 


- 


„ ,, ,, OA'BC- 


- 


- 


- 



It is clear that the coordinates x, y, z determine the position 
of the point P with reference to the lines OA, OB, OG. 

A set of lines of reference such as OA, OB, OG with respect 
to which the position of a point P can be determined will be 
called a frame of reference. 
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5. Change of position. Suppose that a point which, at 
any particular instant, had a position P with reference to any- 
frame, has at some later instant a position Q relative to the same 
frame. The point is said to have undergone a "change of posi- 
tion " or a displacement. Let the line PQ be drawn. It is clear 
that the displacement is precisely determined by this line; we 
say that it is represented by this line. Suppose the line PQ 
drawn through P to be produced indefinitely both ways, a parallel 
line may be drawn through any other point, 
for instance through 0, and then this line 
determines a particular direction; this is 
the direction of the displacement. Of the 
two senses in which this line may be 
described one, OR, is the sense from 
towards the point R which is the fourth 
comer of a parallelogram having OP, PQ 
as adjacent sides ; this is the sense of the 
displacement. The measure of the length 
of PQ is the number of units of length it 
contains; this number is the magnitude 
The subsequent position, Q, is entirely 
determined by (1) the previous position, P, (2) the direction of 
the displacement, (3) the sense of the displacement, (4) the 
magnitude of the displacement. 




Fig. 3. 

of the displacement. 



Further it is clear that exactly the same change of position 
is effected in moving a point from P to ^ by 
the straight line PK, and from .ff' to Q by the 
straight line KQ, as in moving the point from 
P to Q directly by the straight line PQ. That 
is to say, displacements represented by lines 
PK, KQ are equivalent to the displacement 
represented by the line PQ. 

Displacement is a quantity, for one dis- 
placement can be greater, equal to, or less than 
Fig. 4. another; but two displacements in different 

directions, or in different senses, are clearly not 
equivalent to each other; and thus displacement belongs to the 
class of mathematical quantities known as vectors or directed 
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quantities. We shall proceed in the next Chapter to discuss the 
geometry of vectors, and shall take up the proper development 
of our subject in the following Chapter. 

6. Note on the determinatiou of frames of reference. To determine 
a frame of reference we require to be able to mark a point, a line through 
that point, and a plane through that line. Suppose to be the point, OA 
a line through the point, AOB a, plane through the Une. We can draw 
on the plane a line at right angles to OA meeting it in 0, and we can 
erect at a perpendicular to the plane. The three lines so determined can 
be a frame of reference. 

In practice we cannot mark a point but only a small part of a body, for 
example we may take as origin a place on the Earth's surface ; then at the 
place we can always determine a particular line, the vertical at the place, and, 
at right angles to it, we have a particular plane, the horizontal plane at the 
place ; on this plane we may mark the line which points to the North, or in 
any other direction determined with reference to the points of the compass, 
we have then a frame of reference. Again we might draw from the place 
lines in the directions of any three visible stars, these would form a frame of 
reference. Or again we might take as origin the centre of the Sun, and as 
lines of reference three lines going out from thence to three stars. The choice 
of a suitable frame of reference, like the choice of the time-measuring process, 
is in our power, and it is manifest that some motions which we wish to 
describe will be more simply describable when the choice is made in one 
way than when it is made in another. We shall return to this matter in 
Chapter XIII. 



CHAPTEK II. 

GEOMETRY OP VECTORS. 

7. Definition of a Vector. A vector is an object of mathe- 
matical reasoning which requires for its determination (1) a number 
called the magnitude of the vector, (2) the direction of a line 
called the direction of the vector, (3) the sense in which the line 
is supposed drawn from one of its points, called the sense of the 
vector, and which obeys a certain rule of mathematical operation 
to be presently stated. 

Let any particular length be taken as unit of length. Then 
from any point a straight line can be drawn to represent the 
vector* in magnitude, direction, and sense. The sense of the line 
is indicated when two of its points are named in the order in which 
they are arrived at by a point describing the line. 

The rule of mathematical operation to which vectors are 
subject is a rule for replacing one vector by other vectors to 
which it is (by definition) equivalent. 

This rule may be divided into two parts and stated as 
follows : — 

(1) Vectors represented by equal and parallel lines drawn 
from different points in like senses are equivalent. 

(2) The vector represented by a line AG is equivalent to the 
vectors represented by the lines AB, BG, the points A, B, G being 
any points whatever. 

* The line is not the vector. The line possesses a quality, described as 
extension in space, which the vector may not have. From our complete idea of the 
line this quality must be abstracted before the vector is arrived at. On the other 
hand the vector is subject to a rule of operation to which a line can only be 
subjected by means of an arbitrary convention. 



7,8] 



POLYGON OF VECTORS. 



8. Examples of Equivalent Vectors 

equal and parallel lines, 
their ends can be joined 
by two lines AA', GO' which 
are equal and parallel; then 
the vectors represented by 
AG, A'C are equivalent; 
vectors represented by AG, 
G'A' are not equivalent. 

Again if A, B, G are any 
three points, and a parallelogram 
A, B, G, D is constructed having 
AB,BG&s adjacent sides, jID and 
BG are equivalent vectors. Also 
the vector AG is equivalent to the 
vectors AB, BG, or AB, DG, or 
AB, AD. 
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If AG, A'G' are 




Fig. 6. 



Further if a polygon (plane or gauche) is constructed, having 
^G as one side, and having any points 
P,Q, ... T as corners, the vector repre- 
sented by ^0 is equivalent to the vectors 
represented by AP, PQ, ... TG. This is 
clear because by definition the vectors 
AP, PQ can be replaced by AQ, and so 
■on. The statement is independent of 
the number of sides of the polygon, and 
of the order in which its corners are 
taken, no corner being taken more than 
once, provided the points A, G are re- 
garded as the first and last corners. [The 
restriction that no corner is to be taken Fig. 7. 

more than once will be presently removed.] 

In particular if the polygon is a gauche quadrilateral ABDG a 
parallelepiped can be constructed having its edges parallel to AB, 
BD, DG, and having ^C as one diagonal. Then the vector AG is 
equivalent to the vectors represented by the edges AB, AP, AQ 
which meet in A. (See Fig. 8.) 

The case of this which is generally most useful is the case 
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where the edges of the parallelepiped are the axes of reference 
relative to which the positions of points are determined. 




Fig. 8. 

' 9. Components and Resultant. A set of vectors equiva- 
lent to a single vector are called components, and the single vector 
to which they are equivalent is called their resultant. 

The operation of deriving a resultant vector from given com- 
ponent vectors is called composition, we compound the components 
to obtain the resultant ; the operation of deriving components in 
particular directions from a given vector is called resolution, we 
resolve the vector in the given directions to obtain the components 
in those directions. 

It is clear from the constructions in the preceding article that 
we can resolve a vector in one way into components parallel to 
any two given lines which are in a plane to which the vector is 
parallel, and again we can resolve the vector in one way into 
components parallel to any three given lines not in the same 
plane. 

When the directions of the component vectors are at right 
angles to each other the components are called resolved parts of 
the resultant vector in the corresponding directions. 

Thus, if we take a system of rectangular coordinate axes, any 
vector parallel to a coordinate plane, e.g. the plane of (x, y), can be 
resolved into components parallel to the axes of x and y, these are 
the resolved parts of the vector in the directions of the axes of x 
and y. 

Again, taking a three dimensional system of rectangular axes, 
any vector can be resolved into components parallel to the 
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axes of X, y, and z, and these are the resolved parts of the vector 
in the directions of these axes. 

In the former case taking OP to represent the vector, and 
drawing PM at right angles to Ox, OM and MP represent the 




Fig. 9. 

resolved parts of the vector parallel to the axes. If R is the 
magnitude of the vector represented by OP, and 6, <}> the angles* 
between the lines OP and Ox, Oy, then R cos 6 and R cos ^ are 
the magnitudes of the resolved parts respectively, and these are 
the projections of OP on the axes. 

More generally, taking OP to represent the vector, and drawing 
a parallelepiped with and P as opposite comers and with its 
faces parallel to the coordinate planes, the resolved parts of the 
vector in the directions of the axes are numerically equal to the 
projections of OP on the axes. If R is the magnitude of the 
vector represented by OP, and if I, m, n are the cosines of the 



* In Fig. 9 COS0 is am 6, but it is easy 
to draw a figure, e.g. Fig. 10, which makes it 
appear that cos is - sin 6. With the usual 
conventions in regard to the signs of trigono- 
metrical functions we shall always have 

cos 0= sine 
provided is the angle traced out by a line 
OP starting from Ox and turning round in 
the direction Ox to Oy. 




Fig. 10. 
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angles which OP makes with Ox, Oy, Oz respectively the resolved 
parts in these directions are Rl, Rm, and Rn respectively. 
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Fig. 11. 

This rule determines the senses as well as the magnitudes of 
the resolved parts ; thus, when cos d, in the first case, and I, in 
the second case, are negative, the component parallel to the x axis 
is in the negative direction of that axis, i.e. in the direction xO 
produced. 

It is clear from this rule that when the magnitudes and signs 
of the resolved parts of a vector in the directions of three mutually 
rectangular lines are given the vector is uniquely determinate, 
that is to say there is one and only one vector which has given 
resolved parts parallel to three such lines. 

The construction in the former of these cases is a construction 

for the resolved parts of a 
vector parallel and perpen- 
dicular to a liue. As before, 
let OR be a line representing 
the vector, and OA a line 
parallel and perpendicular 
to which the vector is to be 
resolved. Draw RM at right 
Fig. 9o. angles to OA. Then the 
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vector is equivalent to vectors represented by OM, MP, and the 
magnitudes of these are respectively B cos 6 and R sin 6, where 
R is the magnitude of the vector to be resolved, and 6 is the 
angle between its direction and OA. 

The vector represented by MP is the resolved part of the 
vector represented by OP at right angles to the line OA. 

10. Composition of any number of vectors. I. Consider 
first the case where all the vectors are 
parallel to a plane, and take it to be 
the plane of x, y. Let OPi, OP^, 
...OPn be lines representing the 
vectors, (supposed to be n in num- 
ber,) in magnitude, direction, and 
sense, and let 6^, d^,...6n be the 
angles the lines OPi, OP^, ... OPn 
make with Ox, i.e. the angles traced 

out by a revolving line turning about from Ox towards Oy. Let 
Vi, rj, ... r„ denote the magnitudes of the vectors. 

Then the vector represented by OP^ may be replaced by vectors 
Ti cos 01 parallel to Ox, and Vi sin di parallel to Oy, and similarly 
for the others. 

All the resolved parts parallel to Ox are equivalent to a single 
vector X parallel to Ox given by 

X = ri cos ^1 + 5*2 cos ^2 + ... + Tn COS dn = 'Z(r cos 6). 

All the resolved parts parallel to Oy are equivalent to a single 
vector Y parallel to Oy given by 

F = n sin ^1 + r-2 sin ^2 + . . . + r^ sin ^„ = 2 (r sin 6). 

The vector whose resolved parts parallel to Ox and Oy are X 
and Y is the resultant of all the vectors. Let the magnitude of 
this vector be R, and let its direction and sense be those of a line 
going out from and making an angle i^ with Ox. 

Then we have E cos i/r = X, and i2 sin i/r = Y. 

These two equations determine the magnitude R and the 
angle yjr, viz. : R is the numerical value of n/ (X^ + Y"), and i/r is 
that one among the angles whose tangents are YjX for which the 
sine has the same sign as Y and the cosine has the same sign 
as X. 
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II. Consider the more general case where the vectors are not 
parallel to a plane. Let n, ^2, •••^« ^e the magnitudes of the 
vectors, and call any one of these numbers r. Let I, m, n be the 
cosines of the angles which the line representing this vector in 
direction and sense makes with the axes of Ox, Oy, Oz. Then this 
vector may be resolved into rl, rm, m parallel to the lines Oas, Oy, 
Oz, and the whole set of vectors is equivalent to a vector whose 
resolved parts parallel to the axes are X, Y, Z, where X = 2ri!, 
F= Srm, Z^Xm, the summations extending to all the vectors of 
the set. The resultant is therefore a vector whose magnitude, R, 
is the numerical value of VC-^' + F* + Z'^'), and such that the line 
representing it in direction and sense makes with the axes Ox, Oy, 
Oz angles whose cosines are XjR, YjR, ZjR. 

11. Vectors equivalent to zero. When the magnitude of 
the resultant of any set of vectors is zero the set of vectors is said 
to be equivalent to zero. Thus two equal vectors parallel to the 
same line, and in opposite senses, are equivalent to zero. 

It is clear that the sum of the resolved parts, in any direction, 
of a set of vectors equivalent to zero is equal to zero. 

Again vectors parallel and proportional to the sides of a 
polygon, and with senses determined by the order of the corners 
when a point travels round the polygon, are equivalent to zero. 

This last statement enables us to do away with the restriction 
(Art. 8) that in the resolution of a vector into components 
parallel to the sides of a polygon not more than two sides of the 
polygon may meet in a point. 

12. Centroids. Although not immediately connected with the subject 
of this Chapter, it is convenient here to introduce the definitions of the 
centroids of figures. 

Consider in the first place a figure consisting of isolated points Ay, A^f.-.A^. 
Let any plane be drawn, and let a;i, x^,...^^ be the distances of the points 
from the plane, a positive sign being given to the ic's of the points on one side 
of the plane, and a negative sign to the afs of the points on the other side of the 
plane. Then there will be a parallel plane whose distance from this plane is 

- (aij +:r2+ • • • + ^n) )■ the sign of this quantity determines the relative situation 

of the planes. We may say that the distance of this plane from the plane 
first drawn is the average distance of the points from the plane first drawn. 
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The centroid of the system of points is the point whose distance from any- 
plane is the average distance of the points from the plane. 

If 30r, yr, »r are the coordinates of any point A^ of the set, referred to any 
axes, the coordinates of the centroid, referred to the same axes, are 

n I n i^" n I ' 

If the origin is at the centroid it is clear that each of these sums is zero. 

In the same way we may define the centroid of a line, an area, or a 
volume. Let dr denote a differential element of the line, area, or volume, 
infinitesimal in all its dimensions, and let x, y, z be the coordinates of a point 
within the element. Then the centroid is the point whose coordinates are 

xd/r 








the integrations extending through the line, area, or volume. 

We may also define the centroid of a set of points for different nvultiples. 
Let Xy, yr, Zr be the coordinates of one of the points, m, the corresponding 
multiple. Then the centroid of the points for multiples m^, »i2,...»i„ is the 
point whose coordinates are 

n n 

2 niryr 2 MrZr 

1 1 

n ^ n ' 

\ rrir 2 m, 2 to, 

111 

This definition holds for all real values of the multiples m provided their 
sum is not zero. 

13. Theorem of the Composition of Vectors. The rule for the com- 
position of vectors may be stated in terms of the centroid of a set of points. 

Let the vectors be represented in direction by lines OA^, 042,...0ul„ going 
out from £^n origin, 0, to points A^, A^j.-.A^, and let the magnitudes of the 
vectors be m^.OA^, m,2.0A^,,..mn. OA^, where %, m^y.-.m^ are any real 
numbers. When any number wi,. is negative, the sense of the corresponding 
vector is to be from Ar towards 0. Let Q be the centroid of the points 
A-i, A^,...An for multiples Wi, mj,. ..?»„. 

Then the resultant of all the vectors is represented in direction by the 

n 

line OQ, its magnitude is 0(? . 2 m,, and its sense is from to <? or from & to 

n 

according as the sum 2 m, is positive or negative. 

By taking rectangular axes having as origin, and resolving the vectors 
along them, it is clear from the definition of G that the resolved part, parallel 
to an axis, of the vector described is the sum of the resolved parts, parallel to 
the same axis, of the given vectors. 

This proves the theorem. 
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14. Localised Vectors. The vectors we have so far con- 
sidered have no relation to any particular point, they are equally 
well represented by lines drawn from any point, and they have no 
relation to any particular line, they are equally well represented 
by segments of all lines parallel to their direction. They may be 
called unlocaUsed vectors. But it is often important to consider 
objects of mathematical reasoning which, in other respects, have 
the properties of vectors, but which have relations with particular 
points or particular lines. 

A vector localised at a point is an object of mathematical 
reasoning which, like an unlocalised vector, is defined by its 
magnitude, direction, and sense, and also by a point and by a rule 
of equivalence, viz.: — two sets of vectors localised at the same 
point are equivalent if two sets of unlocalised vectors with the 
same magnitudes, directions, and senses are equivalent. 

There is in general no rule of equivalence for vectors localised 
at different points. 

A vector localised in a line is a vector localised at any point in 
a particular line, which is in the direction of the vector, with the 
additional rules of equivalence that two vectors localised in the 
same line are equivalent if they have the same magnitude and the 
same sense, and that two vectors localised in lines which meet are 
equivalent to a single vector localised in a line. 

All the constructions in the previous Articles apply to vectors 
localised at points and to vectors localised in lines, provided all 
components and resultants are localised at the proper points or in 
the proper lines. In particular a vector localised at a point is 
equivalent to components (or resolved parts) of the same mag- 
nitudes, directions, and senses as if it were unlocalised, provided 
these components and resolved parts are localised at the same 
point; also a vector localised in a line is equivalent to components 
(or resolved parts) of the same magnitudes, directions, and senses 
as if it were unlocalised, provided these components and resolved 
parts are localised in lines which meet in a point on the line of 
the resultant. 

Thus a vector localised at may be represented (as in Fig. 11) 
by a line OP, and is equivalent to vectors localised at and 
represented by Knes OH, OK, OM ; and a vector localised in the 
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line OP, having the same magnitude and sense, is equivalent to 
vectors localised in any three lines parallel to Ox, Oy, Oz, meeting 
in a point on OP, and having the magnitudes and senses of OH, 
OK, OM. 

The differences between the three classes of vectors may be 
expressed thus : — 

A vector (unlocalised) is equivalent to any parallel vector of 
equal magnitude and like sense. Thus the line representing the 
vector may be drawn from any point. 

A vector localised in a line is equivalent to any vector of equal 
magnitude and like sense localised in the same line. The line 
representing it may be drawn from any point in a particular line, 
and is a segment of that line. 

A vector localised at a point is not equivalent to any other 
single vector. The line representing it must be drawn from the 
point. 

A vector localised in a line is clearly determined by its com- 
ponents parallel to three given lines and by one point of the line, 
in particular the line in which it is localised is thereby deter- 
mined. 

15. Equivalent systems of vectors localised in lines. 

Let two vectors be localised in lines which meet in a point A. 
They may be localised at the point A. They are then equivalent 
to a determinate resultant localised at A, and since, by definition, 
they are equivalent to a vector localised in a line, this line is the 
line of the resultant through A. 

Let AB, AD be the lines in which the vectors are localised, 
the order in which the points are 
named indicating the senses. Let 
P and Q be their magnitudes; and 
take the segments AB and AD to 
be proportional to P and Q. Con- 
struct a parallelogram ABGD 
having AB, AD a.s adjacent sides. 
Then a vector localised in the line ^^' 

L. 
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AG, of sense indicated by the order A, G, and of magnitude R, 

such that 

P:Q:R = AB:AD:AG, 

is equivalent to the two given vectors localised in AB, AD. 

Except in the case of parallel vectors this construction enables 
us to replace a system of vectors localised in lines lying in a plane 
by a single vector localised in a line in the plane. We can replace 
two of the vectors by their resultant, then this resultant and a 
third by their resultant, and so on. 

But the difficulty encountered when we seek to replace pairs 
of parallel vectors can generally be removed, and the method by 
which this is accomplished will at the same time furnish a method 
for replacing a given set of localised vectors by simpler equivalent 
sets of localised vectors which is of much more direct application 
than the method just described. 

The principle on which this method rests is that as two equal 
vectors of opposite senses localised in the same line are equivalent 
to zero, any set of vectors localised in lines is equivalent to any 
other set which differs from it only by containing, in addition to 
the original vectors, pairs of equal and opposite vectors, the 
vectors of any pair being localised in the same line. 

16, Moments. The moment about a line i of a vector 
localised in another line L' is the product, with a certain sign, of 




Fig. 14. 

the magnitude of the resolved part of the vector at right angles to 
the line L and the length of the common perpendicular to the 
two lines. The rule of signs is as follows:— One of the two senses 
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in which the line L may be described is chosen, and called the posi- 
tive sense. Describe a circle with its centre at the point where the 
common perpendicular meets L, with its plane at right angles to 
L, and with the common perpendicular for radius ; the resolved 
part of the vector at right angles to L is localised in a tangent to 
this circle. We suppose the circle described in the sense of this 
resolved part. Now if the sense of description of the circle and 
the positive direction of the line L are related like the rotation 
and translation of a right-handed screw the sign of the moment is 
plus, if not it is minus. The rule of signs may be stated in 
a simpler equivalent form. Imagine a watch placed in the plane 
of the circle above described with the positive direction of the 
line L running from the back towards the face, then if the sense 
of the tangent to the circle is that in which the hands go round 
the sign is — , if opposite to this the sign is +. 

The student must accustom himself to the above rule of signs. It is 
known as " the right-handed screw rule." He will be assisted by observing 
that in the figure of a set of rectangular axes the positive senses of the axes 
may be taken in the same way as in Articles 4 and 9, and then the 
positive senses of rotation about them are those of a line turning in the 
planes (y, z), (z, x), {x, y) from Oy towards Oz, from Oz towards Ox, and from 
Ox towards Oy. 




Fig. 15. 
In a corner of a room, for example, let the student look towards one wall ; 
its plane may be taken for the plane {y, z), the wall on his left will be the 
plane (z, x) the floor will be the plane {x, y). If he hangs his watch on either 
wall, or places it on the floor, so that he can see the face, the hands will go 
round in a direction opposite to one of those shown in the diagram. An 
ordinary screw turned so as to move in the positive direction of either axis 
will turn round in the way shown in the diagram. 

2—2 
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The moment about a line of a vector localised at a point is 
defined to be the moment about the line of a vector with the 
same magnitude, direction, and sense, but localised in a line 
through the point. 

17. Moments about a point. When we are concerned 
with vectors localised in lines that lie in a plane, or with vectors 
localised at points in a plane and having their directions parallel 
to that plane, the moments of these vectors about a line perpen- 
dicular to the plane are defined to be the moments of the vectors 
about the point where this line meets the plane. For the sake of 
simplicity we may also give the following definition : — 

The moment about a point of a vector in a plane through 0' 
and localised in a line L is the product, with a certain sign, of the 
magnitude of the vector and the perpendicular upon L from the 
point 0. The rule of signs is that when the sense of the vector is 
opposite to that of the motion of the hands of a watch, placed 
with its face in the plane, and the centre of its face at 0, the sign 
is +, otherwise the sign is — . The watch must be supposed to 
have its face always turned the same way. 

18. Lemma. The moment about a point of a vector 
localised at a pomt A is identical with the moment about of the 
resolved part of the vector at right angles to OA. 

This follows at once by using the first form of the definition, 

and it can be deduced 
from the second form as 
follows : — 

Let 6 be the angle 
the direction of the vector 
makes with the line AO, 
and draw ON at right 
angles to the line of the 
vector. The magnitude of 
the resolved part of the 
vector at right angles to 
AO \s, J2sin 6, where R is 
the magnitude of the vec- 
tor. The perpendicular from on the line of the vector is the 
line ON, and it is equal to OA . sin 6. 
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Now moment of R about = R. ON 

^R.OAsmO 
= R. sin 6.0 A 

= moment about of resolved part 
at right angles to OA. 

19. Theorem of Moments. The sum (with proper signs) 
of the moments about a point of two vectors localised at a point 
A is equal to the moment of their resultant about 0. 

Let Pi and P^ be the magnitudes of the vectors, 0i and 02 the 
angles the lines represent- 
ing them drawn from A 
make with AO, R the mag- 
nitude of the resultant, <f> 
the angle the line repre- 
senting it makes with AO. 
Then the magnitudes of the 
resolved parts at right an- 
gles to AO are Pi sin ^i. 
Pa sin ^2, and R sin ^, and 
we know (Article 10) that 
R sin <p =Pi sin^i + P2 sin d^. 

Now sum of moments of Pj and Pa about 

= OA (Pi sin ^1 H- Pa sin 0^) 

= OA .Raincj} 

= moment of R about 0. 
This result can be immediately extended to any number of vectors 
localised at a point. 

20. Couples. A pair of vectors 'of equal magnitudes and 
opposite senses localised in parallel lines is called a couple. 

The plane of the two parallel lines is the plane of the couple. 

The moment of one of the vectors about any point on the line 
of the other is the moment of the couple. The magnitude of the 
moment is, of course, a number, which is the product of the 
numbers expressing the magnitude of the vector and the distance 
between the lines. 

A line drawn from any point, in a certain sense, at right angles 




Fig. 17. 
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to the plane of the couple, and of length containing a number of 
units of length equal to the number which expresses the moment 
of the couple, is called the axis of the couple. The sense in which 
the line is drawn is that of a parallel line meeting the line of 
one of the vectors, and such that the moment of the other about 
it is positive. 

The series of three theorems we are now going to prove lead 
to the result that a couple is equivalent to an unlocalised vector 
represented by its axis. 

21. Theorem I. Two couples in the same plane are equivalent 
if they have the same moment. 

We shall prove that two couples in the same plane, of equal 

moments, in opposite senses^ 
are equivalent to zero. 

The lines in which the vec- 
tors are localised, being two 
pairs of parallel lines, form a 
parallelogram. Let this be 
ABCD. 

Let the vectors of one 

couple be of magnitude P, 

'^" ■ and be localised in the lines 

AB, CD ; and let the vectors of the other couple be of magnitude 

Q, and be localised in the lines AD, CB. 

Let the unit of length be so chosen that AB represents P in 
magnitude. 

Then the area of the parallelogram is of magnitude equal to 
the moment of the couple. 

Hence AD represents Q in magnitude. 

Now the vectors P and Q localised in the lines AB, AD, and 
proportional to those lines, are equivalent to a vector localised 
in the line AG, and proportional to that line. The sense of this 
vector is AG. 

Also the vectors P and Q localised in the lines GD, GB, and 
proportional to those lines, are equivalent to a vector localised in 
the line CA, and proportional to that line. The sense of this 
vector is GA. 
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It follows that the set of four vectors P, P, and Q, Q are equi- 
valent to zero. 

This theorem shows that a couple may be replaced by any 
other couple of the same moment and sense and in the same plane. 

Before going on to Theorem II, we must prove a general 
theorem concerning the resultant of two vectors localised in 
parallel lines but not forming a couple. This theorem might be 
proved independently of Theorem I, but the proof of it becomes 
very much simplified if Theorem I. is assumed. 

22. Vectors localised in parallel lines. Let P, Q be the 

magnitudes of two vectors localised in parallel lines, A and B any 
points on these lines, d the distance between the lines. 



ra 

Q 

Fig. 19. 

In the line in which P is localised introduce two vectors each 
of magnitude Q and in opposite senses. Then the pair of vectors 
is equivalent to a couple of moment Qd and a single vector local- 
ised in the same line as P. The magnitude of the single vector 
is P + Q (Fig. 19, o) if P and Q have like senses, and is P - Q 
(Fig. 19, j8) if P and Q have opposite senses, and its sense is that 
of P or Q when these have like senses, but when P and Q have 
opposite senses it is that of the vector P if P > Q, that of the 
vector Qii Q>P. In either case let the magnitude of the single 
vector be R, and in the second case, to fix ideas, take Q>P. 

Replace the couple of moment Qd by a couple in the same 
plane consisting of two vectors each of magnitude R, one of them 
being localised in the same line as P and in the opposite direction 
to R, and the other in a parallel line at a distance QdjR on that 
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side of the first line which makes the moment have the right sign. 
The figures a and /3 show this for the two cases. 
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When P and Q have like senses the system is equivalent to a 
vector of magnitude P + Q localised in a line parallel to the lines 
of P and Q, between these lines, and at a distance d' from the 
line of P such that (P + Q)d' = Qd. The sense of this vector is 
that of P and Q. 

When P and Q have opposite senses, and Q>P, the system is 
equivalent to a vector of magnitude Q — P localised in a line 
parallel to the line of P or Q, on the side of the line of Q remote 
from the line of P, and at a distance d' from the line of P such 
that (Q — P)d' = Qd. The sense of this vector is that of Q. 

It is clear that in both cases the parallel vectors have a single 
resultant, localised in a parallel line, and of such magnitude and 
sense that its moment about any point in the plane of the two 
parallel vectors is equal to the sum of the moments of the two 
parallel vectors about the same point. 

The particular case of this theorem required in our proof of 
Theorem II. is that the resultant of two vectors of equal magnitude 
and like sense, localised in parallel lines, is a vector of twice the 
magnitude and of the same sense, localised in a line midway 
between the two parallels. 

23. Theorem II. Two cowples in parallel planes are equi- 
valent if they have the sa/me moment. 

We shall prove that two couples in parallel planes of equal 
moments in opposite senses are equivalent to zero. 

Let the vectors of one couple be of magnitude P, and be 
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localised in the lines AB, GD ; and let the vectors of the other 
couple be of magnitude Q, and be localised in the lines A'D', C'B'. 




Pig. 21. 

Through A'D' and B'C draw a pair of parallel planes meeting 
the lines of the couple P in the points A, D, B, G. 

Through AB and GD draw a pair of parallel planes meeting 
the lines of the couple Q in the points A', B', C, D'. 

These two pairs of planes with the planes of the two couples 
form a parallelepiped. 

Replace the couple Q in its plane by an equivalent couple 
consisting of vectors localised in the lines B'A' and D'G'. These 
vectors are both of magnitude P, and have the senses indicated 
by the order of the letters. 

Now parallel vectors P localised in lines AB, D'C, and having 
the senses indicated, are equivalent to a vector of magnitude 2P 
localised in the line MM' joining the middle points of AD' and 
BG'. The sense of this vector is MM'. 

Also parallel vectors P localised in lines GD, B'A' are equi- 
valent to a vector of magnitude 2P localised in the same line 
MM'. The sense o! this vector is M'M. 

It follows that the set of four vectors P, P, and Q, Q are equi- 
valent to zero. 

This theorem shows that a couple may be replaced by any 
couple of the same moment in any paraiUel plane. 
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24. Theorem III. Couples obey the vector law of composition. 



p 




A p P B 

Fig. 22. 

Let the planes of the couples meet in the line AB, 

Replace the couple in one plane by any couple having one of 
its vectors localised in AB in the sense AB. 

Let the two vectors be of magnitude P, and let the other be 
localised in the line CD. 

Replace the couple in the other plane by a couple having one 
of its vectors localised in BA in the sense BA. 

We can take these vectors also to be of magnitude P, and then 
the other will be localised in a certain line FE in the plane of 
the second couple. 

Let AB represent P in magnitude, and through the points A, 
B draw planes at right angles to AB cutting the lines CD and 
EF in the points named C, D, E, F. 

Then the two couples are seen to be equivalent to a single 
couple, whose vectors are of magnitude P, and are localised in the 
lines CD, FE. 

The figures ABCD, ABEF, CDFE are rectangles, and their 
areas are proportional to the moments of the couples. These 
areas are in the ratios of the lengths of BG, BE, CE. 

Hence if we turn the triangle BCE through a right angle in 
its plane its sides will be parallel and proportional to the axes of 
the couples. Let EG'E' be the new triangle; then it is clear 
that if E'B' represents the axis of the second couple in sense, the 
sense of the first is B'C, and the sense of the resultant is E'C. 

Thus the axis of a couple which has the magnitude, direction, 
and sense of a line E'C is the axis of the resultant of two com- 
ponent couples, the axes of the components having the magnitudes, 
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directions, and senses of two lines E'B' and B'C. This is the 
vector law. 



Fig. 23. 



25. System of localised vectors in a plane. Let a vector 
of any magnitude P be localised in a line AB, and let be any 
point not in the line AB. Through draw a line 
parallel to AB, and let there be two vectors each 
of magnitude P and of opposite senses localised 
in this line. Then the system of vectors is equiva- 
lent to a vector localised in the line through 
parallel to AB, of magnitude P, and having the 
sense of the original vector in AB, and a couple of 
moment Pp, where p is the distance of AB from 
0, and of a definite sense, with its axis perpen- 
dicular to the plane AOB. 

Any given system of vectors in a plane can in 
this way be replaced by a vector localised at a point 
in the plane, which is the resultant of equal parallel vectors in 
the senses of the given vectors, but localised in lines through 0, 
and a couple whose axis is perpendicular to the plane and whose 
moment is 2 (+ Pp), where P is the magnitude of any one of the 
original vectors, p the perpendicular on its line from 0, and the 
sign of each term is determinate. 

Let R be the resultant of the vectors at 0, and the moment 
of the couple. If R is not zero replace G 
by two localised vectors, each of magnitude 
R, one localised in the line of R through 
and in the sense opposite to R, and the 
other in a parallel line at a distance GjR 
from 0. The whole system is then equi- 
valent to this last vector. 

If R is zero the whole system is equi- 
valent to the couple 0. 

If R and Q are both zero the system is 
equivalent to zero. 

Thus any system of vectors localised in 
lines lying in a plane is equivalent to a 
single vector localised in a line lying in the 



/,R 



g/r 



Fig. 24. 
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plane, or to a couple whose axis is perpendicular to the plane, or 
to zero. 

The single vector, and the couple, in the cases where the 
system is equivalent to a single vector or a couple, are deter- 
minate and unique. 

The conditions of equivalence of two systems of vectors localised 
in lines lying in a plane are that when one system is equivalent 
to a single vector the other is equivalent to a single vector of the 
same magnitude and sense localised in the same line, when one 
system is equivalent to a couple the other is equivalent to a 
couple of the same magnitude and sense, when one system is 
equivalent to zero the other is equivalent to zero. 

26. Analysis of vectors localised in lines in a plane. 

Take any origin 0, and any rectangular axes of x, y in the plane. 

Let Xi, Fi be the resolved parts 
parallel to the axes of one of 
the vectors, and let Pj (xi, y^) be 
any point on the line in which it 
is localised. Then the moment 
of the couple, when this vector is 
replaced by an equal vector local- 
ised in a line through and a 
couple, is the moment of this 
vector about 0, i.e. it is the sum 
of the moments of the resolved 
parts Xu Fi about 0, and this 
sum is aJiYi — 3/iZi. Hence the whole system is equivalent to a 
vector localised in a line through 0, whose resolved parts parallel 
to the axes are %X and SF, and a couple in the plane, whose 
moment is l,(aiT — yX). 

27. General analysis of vectors localised in lines. 

Take any origin 0, and any rectangular axes of w, y, z. Let 
X, F, Z be the resolved parts parallel to the axes of one of the 
vectors, and x, y, z the coordinates of a point in the line in which 
it is localised. Introduce a pair of equal and opposite vectors 
localised in a line through parallel to the line of this vector, 
and resolve them into components localised in the axes. The 




Fig. 23. 
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magnitudes of these components are X, Y, Z. The original 
vector is thus replaced by vectors Z, Y, Z localised in the axes, 
and by three couples about the axes, whose moments (by last 
Article) clearly are 

yZ-zY, zX-xZ, xY-yX 
respectively. 

Hence any system of vectors localised in lines can be replaced 
by a single vector localised in a line through the origin, whose 
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Fig. 26. 

resolved parts parallel to the axes are 'ZX, S Y, 1Z, and by a couple, 
equivalent to component couples about the axes, whose moments 
are l,{yZ-zY), t{zX-xZ), ^(xY-yX), where X, Y, Z are 
the resolved parts of any one of the original vectors parallel to 
the axes, and x, y, z are the coordinates of any point in the line 
in which that vector is localised. 



CHAPTER III. 

VELOCITY AND ACCELERATION. 



28. Displacement. Let j», y, z be the coordinates of a 
moving point at any particular instant with reference to any 
particular frame, x', y', z the coordinates of the point at a 
subsequent instant, with reference to the same frame, then x' - x, 
•if — y^^ — z are the components, parallel to the axes, of a vector 
quantity called the displacement of the point. The vector is not 
localised. 

29. Velocity in a straight line. Consider in the first place 
a point moving in a straight line, e.g. one of the lines of reference, 
and let s be the number of units of length it passes over in t units 
of time. Then it may happen that the two numbers s and t have 
a constant ratio whatever number we take for t. The point is then 

said to move imiformly in the line, and the fraction - is defined to 

be the measure of its velocity. A point moving uniformly 
describes equal lengths in equal times. 

Again consider the case where the point moves in a straight line, but the 
number of units of length passed over in any interval of time does not bear a 
constant ratio to the number of units of time in the interval. In this case 
there will be equal intervals of time in which the point describes unequal 
lengths ; in the one of two equal intervals in which it describes the greater 
length we should say it was moving faster, in the other, in which it describes 
the shorter length, we should say it was moving more slowly. We have thus 
an idea of velocity of a point not moving uniformly, let us try to make it 
precise. 
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For a point moving in a straight line we may define the 
average velocity in amy interval of time to be the fraction 

number of units of length described in an interval 
number of units of time in the interval 

When the point is not moving uniformly this fraction is a 
variable number, which has a definite value when the measure of 
the interval is given and the first instant of the interval is given. 
Taking the first instant of the interval always the same, and 
taking for the measure of the interval a series of diminishing 
numbers, we obtain a series of fractions, which we assume* 
approach a limiting value as the measure of the interval is 
indefinitely diminished. This limiting value is defined to be the 
velocity of the point at the first instant of the interval. We 
might in the same way define the velocity of a point at the last 
instant of an interval. 

We can now define the velocity of a point moving in a straight 
line at any instant. It is the limit of the average velocity in an 
indefinitely small interval of time beginning or ending at the 
instant. 

The two limits are in general the same ; when they are differ- 
ent we call them the velocity jiist after the instant and the 
velocity just before the instant respectively. 

Let t be the measure of the interval of time which has elapsed 

since some particular instant, chosen as the origin of time, and 

suppose that at the end of this interval the point has described a 

length s measured firom some particular point in the line of its 

motion. We say that the point is at s at time t. In the same 

way suppose that it is at s' at time if. Then in the interval f —t 

it describes a length s' — s, and its average velocity in the interval 

s' — s 
is -, — - . The number s is a function of the number t, and the 

limit of the fraction just written is the number known as the 

differential coefiicient of s with respect to t. The velocity of the 

ds 
moving point is accordingly measured by -57 . 

The number sf-sia the measure of the displacement of the point during 
the interval i'-t. When the velocity is uniform it is measured by the 

* We do not require to consider any other case. 
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displacement in a unit of time. If the unit of time were replaced by a 
smaller unit the displacement in it would be replaced by a shorter length, 
and this length would measure the velocity in terms of the new unit of time. 
However short an interval is taken for the unit of time the length described 
in it measures the velocity in terms of it. When we wish to recall this fact, 
and to bring it into connection with the definition of variable velocity we say 
that the latter is measured by " the rate of displacement per unit of time," 
but we must not attach to this phrase any other meaning than that which has 
just been explained, i.e. the phrase means nothing but the limit of the fraction 
number of units of length described in an interval 
number of units of time in the interval 

when the interval is indefinitely diminished. 

30. Velocity in general. When the point is not moving 
in a straight line it will have a displacement in any interval t^ — t 
parallel to each of the three axes of reference ; suppose these dis- 
placements to be x —x,y' — y, z' — z. Then we assume that each 
of the fractions 

x' — X 1/ — y z —z 
if-t ' T^' 7^' 

has a limit, and these limits are, as above, the rates of displace- 
ment per unit time parallel to the axes. They are defined to be 
the component velocities parallel to the axes. We can thus define 
the velocity of a moving point in general to be a vector, localised 
in a line through the position of the point, whose resolved part in 
any direction is the rate of displacement of the point in that direc- 
tion per unit time. 

As before, x, y, z are functions of t, and the component velocities 
in the directions of the axes are 

dx dy dz 
dt' di' di' 

At any instant the point is moving along the tangent to a curve, called its 
path or trajectory. This tangent is the line drawn through the point in 
the direction of the velocity, i. e. it is the limiting position of a chord drawn 
from the point to an indefinitely near point of the curve. Let « be the arc of 
the curve measured from some particular point of the curve up to the position 
of the moving point at time t, and let / be the corresponding arc for time f. 
Then the length of the chord joining the two positions is the magnitude of 
the vector whose components parallel to the axes are af-x, jf-y, /-« and 
this chord becomes ultimately equal to the element of arc {di) of the curve 
as the two positions approach to coincidence. Thus the magnitude of the 
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ds 
velocity of the moving point at time t is -j, where « is the length of the arc 

of the path measured, in the sense of description of the path, from some par- 
ticular point of it to the position of the moving point at time t. The 
magnitude of the velocity of a point is often called its speed, and, when it is 
independent of the time, the point is said to move with uniform speed whether 
its path is straight or curved. 

31. IVEeasurement of velocity. The measure of any par- 
ticular velocity is a number expressing the ratio of the velocity to 
the unit of velocity. 

The unit velocity is that with which a point describes one 
unit of length uniformly in each unit of time. 

The number expressing a velocity is the ratio of a number ex- 
pressing a length to a number expressing an interval of time. 
It therefore varies inversely as the unit of length and directly as 
the unit of time. 

Velocity is accordingly said to be a quantity of one dimension 
in length and of minus one dimension in time, or its dimension 
symbol is LT~^, where L stands for length, and T for time. 

32. Acceleration. A point moving with a variable velocity, 
relative to any frame, is said to have an acceleration relative to 
that frame. 

When the point is moving in such a way that its velocity 
increases by equal amounts in equal intervals of time, however 
short the intervals may be, it is said to have a uniform accelera- 
tion, provided the velocity acquired in every interval has the same 
direction and sense. 

Uniform acceleration is determined as regards magnitude, 
direction, and sense by the velocity added in a unit of time. 

When the acceleration is not uniform, the moving point is 
said to have a variable acceleration. 

The acceleration of a point moving in a straight line is the 
rate of iDcrease of its velocity per unit of time. This is a short 
way of expressing the following definition : — 

Let V be the velocity of the point at time t, and v its velocity 

at time t', then its acceleration is the limit of the fraction -^7-— 
when the interval t' -tis indefinitely diminished, or in words it is 
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the limit of the fraction 

number of units of velocity added in an interval of time 
number of units of time in the interval ' 

when the interval is indefinitely diminished. The number u is a 
function of the number t, and its differential coefficient with 
respect to t is the acceleration, i.e. the acceleration is measured 
, dv 

When the point is not moving in a straight line it will in 
general have a variable velocity parallel to each of the lines of 
reference (coordinate axes). Let u, v, w be component velocities 
parallel to "these axes at time t, and u', v', w' corresponding com- 
ponents at time t', then the fractions — ; — - , -, — - , —, — - are 

assumed to have limits when the interval t' — t is indefinitely 
diminished, and these limits are the differential coefificients 

T7 , j2 > ~jf ■ The vector which has these components parallel 

to the axes is defined to be the acceleration of the point, or in 
other words we define the acceleration of a moving point to he the 
vector, localised in a line through the point, whose resolved part in 
any direction is the rate of increase of the velocity in that direction 
per unit of time. 

33. Measurement of Acceleration. The measure of any 
particular acceleration is the number expressing the ratio of the 
acceleration to the unit acceleration. 

The unit acceleration is that uniform acceleration with which 
a moving point gains a unit of velocity in a unit of time. 

The number expressing an acceleration is the ratio of a number 
expressing a velocity to a number expressing an interval of time. 
It therefore varies inversely as the unit of length and directly as 
the square of the unit of time. 

Acceleration is accordingly said to be a quantity of one 
dimension in length and of minus two dimensions in time, or 
its dimension symbol is LT~'. 

34. Notation for velocities and accelerations. We 

have so frequently to deal with differential coefficients of 
quantities with regard to the time that it is convenient to use 
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for them an abbreviated notation. We shall therefore denote 
the differential coefficient of any quantity q with regard to the 

time t by placing a dot over the q, thus q stands for -^ . 

Now suppose X, y, z are the coordinates of a moving point 
at time t, then its component velocities parallel to the axes are 
denoted by x, y, z. 

Again suppose u, v, w are the component velocities of a point 
parallel to the axes, then its component accelerations are denoted 
by u, V, lb. 

Since u = ^r , v = ^ , w = -t; it is convenient to write for 
dt at at 

them X, y, z respectively. This recalls the fact that the com- 
ponent accelerations parallel to the axes are the second differential 
coefficients of the coordinates. 

In the same way when we have to deal with any function 

of the time, say q, we may write qiov -^ , as we write g for t- , 

where as usual i-f is written for ^ f t| j . Also, following the 

analogy of the case where q is x, y, or z, we may call q the velocity 
with which q increases, and q the acceleration with which q 
increases. 

35. Acceleration of a point describing a plane curve. 

Suppose that the moving point describes a plane curve which 
occupies a fixed position with reference to the axes. To fix 
ideas we may take it to be in the plane of {x, y). 

Let V be the velocity at any point P of the curve, v' the 
velocity at a neighbouring point Q, and A0 the angle QTA 
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between the tangent at P and the tangent at Q. Also let At 
be the time taken by the point to move from P to Q, and let 
As be the length of the arc PQ. 

The velocity at Q can be resolved into components v' cos A<j> in 
the direction of the tangent at P and v' sin A(j> in the direction of 
the normal at P. 

Hence the acceleration in the direction of the tangent at P is 

the limit of y— when At is indefinitely diminished. In 

passing to the limit cos A^ differs from unity by an infinitesimal 

of the second order, and v' differs from v by an infinitesimal of the 

first order, viz. by the limit of Av the increment of the velocity. 

di) 
Thus the above limit is ^r or v. Since we have 
at 

dv dv ds dv 
— ^ — — = ^ 

dt ds' dt ds ' 

dv 
we may write v -j- for the component acceleration parallel to the 

tangent, and we may also write s for it, since v is s. 

Again the acceleration in the direction of the normal at P 

is the limit of . . ™ , and this is the same as the limit of 

At 

v sin A^ A^ As 
V A^ As At ' 

and the limits of these factors in order are 1, v,\,-, v, where p is 

the radius of curvature of the curve at P Thus the acceleration 

in the direction of the normal is — . 

P 

*36. Acceleration of a point describing a tortuous curve. We add 
here an investigation of the acceleration of a point describing a tortuous 
curve which occupies a fixed position with respect to the axes. 

We recall the facts that if ss, y, z are the rectangular coordinates of a point 
of a curve and « the arc measured from some particular point of the curve to 
the point {x, y, z), the direction cosines of the tangent, in the sense in which s 



increases, are 



S. 4, * ..«^, .te ^«.. (f )V (|)V(2)'=, , 
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the direction cosines of the principal normal directed towards the centre of 

, <Px cPv d?z 

curvature a'^ p -^ , p ^ , p ^ , satisfying the relation 

p2 W/ U«v w«v ' 

where p is the radius of circular curvature ; and the direction cosines of the 

binormalarepf^$-f|fVp('^^_^^\ p(^^^_A^\ 
^ \ds^ ds da^ dsj ' '' \ds^ ds ds' da) ' '^ \da^ da ds^ da) ' 

We recall also the relation ^ ^ + f ^ + ^^ ^=0. 
da da^ da da^ ds da^ 

In the expressions x, y, 'i for the component accelerations parallel to the 
axes we change the independent variable from t to a. 

We have, writing v for the speed, so that v stands for a, 

.. d^x 



d (dx\ _da d (da dx\ _ d f dx\ 
''dt\diJ~diJs\did'a)~'"ds\'ds)' 



,, . .. dv dx „ d^x 

so that x=v -r -T + v^^r^, 

ds ds da^ 

dv dy , „ d?ii 
•' da da da"' 

, .. dv dz „ d!^z 

If we multiply these component accelerations in order by the direction 
cosines of the tangent and add, we obtain the component acceleration parallel 
to the tangent to the curve in the sense in which a increases ; we thus find 
for this component the expression 

fdx d'x dy d^y dz d^z\ 



dA> Vfdxs^ , fdy\? , ldz\n , „ (A 



da da") ' da ' 



or — . 
P 



Again, if we multiply by the direction cosines of the principal normal and 
add, we obtain the component acceleration parallel to the principal normal 
directed towards the centre of ciirvature ; we thus find for this component 
the expression 

dv rdx d"x , dy^y , dz dhl , „ f/dW , /d^y , /d^zyi 
''daPld-ad^-^dsd?-^ds dT^r^P l[d?) + W) + [d?) J ' 

Finally, if we multiply by the direction cosines of the binormal and add, 
we find no component acceleration parallel to the binormal. 

Thus the acceleration of a point describing a tortuous curve is in the 
osculating plane of the curve, and its resolved parts parallel to the tangent 

and principal normal are v -r- and — , exactly as in the case of a point describing 

a plane curve. As in that case, the expression for the former component 
may be replaced by v, or by a. 
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37. Angular velocity and acceleration. Suppose a line, 
for example the line joining the positions at any time of two 
moving points, moves so as always to be in the same plane with 
reference to any frame. To fix ideas we shall take the plane 
to be the coordinate plane of (x, y). Suppose the line makes 
an angle 6* with the axis x at time t, and an angle ^ + A5 
with the same axis at time t + M. Then A^ is the measure of 
the angle turned through by the line in the interval measured 
by At, and the limit of the ratio of these two numbers is 6, 
the differential coefficient of 6 with respect to t. This number, 6, 
is called the angular velocity of the line. In the same way 6 
is called the angular acceleration of the line. 

The definition of the angular velocity of a line which does not 
remain in one plane is deferred. 

38. Uniform circular motion. Suppose that, relative to 
any frame, the path of a moving point is a circle which occupies a 
fixed position relative to the frame, and suppose that the speed 
is uniform. 

Let time be measured from the instant when the point was 
at A on the circle, and let arc AP, = s, and 
/LAGP, =6, be the arc described by the 
point, and the angle described by the radius 
vector, in the interval, t, from the instant 
when the point was at A. 

Let a be the radius of the circle. Then 
s = ad, and therefore s = aO. 
p. 28 Hence, the speed s being assumed con- 

stant, the angular velocity 6 is also constant. 
Now the acceleration parallel to the tangent, being the rate of 
increase of s per unit of time, is zero. 

The acceleration parallel to the normal is — where p is the 

radius of curvature. For a circle of radius a, p = a, and we have 
seen that s = a6. Hence the acceleration of a point describing 
a circle with uniform speed is directed to the centre, and its 
magnitude is a^, where a is the radius, and is the angular 
velocity of the radius joining the centre to the point. 

* We shall generally take the angle to be measured in circular measure. 
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39. Relative coordinates and relative motions. Let 

^1) y-Li ■s'l be the coordinates of a point A at time t referred to 
axes with origin at 0, x^, y^, z^ the coordinates of a second point 
B at the same time referred to the same axes, and ^, t], ^ the co- 
ordinates of B at the same time referred to parallel axes through 
A. Then f, t), ^ are called the coordinates of B relative to A. 

We have i«;2 = «i + f , ] 

2/2 = 2/1 + '?, \ (!)• 

^2 = ^1 + ?• J 

Let accented letters denote at time t' the quantities that cor- 
respond to unaccented letters at time t, thus let «/, yi, z( be the 
coordinates of A\ the position of A at time i'. Then as before 

a;2 = a^i -r 5 , I 

y2=yx+v'> \ 

By subtraction we deduce 

x:-x, = {x^-x,)-V{^'-^)A 

2/2' - 2/2 = (2/i'-2/i) + ('?'-'?). [ (2). 

^2'-^2=(^i'-^i) + (?'-r).J 

The terms on the left are the components parallel to the axes 
of the displacement of B. 

The terms in the first brackets on the right are the components 
parallel to the axes of the displacement of A. 

The terms in the second brackets on the right are the com- 
ponents of the displacement of B relative to parallel axes with 
origin at A. 

Thus we have the result: — The displacement of a point B 
relative to axes at is compounded of the displacement of a 
point A relative to the same axes and the displacement of B 
relative to parallel axes through A. 

By dividing equations (2) by t' — t and passing to the limit 
when t' — t is indefinitely diminished, or, what is the same thing, 
by differentiating equations (1) with respect to t, we find 

4 = ^1 + 1. y2 = yi + V, ^2 = ^1 + ?, 
and by differentiating again we find 

^2 = «! + ?> 2/2 = 2/1 + '/, ^2 = ^1 + ?- 
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These equations may be expressed in words as follows : — 

The \ ^® °°^ y I of £ relative to axes at is compounded 
(acceleration) 

of the \ ^® °°^ y I of .4 relative to the same axes and the 
(acceleration) 

\ , . [ oi B relative to parallel axes through A. 
(acceleration) 

The discussion of the motion of B relative to axes whose origin 

is A but which move so as not to be always parallel to the axes 

whose origin is at is deferred for the present. 

40. Geometry of Relative motion. The geometrical view 
of relative motion is instructive, and leads easily to results of 
some importance. For shortness we shall speak of displacement, 
velocity, and acceleration of a point relative to a second point, 
meaning thereby displacement, velocity, and acceleration of the 
point relative to axes through the second point parallel to the 
axes of reference. 

Let A be the position at any time < of a point which 
moves relatively to a frame having its origin at 0, and let A' be 
its position at time tf. From draw OH equal and parallel 
to AA', and in the same sense ; the vector represented by OH is 
the displacement of A. 

Similarly let B be the position at time f of a second point 
referred to the same frame, and B' its position at time If. From 
draw OK equal and parallel to BB', and in the same sense ; the 
vector represented by OK is the displacement of B. 




Fig. 29. 
Then the displacement of B relative to A is the vector that 
must be compounded with the displacement of A in order that 
the resultant may be the displacement of B. 
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Join HK. Then the vector OK is compounded of OH, HK. 
Hence HK represents the displacement of B relative to A in 
magnitude, direction, and sense. 

Now the vector HK is the resultant of HO, OK. 

Hence to obtain the displacement of B relative to A we must 
compound the displacement of B with the reversed displacement 
of A. The resultant is the required relative displacement. 

In the same way the \ , ,. \ oi B relative to A is the 
■^ (accelerationj 

\ , ^. r which must be compounded with the \ , , . I 
(acceleration) ^ (acceleration] 

of A in order that the resultant may be the \ , -. [ oi B. 

(^acceleration) 

Since the velocity of a point in any direction is the rate of 
increase of its displacement in that direction per unit time, and 
since its acceleration in any direction is the rate of increase of its 
velocity in that direction per unit time, we have the rules : — 

The \ , /. [ o{ B relative to A is the resultant of the 
(acceleration) 

\ , ,\ [ oi B and the \ , /. [ oi A reversed, 
(acceleration) (acceleration) 

The compositions and resolutions described in this Article are 
to be eifected as if the vectors involved were not localised, but 
the velocity and acceleration of B relative to A are to be regarded 
as localised in lines through B. 



CHAPTER IV. 

DESCRIPTION OF MOTION IN TERMS OF ACCELERATION. 

41. In this chapter we propose to discuss with some detail a 
number of important particular cases in which the motion of a 
point is deduced from the value of its acceleration relative to a 
frame: in all these cases the path is a straight line or a plane 
curve. 

The moving point will be considered as defining the position 
from time to time of a very small part of a body, and will fre- 
quently be described as a particle. 

42. Rectilinear motion with uniform acceleration. 

Let the point move in a straight line, say the axis of x with 
uniform acceleration / in the positive direction of the axis ; let 
»o be the coordinate of its position at the instant from which t is 
measured, and let u be the velocity of the moving point in the 
positive direction of the axis when t = 0. 

Then we are given x =f, 

with the conditions x — x^ when if = 0, and x = u when f = 0. 

Writing v for x, so that « is the velocity at time t, we are given 

■with the condition v = u when i = 0. 

Now one function of t having the constant/ for its differential 
coefficient is the function ft, and the most general expression for 
a function having this differential coefficient is ft + 0, where G is 
an arbitrary constant. Hence v must be of the form/i + Q. 

Putting i = 0, we find u = C, so that the constant is determined. 

Hence v = u-\-ft, or x = u+ft. 
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Again one function of t having the function u+ft for its 
differential coeflficient is ut + \ff^, hence x must be of the form 
C + Mi + ^/i^ where C is an arbitrary constant. 

Putting < = 0, we find x^ = C, so that the constant is deter- 
mined. 

Hence « = a;, + «< 4- ^ft"^. 

If s is the distance described in the interval t, s is « — «„, so 
that 

s = ut + ^fP. 

By elimination of t between this equation and the equation 
v = xij ■\-ft, we find 

v^-v? = 2fs. 

In particular the velocity acquired in moving from rest over a 
distance s is ^2/*. This is described as the "velocity due to 
falling through s with an acceleration /. " 

43. Examples. 

1. Prove that, when the acceleration is uniform, the average velocity in 
any interval of time is the velocity at the middle of the interval. 

2. Obtain the formula v'^-u^=%fs by multiplying both sides of the 
equation x=f by aidt and integrating. 

3. Suppose the distance s divided into a great number of equal segments, 
and the sum of the velocities after describing those segments divided by their 
number, a velocity will be obtained which will have a limit when the number 
of segments is increased indefinitely, and this limit may be called the average 
velocity in the distance. Prove that, when the initial velocity is zero, this 
average velocity is equal to § of the final velocity. 

44. Acceleration due to gravity. The importance of the 
case just discussed arises from the fact that it is very nearly 
realised in nature. Suppose the frame of reference consists of 
lines fixed with reference to the Earth's surface at a place, one of 
them being the vertical at the place, i.e. the line in which a 
loaded flexible string or chain at the place would hang so as to be 
at rest relative to the Earth. Then it is very nearly true that, 
if a body were let fall near this place, it would drop with a 
constant acceleration in the vertical direction, or all its points 
would move downwards with this acceleration. When the body 
is let fall in the exhausted receiver of an air-pump, then it is 
found that, the more perfect the vacuum, the more nearly is the 
acceleration independent of the shape, size and material of the 
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body. The acceleration of a free falling body at a place is known 
as the acceleration due to gravity at the place. Its magnitude 
depends upon the latitude of the place, in London it is about 981'8 
when the centimetre is the unit of length, and 32'2 when the 
foot is the unit of length, the unit of time in both cases being 
the mean solar second. The letter g is commonly used to denote 
this acceleration. 

45. Parabolic motion. Let the velocity of a particle at 
time ^ = be parallel to the plane of {x, y), and let its acceleration 
be uniform and parallel to the negative direction of the axis of 
y. Take g to be the measure of the acceleration. 

Since the acceleration parallel to the axis z is always zero, the 
particle does not acquire velocity parallel to this axis ; and, since 
at time i = it has no velocity parallel to this axis, it undergoes 
no displacement parallel to this axis ; thus the point moves in a 
plane parallel to the plane {x, y). 

At time t = suppose the velocity of the particle is F in a 
direction making an angle a. with the axis x. 




Fig. 30. 
We have the equations x = 0, 

y = -9, 

with the conditions that when t = 0, 

x = V cosa., y = V sin a. 
Since a; = 0, we have a; = F cos a always. 
Since y = -g,we have y ^Vsina -gt after an interval t. 
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Thus, after an interval measured by V sin a/g, y vanishes, and 
the particle has no velocity parallel to the axis y, it is therefore 
moving parallel to the axis x. Previously to this it had a velocity 
in the positive direction of the axis y, and after this it has a 
velocity in the negative direction of the same axis. Its path 
therefore has a vertex, which is reached after an interval 

Vsinajg, = ^o say, 
from the beginning of the motion. 

If we refer the motion to parallel axes of x', y' {y' being 
positive in the opposite sense to y) through the vertex A, and 
take H to measure the time of moving from the vertex A to any 
point P we shall have 

-y-7- = 0, with -j-7 = F cos tt, and x' = 0, at time If = 0, 
at' at 

and T^ = g, with ^^, = 0, and y' = 0, at time t' = 0. 

Hence x' = V cos at', y' = ^gt!\ Eliminating t', we have 
. 2F=cos=a , 

so that the path of the particle is a parabola with vertex at A. 

We might have deduced this result analytically from the equations x—O, 
y= -g. Integrating and determining the constants so that when t=Q,x=Xf„ 
i: = Fees a, and y—y^, y= Vsm a, we find 

x=x,)+ 7cosa.«, 
y^yo+Vsina.t-^gfi. 
Eliminating t we have 

V^ sin^ a 



y-Vo— 



1 , 1 Ttt- • «-^oT ft 

+ ^ Vwna-g^if — - =0, 
%g\_ FcosaJ 



2^ 
the equation of a parabola whose axis is parallel to the axis y, and whose 

vertex is at the point 

F2 sin a cos a , F^sin^a 

a?=^„+ , y=yo+—^^ • 

The theorem of this Article was discovered by Galilei. 
46. Examples. [In these examples the axis y is supposed to be the 
vertical at a place.] 

1. Write down the length of the latus rectum of the above parabola. 

2. Show that the height of the directrix above the starting point is V^/2g. 

3. If V is the velocity at any point of the path show that the point is at a 
distance v^/2g below the directrix. 
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4. Prove that the time until the particle is again in the horizontal plane 
through the point of projection is 2 Fsin ajg. [This is called the time of flight 
on the horizontal plane through the point of projection.] 

5. Prove that the distance from the starting point of the point where the 
particle strikes the horizontal through the starting point is F^sin 20/5^. [This 
is called the range on the horizontal plane through the point of projection.] 

6. To find the range and time of flight on an inclined plane through the 
point of projection. Let 6 be the inclination of the plane to the horizon. 

Resolve up the plane, and at right angles to it. The resolved accelerations 
are 

— ^'sin^, -goos6; 

h 




Fig. 31. 

the resolved initial velocities are 

V cos {a- 6), Fsin(a-fl); 

the resolved velocities at time t are 

F cos (a - 6) - gt sin 6, Fsin (a- 6)- gt cos B ; 

the distances described in time t parallel and perpendicular to the inclined 
plane are 

Vt cos (a-0)- ^gfi sin d, Vt sin (a -6)- ^gf cos 6. 

The time of flight is obtained by making the second of these equal to zero, it is 

2Fsin(a-g) 
g cos 6 

The range is found by substituting this value for t in Vt cos {a -6)- ^gt^ sin 6. 

Prove that the range in question is 

2F2cos2a,^ ^ „^ 
;;- (tan a — tan 6), 

and that this is the same as 

^^^ [sin (2a- 5) -sin 5]. 

7. Prove that, when the velocity of projection is given, the range on an 
inclined plane is greatest when the direction of projection bisects the angle 
between the plane and the vertical. 

8. Show that if a parabola is constructed having its focus at the point of 
projection S, its axis vertical, and its vertex at a height V^/2g above the point 
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of projection, then the parabolic path for which the range on a line through S 
is greatest touches this parabola at the point where the line cuts it. 

[From this it follows that all possible paths of particles moving with 
uniform acceleration g downwards, and starting from a point S with given 
velocity V, touch a paraboloid of revolution about the vertical through S 
having its focus at S. This paraboloid is the envelope of the trajectories of 
such particles.] 

9. If V is the velocity at any point of the parabolic path, and p the radius 
of curvature at the point, verify that ■v'^/p is equal to the component of g along 
the normal. 

10. Prove that, in the different trajectories possible under gravity 
between two points A, B, the times of flight are inversely proportional to the 
velocities when vertically over the middle point of AB. 

11. Two particles describe the same parabola under gravity. Prove that 
the intersection of the tangents at their positions at any instant describes a 
coaxial parabola as if under gravity. Prove also that, if t is the interval 
between the instants when they pass through the vertex, the distance between 
the vertices of the two parabolas is ^gr^. 

12. A particle moves under gravity from the highest point of a sphere of 
radius c. Prove that it cannot clear the sphere unless its initial velocity 
exceeds ij{\gc). 

13. Prove that there are in general two directions in which a particle 
may be projected with a given velocity so as to strike a given object, and find 
how far off in a given direction the object may be. 

14. Prove that the greatest range on an inclined plane through the point 
of projection is equal to the distance through which the particle would fall 
during the time of flight. 

47. Simple Harmonic Motion. A point moving in a 
straight line with an acceleration directed to a point in the line 
and proportional to the distance is said to have a simple harmonic 
motion. 

Let the line be the axis x, and the point towards which the 
acceleration is directed the origin ; then the acceleration is in the 
negative direction of the axis when x is positive, and in the 
positive direction when x is negative, so that the formula for 
it is 

x = — jXX, 

where /* is a positive constant. 

Let time be measured from an instant at which a; = a and 
x = 0. With the origin as centre and with radius a describe a 
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circle, and when the moving point is at N on one diameter of 
this circle, so that ON = x, draw NP at right angles to this 
diameter, and consider the motion of the point P. 




Fig. 32. 



Let the angle NOP = 6. 

Then x,—a cos 6, and y,=a sin 6, are coordinates of P. 

By differentiating we have 

^ = — asin^^, x = — asm. 6 6— a cos 6 &^ 
hence x = -{yd + xff') ; 

since x = — fix, 

we must have ^ = 0, and 6^ = fi- 

Hence the point P describes the circle uniformly ; the angular 
velocity of the radius vector is uniform and equal to V/*. and the 
angle 6=t i^f/i. 

The distance of the point if from at time t is given by 
a; = a cos (t >Jn). 

The velocity of the point is directed along xO, and its magni- 
tude is a V/i sin (t^f/i). 

The above process shows that the solution of the equation 

x = — fix, 

with the conditions that when t = 0,x = a, x = 0,ia x = aco3(t >Jfi). 
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It follows, by changing the epoch from which time is measured, 
that the complete solution must be of the form 

a cos {Vm (* - ^o)}. 
and this can be expressed in the form* 

A cos {t V/tt) + B sin {t \/fi). 

Let the moving point have at time « = a position denoted 
by a'o and a velocity denoted by «„ ; we know, that at any time t, 
X must be given by an equation of the form 

a; = ^ cos (t tJiJi) + B sin (< V/")- 

To determine the constant A put ^= 0, we have oii^=A. 

To determine the constant B, differentiate with respect to t, 
we have 

x=-As/ij,wa.{t /^/j.) + B^/fi cos (t \/fi). 

Now put ^ = and we find 

X(i = B fjfjj. 

Hence the solution of the equation x = — jjlx, with the conditions 
that x = Xti and x = x^ when i = 0, is 

x = Xn cos {t Jix) + -J- sin {t ^/i). 

It is to be observed that the whole motion is periodic, that 
is repeats itself after equal intervals of time ; the period is 

The equation x = a cos {t \/n — e) represents simple harmonic 
motion with period ^ttJi^ijl, in this form a is called the amplitude 
of the motion, it is the greatest value of x, and e determines the 
phase of the motion. 

48. Composition of simple harmonic motions. We 

consider the case where the moving point has a simple harmonic 

motion of period -j- parallel to each of the axes x and y, the 
acceleration in each case being directed towards the origin. 

* The student who is acquainted with the methods of solving linear differential 
equations will recognize that this is the known form of the complete primitive of 
the differential equation. 

L. 4 
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We have the equations x = — fix, 

and we deduce that so and y must be given by equations of the 

form 

x = Acos (t s/fi) + B sin (fi V/*), 

2/ = C cos {t t^fi) + B sin {t ^/fi), 

where A, B, G, D are arbitrary constants depending on the initial 
conditions, viz. A and C are the coordinates, and Bn/fi, DiJii 
the resolved velocities at the instant t = 0. 

Solving the above equations for cos (t nf/j,) and sin (t >Jfi), we have 

(AB - BG) cos {t V/i) = Bx- By, (AB-BC) sin (t»Jfi) = Ay- Gx, 

eliminating t, we find 

{Bx - Byy + {Ay - GxJ = {AB - BG)\ 

so that the path of the moving point is an ellipse whose centre 
is the origin, and whose position with reference to the origin and 
axes is fixed. The whole motion is clearly periodic with period 

Let us change the axes to the principal axes of the ellipse, 
and suppose the moving point is at one extremity {x = a) of the 
major axis at the instant i = 0, then at this instant x = a,y = Q, 
and, since the point is moving at right angles to the major axis, 
* = 0. Suppose y = h t/fi. Then we must have at time t 

x = acos {t \//i), y = bsm {t i\JijC). 

Thus h is the semi-axis minor, and t \/fi is the eccentric angle at 
time t. 

The point therefore moves so that its eccentric angle in- 
creases uniformly with angular velocity \//*- 

49. Examples. 

1. Prove that when the equation is is = fix, where /u. is positive, and the 
initial conditions are that x=x^ and ii!=x,) when t=0, then at any time t 

x=x^ cosh {t J\i) + - ," sinh (< Vf)- 

2. Prove that when the acceleration is directed from the origin and is 
proportional to the distance the path is an hyperbola. 
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3. In simple harmonic motion given by i;=-/i^ starting from io=a, 
prove, by multiplying both sides of the equation by Mt and integrating, that 
x^=fi{a^—ii;^) for all positions of x. 

4. In the elliptic motion of Article 49 prove that the velocity v at 
distance r from the centre is given by 

v^+nr^= const., 
and evaluate the constant. 

5. In the hyperbolic motion of Example 2 prove that the velocity v 
at distance r from the centre of the hyperbola is given by 

«*=f*>'^+ const, 
and evaluate the constant. 

50. Central Acceleration. In the motion just described 
(Article 48) the resultant acceleration is of magnitude fir and 
is directed along the radius vector towards the origin, r being 
the length of this radius vector. An acceleration always directed 
towards or from a point which occupies a fixed position relative 
to a frame is called a central acceleration. The point through 
which the acceleration always passes is called the centre. We 
shall now prove a general theorem* with reference to central 
accelerations : — 

The path of a point moving with a central acceleration is 
in a plane through the centre, and the radius vector drawn from 
the centre to the point describes equal areas in equal times. 

Let the line of the velocity at any instant be drawn, and a 
plane drawn through the centre and this line. All the circum- 
stances of the motion being symmetrical with regard to this 
plane, there is no more reason why the point should move out 
of it on one side than on the other. The point therefore moves in 
the plane. 

Let the plane of motion be the plane of («, y), and let the 

centre towards or from which the acceleration is directed be 

the origin. Then, since the acceleration is localised in a line 

through the origin, its moment about the origin is zero, or we 

have 

xy — yx = 0. 

The left-hand member of this equation is the differential 

coefficient oixy — yx, so that we have 

j^{!cy-yx)=-0. 

* Due to Newton, Principia, Lib. I. Sect. ii. Prop. 1. 

4—2 
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Hence xy -yx = const., = h say. 

The left-hand member of this equation is the moment of 
the velocity about the origin, and is therefore equal to the product 
pv, where v is -the velocity of the moving point in any position, 
and p is the perpendicular from the origin on the tangent to the 
path at this position. We therefore have 

pv=h. 

Now let s be the arc of the curve measured in the direction in 

which the curve is described from 
some point B of the curve up to 
the position P of the moving point 
at time t, A the area described by 
the radius vector while the moving 
point describes the arc s. Then 
pC^s is ultimately twice the area 
of the infinitesimal triangle de- 
scribed by the radius vector in the 
interval Ai, taken to describe the 
small arc As, so that p's=2A. 
Also s = v. 

Hence h, =ps, is twice the rate 
at which area is described by the 
radius vector, and, h being con- 
stant, the radius vector describes 
areas uniformly, i.e. it describes 
equal areas in equal times. 

The quantity h is twice the area described in a unit of time. 

The path described by a point P which moves with an 
acceleration in the line joining P to a point is called a central 
orbit, and is said to be described about the point 0. 

51. Formula for the central acceleration. Let / be 

the magnitude of the central acceleration at P, supposed directed 
towards 0, r the radius vector OP, p the radius of curvature of 
the path at P. 

The resolved part of the acceleration parallel to the normal 
atPis/^. 




Fig. 33. 
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But this resolved part of the acceleration is - . 

P 

Hence ^- = f^. 

p •' r 

From this equation and the equation vp = hwe may eliminate 
V, and obtain the equation 

P'P' 
Since p = r-j- ,we ma}' also write this equation 

f_h^dp 
•^~ p'dr ' 

When the curve is given we can hence deduce the acceleration 
to a given point in its plane required for the description of the 
curve. When /is given in terms of r we can find by integration 
the (p, r) equation of the curve. 

52. Examples. 

1. Show that, when the orbit is an ellipse described about the centre, the 
acceleration is proportional to the radius vector. 

2. In the same case show that the velocity at any point is proportional 
to the length of the diameter conjugate to the diameter through the point. 

3. Points move from a position P with a velocity V in different directions 
with an acceleration to a point proportional to the distance. Prove that all 
the elliptic trajectories described have the same director circle. 

Let the tangent at P to one of the trajectories meet the director circle in 
T, and let Q be the point of contact of the other tangent to this trajectory 
drawn from T. Prove that the trajectory in question touches at Q an ellipse 
having G as centre, P as one focus, and CT as the length of the semi-axis 
major. 

[This ellipse is the envelope of the trajectories of points starting from P 
with the given velocity and moving about G with the given central acceleration.] 

4. Show that the central acceleration when a circle is described as a 
central orbit about a point on the circumference is 8hVlr^, a being the radius 
of the circle. 

5. Show that the central acceleration when an equiangular spiral is 
described as a central orbit about its pole is proportional to r~K 

6. Show that for an ellipse described as a central orbit about any point 
in its plane the central acceleration at any point P is proportional to r/q^ 
where r is the radius vector OP, and q is the perpendicular from P on the 
polar of 0. 
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7. Interpret the formula v^=fpplr so as to show that the velocity at any 
point P, when a curve is described as a central orbit about a point 0, is that 
due to falling with constant acceleration, equal to that at P, through one 
quarter of the chord of curvature in the direction PO. 

53. Elliptic motion about a focus. Let an ellipse of 
semi-axes a, h be described as a central orbit about a focus S. 
Let S' be the second focus, e the eccentricity, I the semi-latus 
rectum. 

Let P be any point on the ellipse ; let r and / be the radii 
vectores drawn from S and 8' to P; let p and p' be the perpen- 




Fig. 34. 

diculars from S and 8' on the tangent at P ; let be the centre 
and CD the semi-diameter conjugate to GP. 

Then 

p = GI>lab, rr' = GD\ pp' = h\ r + r' = 2a, ¥ = al. 

Also since z 8PY=/. 8'PY', we have 

J = ^ , and therefore each of these = ^^' = ^ . 
Now the acceleration, /, is given by 

J-p^p 



~ GIP \br) ~j^b'~rn 



Thus the acceleration varies inversely as the square of the 
distance r, and, if we write fi/r'' for it, we have k' = fil. 



ELLIPTIC MOTION. 
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The^ periodic time in which the ellipse is described is 
2'rrab 2ira^ 
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54. Examples. 

1. Prove that the velocity v at any point of the ellipse is given by the 
equation 

2. Prove that if any conic is described as a central orbit about a focus 
the acceleration is n/r^ towards the focus, and n=h^/l. 

Prove also that when the conic is a parabola v^=2ii/r, and when it is a 
hyperbola v^=n{Z/r+l /a). 

3. Prove that in elliptic motion about a focus S the velocity at any point 
P is perpendicular and proportional to the radius vector from the other focus 
to the point W, where SP produced meets a circle centre S and radius 2a. 

[From the formula in Example 1, this circle is called the "circle of no 
velocity."] 

4. Prove that the velocity at P can be resolved into two constant 
components, one at right angles to the radius vector SP, and the other at 
right angles to the major axis. 

6. Points move from a position P with a velocity V in different directions 
with an acceleration to a point S varying inversely as the square of the 
distance. Prove that all the trajectories have equal transverse axes. 

Let the line from P to the second focus of one of the trajectories (supposed 
elliptic) meet that trajectory in P'. Prove that this trajectory touches at P' 
an ellipse with S and P as foci and a definite major axis. 

[This ellipse is the envelope of the trajectories of points starting from P 
with the given velocity and describing ellipses as central orbits about S.] 

6. To find the time of describing any arc of the ellipse described as a 
central orbit about a focus. 

Draw the auxiliary circle AQA'. 




Fig. 35. 
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Let (^, = /. QCA in the figure, be the eccentric angle of P, and 6, == L. ASP, 
the vectorial angle. 

Then cvu^linear area ^,S'/'= curvilinear area ^iVP-triangle SPN 

= - (curvilinear area ^iV^§)- triangle SPN. 
ct 

Now curvilinear area ^i\^§=sector ACQ- triangle CQN 

= I (a'<^ - a^ sin (f) cos <f>), 

and triangle <S'PiV= ^ 6 sin <^ (ae - a cos (^). 

Hence curvilinear area ASP=^ab (<^-e sin <j>). 

Let t be the time from .4 to P then, since h is twice the area described per 

unit of time, 

A< = a6(i^-esin<^). 

Thus t=-j-{<ji-esin(l>). 

The quantity V/*./*** is known as the "mean motion" and is denoted by n, 
so that the time in question is given by 

nt=<l> — e sin (j). 
Prove that 6 is connected with (p by the equation 

coad)= f °^ „ , and that, if e is small, 
^ l + eoose 

g=nt + 2esmnt approximately. 

7. Two points describe the same ellipse in the same periodic time, starting 
together from one end of the major axis ; one of them has an acceleration to 
a focus S, and the other an acceleration to the centre C. Prove that, if ^j and 
02 are their eccentric angles at any instant, then <p^ — <l>2=e sin ^^. 

8. Two points describe ellipses of latera recta I and I' in different planes 
about a common focus, and the accelerations to the focus are equal when the 
distances are equal. Show that, when the relative velocity of the points is 
along the line joining them, the tangents to the ellipses at the positions of the 
points meet the line of intersection of the planes in the same point, and that 
the focal distances, r and /, make with this line angles 6 and ff such that 

?• sin i9 _ / sin ff 

55. Motion with a central acceleration varying in- 
versely as the square of the distance. We give here a 
version of Newton's investigation* of the orbit described by a point 
which moves from a given position P, with a given velocity Y, in 
a given direction PT, and has an acceleration to a point 8 varying 
inversely as the square of the distance from 8. 

* Principia, Lib. I. Sect. iii. Prop. 17. 
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Lemma. 

Given a point P, a tangent PT, a focus S, and the focal chord of curvature 
PQ, one conic, and only one, can be 
described, and this conic is an ellipse, 
parabola, or hyperbola according as 
P§<, =, or >45P. 

Let U be the middle point of PQ. 
Draw PO at right angles to PT, and 
UQ parallel to PT ; draw TO and GK 
at right angles to 8P meeting PG and 
SP in and K respectively. 

Then by similar triangles OPU, 
UPG, GPK we have 

OP : PU=PU : PG=PG : PK. 



"V\Tience 0P= 



PG^ 




Fig. 36. 



Now describe a conic with focus S 
and axis SG to touch PT at P, G is the foot of the normal, and PK is the 
semi-latus rectum. Hence is the centre of curvature. 

Since SG : (S'/'= eccentricity, the conic is determinate and unique. 

Since a semicircle on PU as diameter passes through G, we have when 
SP>iPU, SG<SP ; when 8P<\PU, JSG>SP ; when SP=IpU, SG=SP. 

Thus the conic is an ellipse, parabola, or hyperbola according as 
SP>,=,ov<iPU. 

Now let a point move from P with velocity V in direction PT 
and have an acceleration yu,/(distance)^ towards S. 

Find Q in PS produced so' that 

~ SP' 4 ■ 

Then by Example 7 on p. 54, PQ is the chord of curvature of 
the path in direction PS. 

With S as focus describe a conic touching PT at P, and 
having PQ for focal chord of curvature at P. 

Let a point describe this conic as a central orbit about 8 
starting with velocity V at P, the two moving points have at 
starting the same position, velocity, and acceleration, and their 
accelerations are always the same when their distances from S are 
the same, they therefore describe the same orbit. 
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The orbit in question 

is an ellipse if ^PQ < SP i.e. iiV'<^, 

it is a parabola if iPQ = SP i.e. if ^' = ^ . 
it is a hyperbola if ^PQ > SP i.e. if F= > |^ . 



56. Motion in a straight line with an acceleration to 

a point in the line varying 
inversely as the square of 
the distance. Let a point 
W move in a straight line OA, 
starting from A, so that, when 
ON = 01, x = -fi/a^. 

On OA as diameter de- 
scribe a circle, and let G be 
its centre, and a its radius; 
draw HP at right angles to 
OA, and consider the mo- 
tion of the point P on the 
circle. 

We shall show that, if P . 
describes the circle with an 
acceleration towards 0, the 




Fig. 37. 



point N will have the acceleration named. 
By Example 4 of p. 53 we have 

OP' 
describes areas about 0. 



acceleration of P = ^-^. , where h is twice the rate at which OP 



To resolve in direction AO multiply by ON/ OP and observe 
that ON : OP = OP: OA. Thus 



acceleration oi N = 



ShVON Sh^a'ON h^ 1 



OP" (2a . ONy ~ a ON^' 

Hence if we take the point JV to start at a distance 2a from 
and put h^ = fj,a, then when ON = x, N will have an acceleration 
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lija? towards 0, i.e. we shall have 

x = — fijcc^. 

Since the radius Yector OP describes areas uniformly we can 
utilise the figure to express the position in terms of the time. 

Let angle AOP = 0, and let t be the time of going from A to 
K Then 

and ht = twice the curvilinear area AOP 

= twice the sector ACP + twice the triangle OCP 
= 2a''e + a''sm2d 

at 
thus « = J- (2^ + sin 26'). 

Thus the coordinate x and the time t are both expressed in 
terms of a parameter 6. 

57. Examples. 

1. The same results may, of course, be arrived at by integrating the 
equation ic= -— ^ with the conditions that when t=0, a;=2a, i=0. 

Multiplying both sides by i'dt and integrating, we iind 

^x^=-+C, where C is an arbitrary constant ; 
putting < = 0, we have ^~~^: 

Thus 



„ '"• —dx 

Hence t= 



p —dx 



By putting a;=2aoos2 6 in this deduce the result in the text. 

2. Find the time of falling to 0. 

3. Prove that as N approaches the velocity increases without limit. 

[We shall see hereafter that when a natural system is devised in such a 
way that a point of a body moves as here described, either the body cannot 
pass through the point corresponding to 0, or before it reaches the formula 
for the acceleration changes and the velocity at is finite.] 
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58. Radial and transversal velocities and accelera- 
tions. Suppose a point is describing a plane curve which 
occupies a fixed position with reference to a frame. To fix ideas 
we may suppose it to be in the plane of {x, y). Let r, 6 be the 
polar coordinates of the point at time t, referred to the origin as 
pole and the axis x as initial line. It is required to express in 
terms of r, 6 and their differential coefficients the resolved parts of 
the velocity and acceleration parallel and perpendicular to the 
radius vector. 

Let «, V be the resolved parts of the velocity parallel and 
perpendicular to the direction of r. The resolved parts of the 




Fig. 38. 

same velocity parallel to the axes are so, y, and we have therefore, 
by resolving parallel to the axes, 

u cos 6 - V sin 6 = io = -rAr cos 6) = r cos d — rd sin 6 



u sin + V cos 6 = y = -J- (r sin d) = rsind + rO cos 6. 

Solving these equations we find u = r,v = r6. 

Again let a, /3 be the resolved parts of the acceleration parallel 
and perpendicular to the direction r. The resolved parts of the 
same acceleration parallel to the axes of x and y are x and y. 
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We have therefore, by resolving parallel to the axes 

a.cos9-0sin9 = x=-^-{r cos d-r6 sin 6) 

= (r - r-^) cos 0-(re + 2rd) sin 6 

a sin + ^ cos 6 = i/ = J {r aiu d + r6 cos 6) 

= (r- rh sin + (rfii + 2r^) cos 6. 

Solving these equations we find a = r - r&^, ^ = r'6+ 2r0. 

Here it is important to observe that the acceleration along the 
radius vector is the resolved part parallel to that line of the 
acceleration relative to the frame Ox, Oy; it is not the acceleration 
with which the radius vector increases. 

Further it is to be observed that the acceleration, /3, at right 

angles to the radius vector can be expressed in the form - -nif'O), 

where the expression r^6 is equal to the moment of the velocity 
about the origin. 

By expressing that, in central orbits, the resolved acceleration at right 
angles to the radius vector vanishes, we should obtain a new proof of the 
formula pv=h, and we should find h=r^d. Comparing this Article with 
Article 50 we verify the well-known formula of Differential Calculus 



xdy — ydx= r^d6. 



59. Escamples. 



1. A point P describes a curve relative to axes through 0. Prove that, 
relative to parallel axes through P, describes a curve equal in all respects 
to that described by P. Prove also that any point dividing OP in a constant 
ratio describes a similar curve relative to the axes through or P. 

2. The motion of a point is referred to polar coordinates r, 6, (ft with 
origin at the origin of a set of rectangular axes of x, y, z, with the axis z for 
polar axis, and the plane {x, z) for initial meridian ; prove that the resolved 
parts of the velocity along the radius vector, the tangent to the meridian, 
and the tangent to the parallel, through the position at time t are r, rd, and 
rsm64>, and that the resolved parts of the accelerations along the same lines 
are 

r -rd^-r sin2 5*2, - ^ (r^e) -rsin3 cos ed>% and -4—: ^ (j-2 sin^ 66). 
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3. Apply the results of Example 2 to obtain a formal proof of the 
statement that, when the acceleration of a moving point is always directed 
towards or from a point, fixed relatively to a frame, the path of the point, 
relative to that frame, is a plane curve. 

4. The motion of each of two points relative to a certain frame is 
uniform rectilinear motion, and the straight paths intersect. Prove that the 
acceleration with which the distance between the points increases is inversely 
proportional to the cube of that distance, and find the path of either point 
relative to the other. 

5. Relatively to a certain frame a point describes a straight line 
uniformly with velocity V, and a second point P describes a curve in such 
a way that the line OP describes areas uniformly ; prove that the resolved 
part perpendicular to OP of the acceleration of P is 2 Vv sin (p/OP, where v is 
the velocity of P, and <j> the angle the tangent to its path makes with OP. 

6. Relatively to a certain frame, a point A describes a circle (centre 0) 
uniformly, and a point B moves with an acceleration always directed to A. 
If the area covered by the line AB is described uniformly, prove that the 
resolved part parallel to OA of the velocity of B is proportional to the 
perpendicular from B on OA produced. 

60. Differential equation of central orbit. The equations 
that hold for a point describing a central orbit about the origin 
with acceleration / towards the origin are 

where A is a constant determined by the initial conditions. 

By using the second of these equations we can change the 
independent variable in the first from t to 6. We write u for r~', 
then we have 

so that the first equation becomes 

dv OAJb 

and, since ^^ j^ = ~ jS > ^^^ ^ is constant, this is 
dM _ f 

This is the differential equation of the path. The integral of 
the equation will be a relation between u and 6 contaiaing two 
arbitrary constants, and this is the polar equation of the path. 
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61. Integration of the equation when f is a ftinction 

of r. Multiply both sides of the equation by -^, and let <^{u) be 
the indefinite integral of vr^f, we have 
1 



%}-"• 



= l^<}>(u) + A, (1) 



2 

where A is constant. 

Suppose the initial condition is that the starting point is at a 
distance c from the origin and the initial velocity is F in a direc- 
tion making an angle a with the radius vector. We have 
h= Vc sin a. Also, by a well-known formula, if p is the perpen- 
dicular from the origin on the tangent at the point {u, 6), 

i)^ ~ " + \de) ■ 

To determine the constant A, express that equation (1) holds 
in the initial condition, we have 



2c2 sin= a F^c' sin^ a ^ Vc / 
A is now determined, and equation (1) can be written 

(S)'=t(.). 

where a^ is a well-defined functional expression. 
Integrating this equation we have 

where a. is an arbitrary constant depending on the choice of the 
initial line. 

62. Examples of Integration. 

1. Let the acceleration / be inversely proportional to the square of the 
distance. 

We have f=iiifi so that the equation is 
d^u _ n 

Write I for AV/x and vforu--j, then the equation is 

dh> , . 
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and the complete primitive is (by Article 47) 

v=Acos{d—a), 
where A and a are arbitrary constants. If we put now e tor Al we have 

- = 1+6 cos (5 -a), 

so that the orbit is a conic of latus rectum I, =h^lii, and of arbitrary 
eccentricity e having the origin as one focus. 

This investigation of the possible central orbits with acceleration /j/r^ may 
be taken to replace Newton's investigation, of which a version was given in 
Article 55. 

2. To find all the orbits which can be described with a central acceleration 
varying inversely as the cube of the distance. 

We have f=iiv? so that 






There are three cases according as A2> = or </i. 

(1) When Jfi>ti, 1 - 1^2 ^^ positive, put it equal to nK 

Then all the possible orbits are of the form u = A cos {n6 + a), they include 
a straight line for the case n=l. 

(2) When h^=fi we have -jm = ^ so that u=A6JrB where A and B are 

arbitrary constants. If .4=0 the orbit is a circle, otherwise it is a hyperbolic 
spiral, as we see by choosing the constant B so as to write the above 

u=A{e-a).' 

(3) When h'^<ii, 1 -p is negative, put it equal to — m^. 

Then all the possible orbits are of the form 

u=Acosla.{n6+a) or u^ae'^+be"^. 
Putting B or 6 equal to zero we have an equiangular spiral. 

3. By integration of the equation 

dhi _ fi 

prove that all the orbits that can be described with a central acceleration 
proportional to the distance are ellipses having the origin as centre. 

4. If / is any function of r show that one of the possible orbits is a circle 
described about its centre. 
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APSIDAL DISTANCES. 



65 



Fig. 39. 



63. Apses. An apse is a point of a central orbit at which 
the tangent is at right angles to the radius vector. 

There is a theory concerning the distribution of the apses 
when the central acceleration is a single-valued function of the 
distance, i.e. for the case where the acceleration depends only 
on the distance and is always the same at the same distance. 

Let A be an apse on a central orbit described about a point 0, 
f the central acceleration, supposed a 

single- valued function of distance, TAT' ^^ ^ >.t 

a line through A at right angles to AO. 
Then a point starting from A at right 
angles to AO with a certain velocity 
would describe the orbit, suppose V is 
this velocity. 

If a point starts from A with velocity 
V in direction AT or AT', and has the 
acceleration / towards 0, it describes the 
orbit ; so that two points starting from A 
in these two directions with the same velocity V and the same 
acceleration /describe the same orbit. Since the two points have 
the same acceleration at the same distance, the curves they de- 
scribe are clearly equal and similar, and are symmetrically placed 
with respect to the line AO. Thus the orbit is symmetrical 
with respect to AO in such a way that chords drawn across 
it at right angles to AO are bisected by AO. The parts of the 
orbit on either side of .40 are therefore optical images in the 
line AO. 

Now let the point start from A in direction AT, and let B 
be the next apse of the orbit that it passes 
through, also let A' be the next apse after B 
that it passes through. Then the parts A OB, 
BOA' of the orbit are optical images in the 
line OB, and the angle AOB is equal to the 
angle A' OB, and the line .40 is equal to 
the line A'O. In the same way the next 
apse the point passes through will be at 
a distance from equal to OB, and thus 
all the apses are at distances from equal Fig, 40. 

L. 
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to either OA or OB, these are called the apsidal distances, and 
the angle between consecutive apses in the order in which the 
moviag point passes through them is always equal to AOB, this 
is called the apsidal angle. 

The theory just explained is usually stated in the form: — 
There are two apsidal distances and one apsidal angle. 

It is clear that the radius vector is a periodic function of 
the vectorial angle with period twice the apsidal angle. 

64. Examples. 

1. If the apsidal distances are equal the orbit is a circle described about 
its centre. 

2. Write down the lengths of the apsidal distances and the apsidal angle 
for (1) elliptic motion about the centre, (2) elliptic motion about the focus, 
(3) all the orbits that can be described with a central acceleration varying 
inversely as the cube of the distance. 

3. Explain the following paradox : — Four real normals can be drawn to 
an ellipse from a point within its evolute, and in Example 6 on p. 53 we 
found the central acceleration to any point requisite for the description of an 
ellipse ; there are apparently in this case four apsidal distances and four 
apsidal angles. 

65. Apsidal angle in nearly circular orbit. Suppose 
the central acceleration is f{r) at distance r, then a circle of 
radius c described about its centre is a possible orbit with ^h for 
rate of describing area provided 

or h' = c'fic). 

Let us suppose the point is at any instant near to the circle, 
and that it is describing an orbit about the origin with this h. 

The equation of its path is 

d'u f{r) 

dff"^ hv • 

At the instant in question u is nearly equal to - ; if it was 

c 

precisely - , and if the point was moving at right angles to the 
c 

radius vector, the point would describe the circle of radius c. We 



63-65] APSIDAL ANGLE. 67 

assume that it is always so near to the circle that the difference 

u — ~is so small that we may neglect its square, the investigation 

we give will determine under what condition this assumption is 
justifiable. 

Put M = - + « and write <^ (u) for f(r), and a for - , so that 
c 

Then 

d^oc a?d> (a + x) 
— ; + a; + a = —^-^ ^ 



" 2« ^ _ 



d'x {„ acb'(a)) „ 

neglecting x'. 

Now if 3 — ]". is positive we may put it equal to k^ and 

then the solution of the above equation is of the form 

x = A cos {kB + a), 

so that the greatest value of x is A, and by taking A small enough 
X will be as small as we please and the neglect of x^ will be 
justified. 

In this case u, and therefore r, will be a periodic function of 6 

with period 27r /^J3 — ^.^. [ , the orbit is nearly circular and 

its apsidal angle is tt/ . / -^3 [ . 

.„ „ Ojd) (cb) . . . , 

Again, II 3 — 1(\ ^^ negative we may put it equal to — «^, 

and then the solution of the above equation is of the form 

x=Ae'"' + Be-''\ 

and it is clear that one of the terms increases in geometrical 
progression whether 6 increases or diminishes, so that x will very 
soon be so great that its square can no longer be neglected, 

5—2 
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whatever the number we agree to neglect may be. In this case 
the orbit tends to depart widely from the circular form. 

In the former of these cases the circular motion is said to be 
stable, in the latter unstable. 

66. Examples. 

1. If /(r)=r-" or (^(m)=m", prove that the possible circular orbits are 
stable when m<3 and unstable when w>3. 

2. For n=3 prove that the circular orbit is unstable, and find the orbit 
described by a point moving with the h for circular motion in a circle of radius 
c through a point near the circle. 

3. If /(r)=r~* prove that the curve described with the h for circular 
motion in a circle of radius c is either the circle ?'=c or one of the curves 

>•_ cosh 5+1 r_ cosh 5-1 
c ~ cosh 6^2 ' c ~ coshi9 + 2 ' 



EXAMPLES. 

1. Prove that the time in which it is possible to cross a road of breadth c, 
in a straight line, with the least uniform velocity, between a stream of 
omnibuses of breadth b, following at intervals a, moving with velocity V, is 



-(- + -) 



2. A particle moves in the plane of two rectangular axes so that the 
resolved parts of its velocity parallel to the axes are proportional to its 
distances from two other rectangular lines in the plane. Prove that its jMth 
is an equiangular spiral or a hyperbolic spiral. 

3. Three horses in a field are at a certain moment at the angular points 
of an equilateral triangle. Their motion relatively to a person driving along 
a road is in direction round the sides of the triangle (in the same sense) and 
in magnitude equal to the velocity of the carriage. Show that the three 
horses are moving along concurrent lines. 

4. A straight line AB turns with uniform angular velocity about a point 
A, retaining a constant length, and a second straight line BO of constant 
length moves so that is always in a certain straight line through A. Prove 
that the velocity of C is proportional to the intercept which BG makes on the 
line through A at right angles to AC. 

5. A point P moves uniformly in a circle ; § is a point in the same 
radius at double the distance from the centre ; PR is a tangent at P equal to 
the arc described by P from the beginning of the motion ; show that the 
acceleration of E is represented in direction and magnitude by RQ. ' 
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6. A point C describes a circle of radius r with angular velocity o>' about 
the centre 0, and a point P moves so that CP is always equal to a and turns 
with angular velocity m in the plane of the circle described by C. Prove that 
the angular velocity of OP is 

i {m (^2 + „2 _ y2) + „/ (7J2 _ ^2 + r^)}im, 

where R is the length of OP. 

7. Two points move uniformly in straight lines. At any time the 
distance between them is a, V is their relative velocity, u and v are the 
resolved parts of F parallel and perpendicular to the direction of a. Show 
that, when they are nearest together, their distance is avIV, and that the 
time until they arrive at this position is aii/V^. 

8. Two points A and B move with uniform velocities u, v in two straight 
lines containing an angle a ; prove that the time from the position in which 
AB is least to that in which it is double its least value is 

s/ZcD sin a/{u^ +v^- 2uv cos a), 
where c is the distance AB when A crosses the path of B. 

9. Prove that when a particle moves along a plane curve the velocity of 
the foot of the perpendicular from the origin on the direction of motion is 
rv/p, V being the velocity of the particle, r its distance from the origin, and p 
the radius of curvature of its path. 



10. Two particles start simultaneously from the same point and move 
along two straight lines, one with uniform velocity, the other with uniform 
acceleration. Prove that the line joining the particles at any time touches a 
fixed parabola. 

11. A particle moves with uniform acceleration along the tangent to its 
path and describes arcs s^, «2J h in the n^, n^, n^th seconds after any 
particular instant ; prove that 

«i («2 - %) +«2 (™3 - K> + h K - ^2) = 0- 

12. Two boats start off to race with velocities v, v', and move with 

accelerations /, /', the result being a dead heat. Prove that the length of the 

course is 

^{y-v'){vf-v'f)lij-fj. 

13. A body is projected vertically upwards with velocity v ; after a time t 
a second body is projected vertically with velocity if {<v). If they meet as 
soon as possible 

14. A particle moves in the axis x with acceleration y,loo^ towards the 
origin, starting from rest at x=^a. Show that the time of arriving at a 
distance x is 

x/(£)-«-4\/^\/€-§)}- 



70 MOTION IN TERMS OF ACCELERATION. [CHAP. IV. 

15. A particle moves in a straight line under a force tending to a fixed 
point in the line which, at distance r, is equal to fijr^-l^nlifa), and starts 
from rest at distance a + ij{a^ - V). Prove that it will come to rest at distance 
a-ij{cfi-h^) in time irc^lJii, and will oscillate between these distances. 

16. A particle moves along the axis lo, starting from rest aX x=a; for 
an interval <i from the beginning of the motion the acceleration is - jix, for a 
subsequent interval t^ the acceleration is iix, and at the end of this interval 
the particle is at the origin ; prove that 

tan (V/i'i) tanh (VF'2) = ^' 

17. A particle moves with an acceleration always directed to a point 
moving uniformly in a straight line, and the line joining the point to the 
position of the particle at any time is normal to the path of the particle ; 
prove that the path is an ellipse. 

18. A particle moves so that the angular velocity of the radius vector 
from a fixed point and the acceleration along it are both constant, prove that 
the acceleration at right angles to it varies as the sine of the angle between it 
and a fixed straight line. 

19. A particle is moving in a parabola and at distance r from the focus 
its velocity is v ; show that its acceleration is compounded of rz'J' C"^) 

parallel to the axis and t ;7- ( — I along the radius vector outwards. 

20. A particle is describing an involute of a given curve ; prove that its 

accelerations along the tangent and normal to its path are t- (s^) and sylf^ 

respectively, where s is the arc of the given curve, ijf the angle which the 
tangent makes with a fixed straight line. 



21. Prove that, if the acceleration of a point describing a tortuous curve 
makes an angle ^|r with the principal normal, then tan 1/' = - j- . 

In the case of a plane curve the condition that the acceleration is always 
directed to the same point is that the equation sin ^ +;r T. =0 must 



■1-pS 



be satisfied at every point. 



22. The position of a point is given by the perpendiculars |, ij on two 
fixed lines containing an angle a with each other, prove that the component 
velocities in the directions ^, i; are 

(i+VCosa)/sin^a and (^+icosa)/sin2a. 
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23. Prove that the component accelerations of a moving particle are Ji 
parallel to the axis of x, and R perpendicular to the radius vector, where 

_rr (r' — ap) — {rx — xrf 
~ a? (j-^ - x') 

1 n_r^ {r'f — xx) (r^ -x^)-{rx — xrf 

X {r^-x'^f 

24. The position of a point is given by x, y, r, where x, y, z, r have their 
usual signification relative to rectangular axes ; show that the component 
accelerations are 

mH , v-i , {w-uwx + vwy)lr^, 

u, V, v) being component velocities in the directions of x, y, r. 

25. If X, y are the coordinates of a point referred to rectangular axes 
turning with angular velocity m, prove that the accelerations in the directions 
of the axes are 

x-ya — 'iym-a?x and y+a;to+2A<B-o)2y. 

26. Prove that, if rectangular axes Ox, Oy revolve with uniform angular 
velocity a, and the component velocities of a point {x, y) parallel to the axes 
are Ajx and Bjy, then the square of the distance of the point from the origin 
increases uniformly with the time. 

27. The sides CA, CB of a triangle are fixed in position and the side AB 
is of constant length. The velocities of A and B along CA and CB are u and 
V, the corresponding accelerations are U, V, and a is the angular velocity of 
AB ; prove that 

uoosA+ voosB — Q, usm.A~ vsinB=c<o, 

UcoaA+ VoosB= —ca^, UsinAn^ Vs,ia.B=ca>. 

28. Two axes Ox, Oy are inclined at an angle a and rotate with angular 
velocity a> about 0. Show that the component velocities are 

x-ax cot a -toy cosec a, y-{-(iyy cot a+ax cosec a. 
If the position of a point is defined by the perpendiculars ^, i; drawn to 
the instantaneous positions of Ox, Oy, prove that the component velocities 
u, V in these directions are given by 

M = (i + ^ cos a)/sin2 a + (ai;/sin a\ 
■y = (ij + i COS a)lsiv? a — <B^/sin a J ' 

and the component accelerations are 

U-aU cot a-\-aiV cosec a, 
« + <bV cot a — <»M cosec a. 

29. Two fixed points are taken on a circle and any point on the circle is 

at distances r^, r^ from them, the radii veotores r^, r^ containing an angle a ; 

prove that the component velocities in the directions of ^j and r^ are %, % 

where 

U^-\-u^oosa=rx, M2 + MiC0Sa=r2, 

and that the component accelerations in the same directions are 
u^—u^rjr^ and u^—UfTilr^. 
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30. The radii vectores from two fixed points distant o apart to the position 
of a particle are r^, r^, and the velocities in these directions are %, w^; prove 
that the accelerations in the same directions are 

31. The radii vectores from three fixed points to the position of a particle 
are rj, rj, rj, and the velocities in these directions are %, Mji W3; prove that 
the accelerations in these directions are 

«i + % Ur + „ - :: ("2 cos ^12 + M3 cos ^13), 

\"2 "3/ M 

and the two similar expressions, in which 623, 631, ^12 are the angles contained 
by the directions of (r^, r^), {r^, rj) and (r^, r^). 



32. Three tangents to the path of a particle whose acceleration is constant 
and always in the same direction form a triangle ABC; the velocities are u 
along BC, v along CA, w along AB. Prove that 

?£+GA^AB^^ 

U V w 

33. Prove that the angular velocity of a projectile about the focus of its 
path varies inversely as its distance from the focus. 

34. Prove that when a shot is projected from a gun at any angle of 
elevation, the shot as seen from the point of projection will appear to descend 
past a vertical target with uniform velocity. 

35. A particle is projected from a platform with velocity V and elevation 
0. On the platform is a telescope fixed at elevation n. The platform moves 
horizontally in the plane of the particle's motion, so as to keep the particle 
always in the centre of the field of view of the telescope. Show that the 
original velocity of the telescope must be Fsin (a - /3) cosec a, and its accelera- 
tion g cot a. 

36. A cricketer in the long field has to judge a catch which he can secure 
with equal ease at any height from the ground between Jc^ and k^ ; show that 
he must estimate his position within a length 



^{V('-t)-v/('-t)}. 



where jB is the range on the horizontal and h the greatest height the ball 
attains. 

37. If a is the requisite elevation of a cannon for a mark on a target at a 
horizontal range R, and if the axis of the trunnions of the cannon is inclined 
to the horizontal at an angle /3, the shot will strike the target at a distance 
B tan a sin j3 on one side, and R tan a (1 - cos /3) below the mark aimed at. 

38. A heavy particle is projected from a point A with the least velocity 
of projection F so as to pass through a point B ; show that the velocity at B 
is Ftanft where 2/3 is the angle which AB makes with the vertical. 
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39. A heavy particle is projected from a point A so as to pass through 
another point B ; show that the least velocity with which this is possible is 
>J(2gl) cos Ja, and that the highest point of the path is at a height I cos* Ja 
above A, where AB=l and makes an angle a with the vertical. 

40. From a fort a buoy was observed at a depression i below the horizon, 
and a gun was fired at an elevation a, but the shot was observed to strike the 
water at a depression i'. Show that to strike the buoy the elevation should 
be 6, where 

cos 6 sin {6+1) _ cos^ i. sin i' 
cos a sin (a + 1') ~ cos^ i' sin i ' 

41. A particle is to be projected so as just to pass through three equal 
rings, of diameter d, placed in parallel vertical planes at distances a apart, 
with their highest points in a horizontal straight line at a height h above the 

point of projection. Prove that the elevation must be tan~i ~- — -' . 

42. A particle is projected from a point on a horizontal table so as to pass 
through the four upper corners of a regular polygon of an even number of 
sides which stands in a vertical plane with one side on the table. If R and r 
are the radii of the circumscribed and inscribed circles of the polygon, prove 
that the range on the plane is 2y/{B^ — 5R'r^ + 8r^)/R and that the greatest 
height of the particle above the polygon is ^R^ (iJ^ - r^)/{r (2r^ - R^)}. 

43. A man standing at a distance a from a net of height h wishes to 
strike a ball over the net so that it may fall to the ground within a distance 
6 (< a) on the other side of the net. Prove that the square of the maximum 
horizontal velocity which should be imparted to the ball increases in 
harmonic progression as the height at which the ball is struck increases 
in arithmetic progression, so long as the height does not exceed h(l+a/b) ; 
and that for heights h and 2A these maximum horizontal velocities are in 
the ratio ^(a - 6) : s/a. 

44. A man travelling round a circle of radius a with speed v throws 
a ball from his hand at a height h above the ground, with a relative velocity 
V, so that it alights at the centre of the circle. Show that the least possible 
value of Fis given by V^==v^+ct y{a'+h'')- h} . 

45. If A and B are two given points, and C a given point on the hne 
joining them, prove that, in the different trajectories possible under gravity 
between A and B, the time of flight varies as i/CB, where B is the point 
in which the trajectory meets the vertical through C. 

46. In any trajectory between two points A, B, the intercept on a vertical 
line through a point C on AB between G and the trajectory is igtiti, where t^ 
is the time from A to the vertical through C, and t^ the time from that 
vertical to B. 

47. A particle is projected with elevation a from a point on a plane of 
inchnation /3 in a vertical plane containing a line of greatest slope. Prove 
that, if the elevation of the point of the path most distant from the inclined 
plane is y, then tan a+tan^=2tany. 
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48. A particle is projected with velocity V at any elevation, u, greater 
than the least positive value of cos~iJ; show that its path will cut two 
planes through the point of projection at right angles ; that, if their inclina- 
tions to the horizontal are j3 and y, then ^+y = a; and that the time of 
passing from one to the other is 

sin (/3-7) yjg- 

49. A heavy particle starts, with a velocity u at an inclination y to the 
horizontal, from a point in a plane of inclination a, such that 2 ;^2 tan a=iJZ tany. 
Show that, for different positions of the vertical plane of motion, the greatest 
projection of the range on a horizontal line perpendicular to the line of 
greatest slope is 

50. Two inclined planes intersect in a horizontal line and are inclined to 
the horizontal at angles u and /3. A particle is projected from a point in the 
former, distant a from the intersection, so as to strike the latter at right 
angles ; show that the velocity of projection is 

ij{2ffa) sin 0/x/{sin a - sin /3 cos (a + 13)} . 

51. If the velocity v at any point of the path of a projectile under gravity 
is suddenly diminished by one-half, prove that the focus of the new trajectory 
is nearer to the projectile by the distance ^v^/g, and that the curvature of the 
path is quadrupled. 

52. Two heavy particles are projected from a point with equal velocities, 
their directions of projection being in the same vertical plane ; t, i' are 
the times taken by the particles to reach the other point where their paths 
intersect, and T, T' are the times taken to reach the highest points of the 
paths ; show that tT+^T' is independent of the directions of projection. 

53. Three particles are projected from the same point in the same 
vertical plane with velocities v-^, v^, v,^ at elevations /Sj, jSj, jSj. Prove that 
the foci of their paths lie in a straight line if 

sin2(33-/33 ) ^ sin20,-ffi) sin^j^^-^^) ^^ 
v-^ v^ v^ 

54. Three particles are projected from a given point in given directions. 
Prove that after an interval of time t they form a triangle of area proportional 
to ff: If the directions of projection of two of them are in the same vertical 
plane, show that the plane of the triangle will pass through the point of pro- 
jection after a time ^^ '- , where «, v are the initial velocities and 

gl MCOSa— 2)COS/3 

u, j3 the initial elevations of these two particles. 

55. A number of particles are projected simultaneously from a point, and 
move under gravity ; prove that, if tangents are drawn to their paths from 
any point in the vertical line through the point of projection, the points 
of contact will be simultaneous positions of the particles. 

56. Particles are projected from the same point with equal velocities 
under gravity ; prove that the vertices of their paths are on an ellipse. If 
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they are all equally elastic and impinge on a vertical wall the vertices of their 
subsequent paths also lie on an ellipse. 

57. A shot is fired with velocity >J(2gh,) from the top of a mountain 
which is in the form of a hemisphere of radius r. Show that the furthest 
points of the mountain which can be reached by the shot are at a distance 
(measured in a straight line) r - J{r^—4rh) from the point of projection. 

68. A gun is placed on a fort situated on a hill side of inclination a to 
the horizon. Show that the area commanded by it is 4irh{h + dcosa)sec^a, 
where sj(2gh) is the muzzle-velocity of the shot, and d the perpendicular 
distance of the gun from the hill side. 

59. A gun is mounted at a given spot so as to command the horizontal 
plane on which it stands. Its mounting is such that the direction, in which 
it is pointed, must lie in a given plane inclined to the horizontal at an angle a. 
Prove that the part of the plane commanded is an ellipse of eccentricity sin a, 
the muzzle-velocity bfeing constant. 

60. At a horizontal distance a from a gun there is a wall of height 
h(>a — ga^/v'), and a shot is fired with velocity v in the vertical plane at 
right angles to that of the wall. Prove that the distance commanded by the 
gun on the other side of the wall is 

provided this expression is real. 

61. It is required to throw a ball from a given point with a given velocity 
F so as to strike a vertical wall above a horizontal line on the wall. It is 
found that when projected in the vertical plane at right angles to the wall the 
elevation must lie between B^ and 6^. Prove that the points on the wall 
towards which the ball may be directly projected he within a circle of radius 

F2 sin ((?i-(92)/{£rsin(5i -1-^2)}. 

62. Water issues from a fountain jet in such a manner that the velocity 
of emission in a direction making an angle 6 with the vertical is ij{ga cosec &), 
the jet being at a height h above the centre of a circular basin. Prove that, 
if all the water is to fall into the basin, its radius must not be less than 

[2a{a-l-V(a2-|-A2)}]i. 

63. Prove that if the sole effect of a wind on the motion of a projectile is 
to produce an acceleration / in a horizontal direction, the locus of points in a 
horizontal plane which can just be reached with a given velocity v of projec- 
tion is an eUipse of eccentricity //x/C/H^'^) and area ■K^^if'-^-g'^W- 

64. A particle is projected so as to enter in the direction of its length a 
smooth straight tube of small bore fixed at an angle of 45° to the horizon, and 
to pass out again at the other end of the tube. Show that the latera recta of 
its paths before entering and after leaving the tube differ by ^2 times the 
length of the tube. 
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65. Prove that if two heavy particles projected in the same vertical 
plane at the same inistant from two given points with the same velocity meet, 
the sum of the inclinations of the directions of projection must be constant, 
and that for a constant velocity of projection and different directions of 
projection the locus of the point of meeting is a parabola. 

66. A man standing on the edge of a cliff throws a stone with given 
velocity « at a given inclination to the horizon, in a plane perpendicular to 
the edge of the cliff ; after an interval t he throws another stone from the 
same spot with given velocity v at an angle ^77 + 6 with the line of discharge 
of the first stone and in the same plane. Find t so that the stones may strike 
each other, and show that the maximum value of t for different values of 6 is 
2v^/wg, and occurs when sia6=v/u, w being the vertical component of «. 



67. Two particles describe the same ellipse in the same time as a central 
orbit about the centre. Prove that the point of intersection of their directions 
of motion describes a concentric ellipse as a central orbit about the centre. 

68. Two particles are projected in parallel directions from two points in 
a straight line passing through a point 0, with velocities proportional to their 
distances from 0, and each particle has an acceleration to equal to 
11 (distance). Prove that all the tangents to the path of the inner cut off, 
from that of the outer, arcs described in equal times. 

69. Two particles describe concentric and coaxial ellipses about the 
common centre with accelerations which are equal at equal distances, the 
sum of the axes of one ellipse being equal to the difference of the axes of the 
other ; and the particles start in opposite directions from corresponding 
extremities of the transverse axes. Prove that the line joining them is of 
constant length, and turns with uniform angular velocity. 

70. From all points on the circumference of a circle, to the centre of 
which tends a force varying as the distance, particles are projected towards a 
point on the circumference with velocities varying as their distances from the 
point. Prove that at any instant the particles lie on a circle. 

71. Particles are projected from points on a sphere of radius a with 
velocity »J(ffb) and move with an acceleration to the centre equal to gr/a 
at distance r. Prove that the part of the surface on which they fall is 
the smaller of the two segments into which the sphere is divided by a small 
circle of radius b. 

72. A body is describing an ellii^se of eccentricity ^ under a force to the 
centre, and when it is at one end of the latus rectum the centre of force 
is suddenly transferred to the foot of the corresponding directrix. Prove that 
the times which elapse in the two possible cases before the body reaches the 
major axis are to one another as 2 : 1. 
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73. A particle P describes a rectangular hyperbola with an acceleration 
nGP from the centre C ; a point T is taken in CP so that CP . CY=a?' ; prove 
that the rate at which P and Y separate is 

where 2a is the transverse axis. 



74. If the acceleration of a particle is directed to a point S and varies 
inversely as the square of the distance, prove that there are two directions 
in which it can be projected from a point P so as to pass through a point §, 
and that the velocity of arrival at § is the same for both. Prove also that 
the angle between one of the directions of projection and P§ is the same as 
the angle between the other and PS. 

75. A particle describes an elliptic orbit about a focus ; prove that the 
angular velocity at any point about the other focus varies inversely as the 
square of the normal at the point. 

76. A particle describes any conic about a focus; prove that the total 
velocity acquired in moving from one point to another is in the direction of 
the line joining the focus to the pole of the chord joining the points. 

77. Prove that the periodic time of a particle projected with velocity F 
from a point distant r from the origin, and having an acceleration /x/r^ to 
the origin, is 



2ff /2 _ F^y 
-Jv- V' M / 



76. ' Prove that the greatest radial velocity of a particle describing an 
ellipse about a focus is 

27rae(l-e2)"Vy 
where Sos is the major axis, e the eccentricity, and ythe periodic time. 

79. A particle describes an ellipse as a central orbit about a focus, and a 
second particle describes the same ellipse in the same time with uniform 
angular velocity about the same focus. The particles start together from the 
farther apse. Prove that the angle the line joining the particles subtends at 
the focus is greatest when the angle described by the first particle is 
COS"' {1 - (1 - e2)S}/e, e being the eccentricity. 

80. A particle describes an ellipse of axes 2ai, 25 about a focus. Prove 
that the average distance of the particle from the focus for an indefinitely 
great number of instants corresponding to equal differences of vectorial angle 
is h, and that the average distance of the particle from the focus for an 
indefinitely great number of equidistant instants of time is a(l+Je2), where 
e is the eccentricity. 

81. When a parabola is described as a central orbit about a focus, prove 
that the direction of motion at any point, P, meets the directrix in a point, §, 
whose velocity is inversely proportional to the abscissa of P. 
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82. When an hyperbola is described as a central orbit about a fooiis 
prove that the rate at which areas are described about the centre is inversely 
proportional to the distance from the focus. 

83. Prove that the central orbit described with acceleration ^/(distanoe)* 
by a particle projected with velocity V from a point where the distance is R 
is a rectangular hyperbola if the angle of projection is 

cosec-i { F V( V^IP - 2^R)/ii} ■ 

84. A particle describes an ellipse about a focus, and at any point of the 
orbit the acceleration begins to be directed to the centre and to vary as the 
distance, its magnitude being unaltered. Prove that the new orbit is an 
ellipse having double contact with the old orbit and entirely within it. 

85. A particle describing an elUpse about a focus has its velocity suddenly 
doubled and turned through a right angle, and proceeds to describe a parabola, 
the law of the acceleration being unaltered; the axis of the parabola is at 
right angles to the axis of the ellipse. Prove that the eccentricity of the 
ellipse is ^\/2. 

86. A particle describes an ellipse about a focus S starting from one end 
of the major axis, and arrives at the end of the minor axis in time T. At the 
end of this time the centre of force is transferred without altering its intensity 
to the other focus IT, and the particle moves for a second interval T under the 
action of the force to B. Find the position of the particle, and show that if 
the centre of force were transferred back to S after the second interval T the 
particle would begin to describe an ellipse of eccentricity (3e — e')/( 1 + «), where 
e is the eccentricity of the first ellipse. 

87. A body is revolving in an ellipse of eccentricity J, under the action of 
a force to the focus S, and when it is at a distance JSP from S equal to the 
latus rectum, a blow is given to it perpendicular to SF such that its new 
direction is perpendicular to the major axis. Show that the dimensions of 
the orbit are unaltered, but the imajor axis is turned through an angle SPH, 
where IT is the second focus. 

88. A body is moving in a given hyperbola under the action of a force 
tending to a focus S; when it arrives at any point P, the force suddenly 
becomes repulsive : find the position and magnitude of the axes of the new 
orbit, and show that the difference of the squares of the eccentricities of the 
new and old orbits is proportional to SP. 

89. Find, when possible, the point in an elliptic orbit about a focus at 
which if the centre of force were transferred to the empty focus the orbit 
would be a parabola. Prove that there is no such point unless the eccentricity 
is greater than J5 - 2. 

90. A particle is describing a circle under a force to a point S on the 
circumference. At a point P on the circle the force changes to the inverse 
square, its magnitude being unaltered, and the particle proceeds to describe 
an ellipse. On PS produced a point Q is taken so that JSQ=§SP, QT is 
drawn perpendicular to the tangent at P, and SQTB is a parallelogram. 
Show that the middle point of TE is the centre of the ellipse. 
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91. A particle is describing a circle of radius c as a central orbit about a 
point distant c/V3 from the centre. When the line joining this point to the 
particle subtends a right angle at the centre of the circle the law of the 
acceleration suddenly changes, and thereafter it varies inversely as the square 
of the distance, but the magnitude of the acceleration does not change 
discontinuously. Prove that the major axis of the new elliptic orbit is 
160/5^3 and that its eccentricity is ;^19/8. 

92. Prove that the focal radius and vectorial angle of a particle describing 
an ellipse of small eccentricity e at time t after passing the nearer apse are 
approximately given by the equations 

6 = nt + 2e sin nt + 1 ^ sin %nt, 

where 2a is the major axis and 27r/»i is the periodic time. 

Prove also that if e^ is neglected the angular velocity about the other focus 
is constant. 

93. Prove that the time of describing the smaller part of an elliptic orbit 
about a focus cut off by a focal chord is \/(a'//i) (2(^ - sin 20), where 2a sin <^ is 
the chord of the auxiliary circle that corresponds to the focal chord, and 2a is 
the major axis of the orbit. 

94. If the perihelion distance of a comet is - th of the radius of the 

n 

earth's orbit, supposed circular, show that the comet will remain within the 

earth's orbit for 

2 

— (H-l/»)V(J-l/«) years, 

the comet's orbit being parabolic. 

95. If the parabolic orbits of two comets intersect the orbit of the earth, 
supposed circular, in the same two points, and if t^, t^ are the times in which 
the comets move from one of these points to the other, prove that 

(<i+«2)*+(«i-<2)*=(g- T\ , where Tis a year. 

96. The times of passage of a particle between two points distant d apart 
in the two parabolic orbits that can be described about the same focus with 
the same law of acceleration are T^, T^, and the distances of the points from 
the focus are r-^jT^. Prove that 

97. Three focal radii 8P, SQ, SE of an elliptic orbit about a focus S are 
determined, and the angles between them. Show that the ellipticity may be 
found from the equation bA=aA', where A is the area of the triangle PQB, 
and A' is the area of a triangle whose sides are 

2^{SQ.SB)smiQSR, 
and two similar expressions. 
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98. A particle describes a circle as a central orbit about a point 0. 
Prove that the sum of the velocities at any two points collinear with is 
constant. 

99. A cu-cle is described as a central orbit about a point on the circum- 
ference ; if the tangent to the circle meets the diameter through produced 
in R, prove that the velocity of R is proportional to 

V(4a2-r2)/r(2a2-r2)2, 
where a is the radius of the circle. 

100. A particle is projected from A with velocity ^{\ii)IOA^ and moves 

with an acceleration |i/(distance)6 directed to 0, the direction of projection 

making an angle a with OA. Prove that the particle will arrive at after a 

time 

OA^ a — sin a cos a 

;v/(2ft) sin' a 

101. A particle describes a circle as a central orbit about an excentric 
point. In any diameter AB oi the circle points S, S' are taken such that 
SA : S'A=SB : S'B=e. Prove that, if V and V are the velocities of the 
particle at any point on the portion of the circle concave to *S", when the circle 
is described about S and S' respectively, and if F= V at A, then 1/F-e/F' 
is constant. 

102. Prove that the acceleration with which a particle P can describe a 
circle as a central orbit about a point S is inversely proportional to SP^. PP'% 
where PP' is the chord through S. 

If points are taken on the orbit such that the squares of their distances 
from S are in arithmetic progression, the corresponding velocities are in 
harmonic progression. 

103. Prove that the accelerations with which the same circle can be 
described as a central orbit about two points R, S in its plane in the same 
periodic time are in the ratio SG^ : RP^ . SP, P being any point on the circle 
and SO being a straight line drawn from S parallel to RP to meet the tangent 
at P in O. 

104. A particle is moving with uniform velocity ij{\ii)lc^ in a given 
straight line, and when it is at a certain point it begins to have an acceleration 
lirl(r^ + b^f towards a point S distant a from the line. Prove that, if 
c^>{a^ + l^), there are two positions of the point for which the subsequent 
orbit is a circle, and that the two circles cut at an angle <o given by 

c2 sin io) = 2a ^{c^ -a'- 62). 

105. A particle describes an ellipse of latus rectum 21 about the point X 
where the axis meets a directrix. Prove that the acceleration is h'XPI{lSiP), 
where S is the focus corresponding to X, and M is the foot of the perpendicular 
from P on the major axis. 
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106. An ellipse is described as a central orbit about a point on the 
major axis ; prove that the acceleration at P varies as PI^jOP^ where L is 
the point of intersection of OP and the diameter conjugate to that passing 
through P. 

107. When a particle describes an ellipse as a central orbit about any 
point in its plane the sum of the reciprocals of the velocities at the extremities 
of any diameter is independent of the position of the point and varies as the 
periodic time. 

108. Any conic whose centre is C is described as a central orbit about 
any point R. Prove that the acceleration at P is proportional to CG^jRP^, 
CO being drawn parallel to RP to meet the tangent at P in O. 

109. A particle P describes a parabola as a central orbit about a point 
on the axis ; prove that the acceleration is ii{\IOP+\jOp}~^ . 0P~\ p being 
the other point of intersection of OP with the curve; prove also that the time 
of passing from one extremity of the ordinate through to the other is 

110. A particle describes a parabola, latus rectum 4a, with an acceleration 
tending to a point on the axis distant c from the vertex. Prove that the time 
of moving from the vertex to a point distant y from the axis is proportional 

111. Prove that any conic can be described by a particle with an 
acceleration always at right angles to the transverse axis and varying 
inversely as the cube of the distance from it. 

If a particle is describing an ellipse in this manner, and at one end of one 
of the equiconjugate diameters the acceleration is suddenly changed in sense 
without being altered in magnitude, prove that the particle will proceed to 
describe an hyperbola having the axes of the ellipse as asymptotes. 

112. A particle describes an ellipse with acceleration parallel to a diameter. 
Show that the acceleration must vary inversely as the cube of the ordinate of 
the conjugate diameter. 

113. A particle moves with an acceleration fty'^ towards the axis x, 
starting from the point (0, k) with velocities U, V parallel to the axes of x:, y. 
Prove that it will not strike the axis x unless ft> F^F, and that, in this case, 
it strikes it at a distance UBI{^Jii,- Vk) from the origin. 



114. A particle describes a cycloid with an acceleration always perpen- 
dicular to the base, prove that its magnitude is proportional to the inverse 
fourth power of the radius of curvattire at each point of the curve. 

115. Show that a particle can describe an equiangular spiral of angle a 
and pole ;S' with an acceleration lijSP^ whose direction makes a constant 
angle )3 with the tangent to the spiral provided 

tan a = !(» - 1) tan /3. 

6 
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116. Prove that the velocity and acceleration of a particle describing an 
equiangular spiral as a central orbit about the pole are at any instant 
the same as those of a particle describing a certain ellipse with centre at the 
pole as a central orbit about the centre, the axes of the ellipse being propor- 
tional to the distance from the pole. 

117. If an equiangular spiral whose pole is is described as a central 
orbit about any point S, prove that the acceleration at P is inversely propor- 
tional to OP . SP^ . sin' <ji, where (f> is the angle the radius vector SP makes 
with the tangent at P. 

118. Prove that the acceleration towards the centre of the fixed circle 
with which a particle can describe an epicycloid is proportional to r/p\ where 
r is the radius vector and p the perpendicular from the centre to the 
tangent. 

119. The curve r=a+bd is described as a central orbit about the origins, 
with initial distance a and initial velocity F in a direction making an angle 
Jtt with the initial radius vector. Find the formula for the acceleration. 

120. Prove that the acceleration with which the curve »•= a sin nd can be 
described as a central orbit about the origin is proportional to 

121. Prove that the curve r=a (l-J-^;^6cos 6) is a central orbit about the 
origin for acceleration inversely proportional to the fourth power of the 
distance. 

122. If the curve r^+hf^^+Za")^ oosnd=0 is described as a central orbit 
about the origin with areal velocity ^h, prove that the central acceleration is 

2A2 (52» _ £12") ^ {r^-2/(r^ _ 62«)2j_ 



123. If any curve is described as a central orbit about a point the 
velocity of the foot of the perpendicular from on the tangent varies inversely 
a^ the chord of curvature through 0. 

124. A particle is describing a central orbit about a point S, and k 
is twice the rate at which the radius vector describes areas. Another particle 
moves so that at any instant its distance (r) from S is equal to that of 
the first particle, and the angular velocity of its radius vector is less than that 
of the first particle in the ratio sin a : 1. Show that the second particle has 
an acceleration to S less than that of the first particle by /i^ oos^ a/r'. 

125. A series of particles are describing the same curve as a central orbit 
about a point with an acceleration whose tangential component is h^lp^<l>'{p). 
Prove that if the line density at any time is constant and =Pf„ the line 
density p at any subsequent time t is given by 

<i>{p)+M = (i>{ppalp), 
^h being the rate of description of areas about 0, and p the perpendicular 
from on the tangent. 
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126. If inverse curves with respect to can be described as central 
orbits about with accelerations/,/, prove that 

ry /y _ 2 

where h and h' are constants, r and r" are corresponding radii vectores, and 
is the angle r or / makes with the tangent. 

127. If/ is the acceleration and \h the areal velocity in a central orbit 
about a point 0, prove that the angular acceleration a about satisfies 
the equation 

^-e- = 8A2tt4(/-A2M3) 

where u is the reciprocal of the distance from 0. 



128. If the central acceleration is ii.{^{a?+¥')ii.^-Za?bH''^, the initial 
distance a, and the initial velocity Jiija at right angles to the radius vector, 
determine the orbit. 

129. A particle describes a central orbit about the origin with accelera- 
tion fiM^(«,2 + i_2ji2flj2^2j^ .starting from an apse at distance a with the 
velocity from infinity ; prove that it describes the curve 

r=acosh.n6. 

130. A particle describes a central orbit with acceleration 

y. [4 {a,jrf+{ajrf - 32 {rjaf] 
starting from a point for which r=a with velocity 3 •Ji^aix) in a direction 
making an angle Jn- with the radius vector. Prove that the path is 

r3=Ja3coth2A 

131. If the central acceleration is 2(ii («' - ahi^) and the particle is pro- 
jected from an apse at distance a with velocity V/i/a, the time until the 
distance is r is 

__ |^„2 log ^ + r J(r^ - a^)j . 

132. A particle moving with a central acceleration ii(u*+2au^) starts 
from a point at distance a from the origin in a direction making an angle 
(tt — cot~i 2) with the radius vector and with the velocity from infinity. Show 
that the equation of the path is ?•= a (1 - 2 sin 5). 

133. A particle describes a central orbit with acceleration iji,r/(r^ — a^)^ 
towards the origin being projected from an apse at distance 3a with velocity 
;y/(2/i)/4a. Show that it describes the cardioid r^=a^ + ^^. Prove also that 
if the equations of the cardioid are 

a;= 2a cos (^ - a cos 2<^ 

y = 2a sin (^ — a sin 2(^ 
the time between two points (j)^ and (^2 is the same as in an elliptic orbit 
about a focus between two points whose eccentric angles are 0i and (^j, 
the periodic times being the same. 

6—2 
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134. A particle moves in a nearly circular orbit with an acceleration 
l^^^(j- — a), a being the mean radius; show that the apsidal angle is 
7r<o/V(3o>^+i'), where w is the mean angular velocity. 

135. If the central acceleration is nu^ the velocities at the two apsidal 
distances satisfy the relation v^ + v^=^k^lii. 

136. A particle describes a central orbit with acceleration ji {r~^ -\ah~'') 
starting from a point where r = a with velocity ^^(2ij,)/a^ at an inclination 
sin~i 4 to the radius vector. Prove that its path is 

137. A particle describes a central orbit with acceleration ii/(r-a)^ 
towards the origin, starting with the velocity from infinity from a point at any 
distance c between a and 2a at an angle 2 cos~i ij{o-lo)- Prove that the path 
described is given by the equation 

\e= tanh-i V {(r - a)/a} - tan " i ^{{r - a)/a} . 

138. A particle movingwith a central acceleration 4K\2a~^ - Sra~*- 2r^cr') 
starts from a point distant |a from the origin in direction making an angle 
tan-i 27/125 with the radius vector with such velocity that the rate of descrip- 
tion of areas is k. Show that the equation of the orbit is 



^+5=''°*'^^(v(i7^)+'+*™^"^-^)- 



THE PEINCIPLE8 OF DYNAMICS. 



CHAPTER V. 

MASS AND FORCE. 

67. We have seen in the last Chapter how a description of 
the motion of a point can be furnished by a statement of its 
acceleration, we have now to see how this knowledge can be made 
available for a complete description of the motions of bodies. To 
this end it is necessary to form a conception of bodies and of the 
nature of their mutual actions. The elements that enter into 
this conception have all been suggested by experience, but the 
conception is much more precise in detail than the observations 
that suggested it. It will therefore be best in the first place to 
regard the conception as purely ideal, and afterwards to explain 
how it is applied to obtain a description of the motions of natural 
bodies. 

The first point to which attention must be directed is the 
distinction between homogeneity and heterogeneity. If we divide 
a body into a number of parts of exactly equal size and of like.shape, 
then it may happen that we are unable to distinguish the parts one 
from another by any difference of quality. The parts may be all of 
the same weight, as tested by a balance, they may all be equally 
hard, and so on. When this is the case the body is said to be homo- 
geneous, otherwise it is said to be heterogeneous. Now experience 
shows that a heterogeneous body can be divided into parts each 
more nearly homogeneous than the body, and this suggests that 
a heterogeneous body may be regarded as made up of homogeneous 
parts, each part being itself a body. 

The first step in forming our ideal conception is to acquire the 
notion of a material figure, suggested as a representation of a 
homogeneous body or of a homogeneous part of a body. 
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68. Material Figure. Mean Acceleration. Imagine that 
all the points which are within a certain volume at time t define 
particles (Art. 41) which are moving relatively to a certain frame. 
The figure constructed with points in the positions of these 
particles at any subsequent time is called a material figure,* 
provided the accelerations of the points are subject to certain 
rules to be expressed in the two following Articles. 

Whatever these accelerations may be we can define, as the 
mean acceleration of the figure at time t, a vector, localised in a 
line through the centroid of the figure, whose resolved part in 
any direction is equal to the average acceleration per unit volume 
of the points of the figure in that direction. 

Thus if X, y, z are the coordinates of one point of the figure 
at time t, dv an infinitesimal volume containing the point, and v 
the volume of the figure at time t, the resolved parts of the 
mean acceleration of the figure parallel to the axes are 



\l^^'"' l\y^'"' v\'^^'"' 



the integrations extending through the volume. 

It is clear that the mean acceleration at any instant is the 
acceleration of the centroid of the figure at that instant. 

The rules, above mentioned, to which the accelerations of the 
points of the figure are subjected, are rules governing the magni- 
tudes, directions, and senses of the mean accelerations of two or 
more material figures. 

69. Mutual Action. Imagine that the positions (or velo- 
cities) of two material figures affect their mean accelerations 
relative to the same frame; in other words that there is some 
relation between these accelerations and the positions (or 
velocities) of points in the two figures. Then we say that one 
of them a/its on the other and produces acceleration in it. 

Imagine that two material figures act on each other so that 
each produces in the other a mean acceleration relative to a 
certain frame. Let/,/' be the magnitudes of these accelerations. 

Now we subject these mean accelerations to a rule, viz. they 
are localised in the same line, the line joining the centroids, and 
have opposite senses. 

* Gf. Maggi, Teoria matematiea del movimento dei corpi. Milan, 1896. 
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70. Mass-ratio. Let v and v' be the volumes of two material 
figures, / and /' the magnitudes of the mean accelerations pro- 
duced hj v' in V "and by w in d' ; then the ratio /' : / is defined 
to be the mass-ratio of the two figures v and v, and/:/' is the 
mass-ratio of the two figures v' and v. We make it a rule that 
the mass-ratio of two material figures is independent of the time. 

Suppose v" is the volume of a third material figure. Suppose 
that by the mutual action of v" and v there are produced in v and 
v" mean accelerations of magnitudes/ and/" relative to the same 
frame as before. 

Suppose that by the mutual action of v" and v' there are 
produced in v' and v" mean accelerations of magnitudes /' and /" 
relative to the same frame as before. 

Then we make it a rule that these are not independent but 

connected by the relation jy/-^. 4r, = ^- 

This amounts to saying that 
mass ratio of v and v 



mass ratio of v and v' 



, = mass ratio of i/' and v'. 



71. Mass. If we associate the number 1 with any particular 
material figure A, then we can associate a definite positive number 
TO with any other material figure B, this number is the mass-ratio 
of the two figures A and B. We call it the mass of B. According 
to this the mass-ratio of two figures, A and B, is the ratio of the 
mass of A to the mass of B. 

72. Conception of a body. We imagine a body to be 
made up of material figures* each of which is a homogeneous part 
of the body and has a definite mass, and we define the mass of 
the body to be the sum of the masses of the material figures of 
which it is made up. 

To cover all cases we imagine the material figures of which a 
body is made up to occupy infinitesimal elements of volume with 
infinitesimal masses, and we speak of one such figure as a particle 
of the body. 

Since the mass of a portion of a body however small may be 
taken as the unit of mass there will be no inconsistency in the 
idea of an isolated particle of finite mass. 

* Cf. Critical Note at the end of Chapter VIII, 
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We shall be much occupied in what follows with the theory of 
the motions of systems of such particles ; but, keeping at present 
to the conception of a body as made up of particles, we regard 
bodies as bounded by surfaces and continuously occupying finite 
volumes, and we say that at any point within the surface of the 
body there is a particle of the body. 

73. Density. Any part of a body (so conceived) will have a 
certain mass, and it may be part of our conception that whatever 
part we take, the mass of the part has a constant ratio to the 
volume. When this is so we say that the body is homogeneous, 
and call the ratio in question the density of the body. When 
the ratio of the mass of a part of the body to its volume is 
conceived as variable from part to part of the body, then, taking 
a series of parts of diminishing volumes containing the same 
point we get a series of numbers for the ratios of their masses 
to their volumes; the limit of this series when the volume is 
indefinitely diminished is defined to be the density of the body at 
the point. It is clear that, if p is the density of a body at any 
point, and dv an infinitesimal volume containing the point, then 
Jpdv, the integration being taken throughout the volume occupied 
by the body, is the mass of the body. 

74. Mutual actions of Bodies. We conceive of the 
particles of bodies as acting one upon another so as to produce 
accelerations relative to a frame, and we conceive that the 
acceleration of any particle relative to the frame is the resultant 
of component accelerations contributed by the actions of other 
particles, and then the system of component accelerations of the 
different particles is always a system consisting of pairs of ac- 
celerations, the accelerations of a pair being the contribution / of 
a particle (of mass mf) to the acceleration of another particle (of 
mass m), and the contribution /' of the particle of mass m to 
the acceleration of the particle of mass m'. The accelerations/ 
and /' are localised in the line joining the particles m and m', 
have opposite senses, and have magnitudes such that m/=m'f'. 
The product mf or m'f is taken to measure the mutual action of 
the two particles. 

75. Force. We say that the particles of bodies exert forces 
one on another. 
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Let f be the magnitude of the acceleration contributed to a 
particle of mass m by the action of a particle of mass m', this 
acceleration is a vector localised in the line joining the particles. 
We define the force exerted by the particle m' upon the particle m 
to be a vector localised at a point (the position of m), of magni- 
tude mf, and having the direction and sense of the acceleration y! 

The line joining the particles is called the line of action of the 
force. 

The definition includes the statement that the force exerted by 
m on m' is equal and opposite to that exerted by m' on m. 

76. Resultant Force. Since, by the definition, a force is a 
vector localised at a point, there can be no proper resultant of a 
system of forces except when they act on a particle. Nevertheless 
it is convenient to regard a system of forces in general as equiva- 
lent to other systems, in the same way as if the forces were vectors 
localised in their lines of action. We can thus determine for any 
system of forces a resultant force at any origin and a resultant 
couple exactly as was done for vectors localised in lines in Article 
27. We shall see hereafter that when a force acts on any particle 
of a rigid body it produces the same acceleration in all points of 
the body as it would do if acting on any other particle of the 
body lying in the line of action of the force. The force- and 
couple-resultants of a system of forces regarded as vectors localised 
in lines are therefore the resultant force and couple for the same 
system offerees acting on a rigid body (See Article 115). 

77. Motion of a body. We shall show hereafter that for 
any body there is a certain point, known as the centre of mass or 
centre of inertia, which moves like a particle of mass equal to the 
mass of the body acted upon by a force, which is the force that 
would be the resultant of the system of forces applied to the body 
if the body were rigid. 

The centre of inertia of a homogeneous spherical body is its 
centre of figure. All the points of a rigid body moving without 
rotation, have the same acceleration as its centre of inertia. Thus 
(assuming the system of definitions and rules given to be applic- 
able to natural bodies) it is easy to devise cases in which the 
motion of the centre of inertia of a natural body can be observed. 
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When we speak of the acceleration of a body we must be 
understood to mean the acceleration of the centre of inertia of the 
body supposed to be rigid. 

78. Momentum. The momentum of a particle is defined to 
be a vector localised in the line of its velocity, having the sense 
of the velocity, and of magnitude equal to the product of the mass 
of the particle and its velocity. 

79. Kinetic Reaction. The kinetic reaction of a particle 
is a vector localised in the line of its acceleration, having the 
sense of the acceleration, and of magnitude equal to the product 
of the mass of the particle and its acceleration. 

The magnitude of this vector, its sense, and the line in which 
it is localised are the same as those of the rate of change of 
momentum of the particle per unit of time. 

80. Equations of motion. Since the acceleration of a 
particle is the resultant of the accelerations contributed to it by 
the actions of other particles, its kinetic reaction is the resultant 
of the kinetic reactions produced by these particles ; these com- 
ponent kinetic reactions are vectors identical in magnitude and 
sense with the forces acting on the particle, and are localised in 
the lines of action of these forces. It follows that the resolved 
part, parallel to any line, of the kinetic reaction of the particle is 
the sum of the resolved parts, parallel to the same line, of the 
forces that act on the particle. 

The equations expressing this equivalence are called the 
equations of motimi of the particle. 

Thus let X, y, z be the coordinates of the particle at time t, m 
its mass, and let X, Y, Z be the resolved parts parallel to the 
axes of the resultant force acting upon it. The equations of 
motion are 

mx = X, my = Y, mz = Z. 

81. Impulse of a force. Let cbn, y^, i^ be the resolved 
parts of the velocity at the instant when t=t„. On integrating 
the above equations we have 

mx — mJ)o = I Xdt and two similar equations. 
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The time-integral of a force between limits corresponding to 
the beginning and end of any interval is called the impulse of the 
force during the interval. It is the vector (unlocalised) whose 
resolved part in any direction is the time-integral between the 
same limits of the resolved part of the force in that direction. 

The above equations can be stated in words as follows : — the 
change of momentum of a particle in any interval is equal to the 
impulse of the force acting on it during the interval. 

82. Impulsive action. Many changes of motion of natural 
bodies take place with such rapidity that it is very difficult to 
observe the gradual transition from one state of motion to another, 
and it is therefore convenient, in our ideal system, to allow for the 
possibility of sudden changes of motion. This is done by suppos- 
ing that the mutual action of two particles, or the resultant action 
of many particles on one particle, can increase without limit as the 
particle passes through some position. Let Xi, Fj, Zi be the 
sums of the resolved parts parallel to the axes of those forces 
exerted on a particle m which do not remain finite throughout an 
interval of time denoted by r, and suppose the instant at the 
middle of this interval denoted by t, is the instant at which 
Xi, Yi, Zi cease to be finite. Then we suppose that 

rt+ir rt+i^ ri+jT 

Ltr=o Xidt. = X, LU=, Y4t, = Y, Lt,=o Z,dt, = Z, 

Jt-y Jt-ir Jt-ir 

are finite. We observe that these quantities are the limits of the 
impulses of the forces during an indefinitely short interval con- 
taining the instant t. The vector, localised at the position of the 
particle, whose resolved parts parallel to the axes are X, Y, Z is 
defined to be the impulse exerted on the particle at the instant t. 

If the velocity of the particle just before the instant t has 
resolved parts u^, v^, w^ parallel to the axes, and just after has 
resolved parts u, v, w parallel to the axes, we have the equations 

mu — mwo =X,'nvo — mo^ = Y, mw — mw,, = ?, 

and these equations can be stated in words in the form: — the 
change of momentum of a particle in any direction is equal to the 
impulse acting on the particle in that direction. These equations 
are called equations of impulsive motion. 
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83. Impulsive motion of a body. The motion of a body 
whose particles are subject to impulses is determined from the 
motion of a particle at its centre of inertia in the same way as 
when it is subject to forces. Thus the changes of momentum 
produced in two bodies by their impulsive mutual action are equal 
and opposite, or the changes of velocity produced in them are 
inversely as their masses. 

84. Rational Mechanics. The system of definitions and 
rules which we have laid down lead to a system of differential 
equations for determining the motions, relative to a frame, of a 
system of particles, or of a body or a system of bodies, conceived to 
be made up of particles. It may be regarded as a purely ideal 
system, and its validity is unaffected by the question whether it 
has or has not any relation to the observed motions of natural 
bodies. The subject, so treated, is known as Rational Mechanics. 
The objects of which it treats are pure objects of thought. Its 
development consists in the logical deduction of particular results 
from the general principles laid down. 

85. Mechanics of Natural Bodies. The application of 
Rational Mechanics to the formulation of the Laws that govern 
the motions of natural bodies consists in the statement that it is 
possible to assign masses to the bodies and to choose a frame of 
reference determined by parts of natural bodies, such that the 
observed motions of natural bodies, relative to the frame, obey the 
Laws of Rational Mechanics within certain limits of exactness; 
that in fact the observed motions coincide with the motions 
described in the phraseology of Rational Mechanics so closely that 
no discrepancy can be observed. 

There are motions, e.g. the phenomena of diffusion, which 
cannot easily be brought under the above statement. A mechan- 
ical theory of such phenomena, like that of any other phenomenon, 
is a statement concerning bodies, as conceived in Rational 
Mechanics, which will move as the natural bodies are observed to 
move. 

86. Mutual Action. Natural bodies act on each other in 
various ways. The sun warms a stone, rain wets a coat, buffers 
stop a train. Among these actions many are clearly actions in 
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which motion of a body relative to a frame is set up, altered, or 
stopped. Such actions are mechanical. 

We replace in imagination the natural body whose motion is 
observed to be changing by a body as conceived in Rational 
■Mechanics, and attribute to that body a certain mass, called the 
mass of the natural body; then, from the observed changes of 
motion, we can find expressions for the forces that act on the body. 
The solution of the equations of motion of the body with the 
attributed mass, under the action of the deduced forces, gives a 
rule for determining the position of the body at any time. We 
state that the mass may be so chosen that the observed position 
coincides with the determined position. 

87. Postulates of Mechanics. The method indicated may 
be summed up in the following postulates : — 

(1) Every body, and every individual part of a body, has 
a constant mass, and the mass of the body is the sum of the masses 
of its parts. 

(2) Every body may be conceived as made up of particles 
(continuously filling the volume within the surface of the body) 
which act upon one another so as to produce accelerations. 

(3) All changes of motion arise from the mutual actions of 
the particles of bodies. 

(4) The component accelerations produced in two particles by 
their mutual action are localised in the line joining the particles, 
have opposite senses, and are of magnitudes inversely proportional 
to the masses of the particles. 

(5) In no circumstances do the surfaces of two bodies intersect 
so as to contain a finite volume, or two bodies never at the same 
instant occupy the same space. 

88. Frame of reference. The accelerations mentioned in 
postulates (2) and (4) are, of course, accelerations relative to a 
frame. It is possible to choose frames for which the postulates 
apply to natural bodies and also frames for which they do not. 
This matter will occupy us again in Chapter XIII. 

89. Field of Force. We can seldom discover what com- 
ponent accelerations, arising from the mutual actions of particles. 



94 MASS AND FORCE. [CHAP. V. 

must be assumed in order that the observed accelerations may be 
the resultants ; all we can generally observe is the resultant 
acceleration of a body or of a part of a body. Thus, having fixed 
upon our frame of reference, and attributed a mass to a body, we 
can find by observation the resultant force acting on the body, 
This resultant is in fact a vector localised at the position of the 
centre of inertia of the body, having the direction and sense of the 
acceleration with which the centre of inertia moves, and equal to 
the product of the mass and the acceleration. In most cases the 
acceleration has a value depending, in a simple way, on the 
relative positions of the body, neighbouring bodies, and the frame 
of reference. When this is the case we call the region where such 
acceleration can be observed & field of force, and define the intensity 
of the field at the point to be a vector localised at the point, and 
having the magnitude, direction, and sense of the acceleration. 
We may also say that every particle gives rise to a field of force, 
and regard any field as a region where such forces combine at any 
point to produce a resultant. 

90. G-ravity. We have stated already in Article 44, that in 
the neighbourhood of the Earth any body, small enough for us to 
handle or to move by machinery, falls towards the Earth with an 
acceleration approximately constant, and in a vertical direction. 
We attribute this acceleration to the action of the particles of 
which the Earth is conceived to be made up on the particles of 
which the body is conceived to be made up. The neighbourhood 
of the Earth is a field of force, and the acceleration at any point in 
the field, i.e. the intensity of the field, is, at any place, directed 
vertically downwards and is equal to g, where g is the acceleration 
described in Article 44, and there called the acceleration due to 
gravity. 

91. Weight. In the neighbourhood of the Earth the result- 
ant force on a free falling body is numerically equal to the product 
of the mass of the body and the acceleration due to gravity. This 
force is called the weight of the body. 

We conceive that this force is always acting on the body whether it is 
falling freely or not. If the body is supported, or is moving with an acceleration 
uneqTial to g or not in the vertical direction, we conceive it to be acted upon 
by other forces as well. 
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At any place on the Earth's surface the mass of a body is 
proportional to its weight. 

92. Determination of the mass of a body. To determine 
the masses of bodies near the Earth's surface, small enough to be 
handled, it is only necessary to weigh the bodies in a common 
balance. Bodies which equilibrate when weighed are of equal 
mass. 

Any particular body is chosen, and its mass is taken to be 
unity. Other bodies are weighed against it and their sizes 
adjusted until they separately balance with it. When a body 
balances with n of these unit bodies its mass is n. In the same 
same way taking a smaller mass than the unit, and adjusting it so 
that precisely n masses equal to the smaller mass balance the unit, 
we have n bodies each of which has mass 1/n. In this way we can 
see how it is possible to detei-mine the mass of a body with a 
degree of accuracy depending only on the sensitiveness of the 
balance employed. The mass of a body is a positive number, 
in the general sense, which expresses the mass ratio of the body 
and a body of unit mass. 

93. Objective Validity of the conception of mass. The 

ratio of the masses of any two small bodies can be determined 
with great accuracy by weighing them. 

Now it is part of the conception of mass that when two bodies 
act on each other so as to produce changes of motion, the changes 
of velocity produced in any time by their mutual actions are 
inversely as their masses. 

The objective validity of the conception is confirmed if the 
ratio of the masses deduced by direct observation of the velocities 
produced by their mutual action coincides with the ratio of the 
masses determined by weighing the bodies. 

Direct experiments of this nature can be devised of which the 
principle is as follows : — 

Two spherical bodies are suspended by strings from points in 
the same horizontal line, the strings being of such lengths, and the 
points at such distances, that, when the strings are vertical, the 
bpdies are in contact and the line of centres is horizontal. 
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Suppose m and m' are the masses of the bodies (determined 
by weighing them), u and u' the velocities in 
the line of centres just before they come into 
contact, V and v' the velocities in the line of 
centres just after they come into contact. 
Consider a case where the strings are vertical 
at the instant of collision, and the bodies re- 
bound after collision. With the velocities u 
and u' the bodies approach each other, with 
the velocities v and v' they separate. Hence 
the changes of velocity in the line of centres 
are u + v and u' + v'. 
pj ^j^ Now the velocities u, v, u', if can all be 

determined by observing the heights from 

which the bodies were dropped and the heights to which they 

rise ; and it is found that 

m (it + «) = m' {ii! + if). 
An instrument for makiug this experiment is known as a 

Ballistic Balance. It is no part of the plan of this book to 

describe the details of instruments. 

94. Gravitation. We have described methods of determin- 
ing the masses of bodies which can be handled. But these yield 
no way of assigning masses to the Earth, the Sun, or other celestial 
bodies. Also we have said that it is not generally possible to assign 
the component accelerations produced in any one of the particles 
of which a natural body is regarded as made up by the action of 
particles of other natural bodies. There is however a class of cases 
of great generality and importance for which this can be done. 
We can in fact in the case of particles at a distance apart which 
can be measured by ordinary means, (by a divided scale,) or at any 
greater distance, state a rule for the intensity of the field of force 
due to each particle, and then the masses can be once for all 
assigned so that the resultant intensity at any point coincides 
with the result of observation. 

The rule in question is known as the Law of Gravitation : it is 
that the force between two particles of masses m, m' at a distance 

r is of magnitude 7 — — , where 7 is a constant independent of m, 

m', r and of the time, and the sense of the force exerted by m' on 
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m is from m to m'. The last part of the statement is usually 
expressed by saying that the force is an attraction. 

The Theory of Attractions is the theory by means of which the 
resultants of forces exerted by the particles of gravitating bodies 
are calculated. For our immediate purpose the most important 
result of this theory is that, for a spherical body of uniform 
density, (or having its mass so distributed that the surfaces of 
equal density are concentric spheres,) the resultant attraction of 
the body on a particle outside it is the same as that of a particle 
at the centre, of mass equal to the mass of the body. This result 
can be briefly (and less precisely) stated in the form that spheres 
attract each other as if their masses were concentrated at their 
centres. . 

The direct application of the law of gravitation to celestial 
mechanics requires for its complete statement the choice of a 
frame of reference. We shall say at present that the origin is in 
the Sun and that the lines of reference go out thence to stars 
so distant that they have no observable annual parallax. (See 
Chapter XIII.) 

Relatively to this frame the Earth and each of the planets 
describe paths which are very approximately ellipses having one 
focus in the Sun, and the radii vectores from the Sun to any 
planet describe equal areas in equal times, while the square of the 
periodic time in which any planet describes its ellipse is propor- 
tional to the cube of the axis major of the ellipse. 

The statement just made is a statement of facts of observation. 
Remembering the results of Articles 50 to 55, we can interpret it 
by saying that each planet has an acceleration towards the Sun 
varying inversely as the square of the distance. 

This statement is in accordance with the Law of Gravitation if 
we suppose the mass of the Sun to be great compared with the 
masses of the planets. 

The statement made in Article 91 concerning the field of force 
near the Earth is also clearly included in the Law of Gravitation ; 
for distances from the Earth's surface within which we can 
manipulate bodies, the attraction of the Earth on a body is 
practically constant. 

The constant 7 can be determined by direct experiment. 
L. 7 
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A knowledge of the acceleration g can then be used to deduce 
the mass of the Earth, and Astronomical observations can then be 
applied to determine the masses of the Sun and the Planets. It is 
only in this way that these masses can be assigned. 

95. Measurement of IMEass. To any particular body we 
may assign the mass unity, then the mass of any other body has a 
ratio to the mass of the chosen body which is a real positive 
number. This number measures the mass of the body. 

The unit of mass is not expressible in terms of the units of 
length and time. 

In British measure the unit of mass is the mass of a particular 
lump of platinum, kept in the Royal Exchequer, and defined 
by Act of Parliament to be a pound. The mass of any body 
which when weighed against this standard pound would balance it 
is a mass of one pound. 

In the C.G.S. system of units the unit of mass is the -nnjuth part 
of the mass of a certain lump of platinum known as the "Kilo- 
gramme des Archives," made by Borda, and is defined to be a 
gramme. 

The mass of a cubic centimetre of pure water at a temperature 
of 4° Centigrade under a barometric pressure represented by 760 
millimetres of mercury is very approximately equal to 1 gramme. 

96. Quantity of matter in a body. The mass of a body is 
the quantity of matter in the body. 

This is a definition of quantity of matter. 

We are accustomed to estimate the quantities of matter in 
bodies by weighing them, that is we think of one body as contain- 
ing more or less material than another according as, when weighed, 
the former weighs more or less than the latter. This method 
manifestly cannot be applied to determine the quantity of matter 
in the Earth, the Moon, or any other celestial body. 

The acceleration with which a free body falls towards the 
Earth is variable with latitude, and increases in passing from the 
Equator to the Poles. Thus the weight of a body, measured by 
the product of this acceleration and the mass of the body, is 
variable with latitude, and increases as we pass from the equator 
to the poles. 
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It is inconsistent with the idea of " the quantity of matter in 
a body " that this quantity should be liable to increase or diminu- 
tion when the body is transported from place to place. Rather 
the idea of the quantity of matter in a body is the idea of some- 
thing which cannot be increased or diminished so long as the 
body remains the same. This idea with the rule that the quantity 
of matter in a body is the sum of the quantities of matter in its 
parts combine to point to viass as the measure of quantity of 
matter. 

The common use of the word "weight" covers two notions 
which are essentially distinct, the notion of pressure which a 
heavy body exerts on a support, and the notion of quantity of 
matter. In scientific speaking or writing, different words must be 
used to express distinct notions. 

97. Inertia. Besides serving as a measure of the quantity of 
matter in a body, the mass of a body is connected with a property 
of bodies which is a subject of common observation. The postulate 
that all changes of motion arise from the mutual actions of particles 
includes the statement that if any body could be freed entirely 
from the action of all other bodies it would have no acceleration. 
To produce any particular change of motion in a body, a particular 
set of forces must be applied to it, and these must be exerted on 
the particles of the body by the particles of some other body. 
The tendency of the body, apart from the action of other bodies, 
to persist in its state of motion at any instant is known as its 
inertia. It is evident that, the greater the mass of the body, the 
greater must be the force applied to it to produce in a given 
interval of time any particular change of velocity. The mass of 
the body can thus be taken to measure the tendency in question, 
and for this reason the mass of a body is sometimes called its 
inertia. 
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HISTORICAL NOTE. 

Before the time of Galilei there existed no dynamical theory, and the 
statical results that had been obtained were of a vague character. The older 
statical researches professed to give an accoimt of the action of force in certain 
circumstances, but the forces so considered were at first entirely undefined. 
The idea had however been established that a force prevents motion, which 
would take place in the absence of the force, and this gave the notion that 
force was directed, its direction being opposite to that in which motion would 
take place if the force were not applied. Further the force exerted to prevent 
any motion was supposed to be measurable by the tension of a chain pulled 
in the direction of the force so as to produce the same eflfect, and the tension 
itself was supposed to be measurable by the weight the chain would support 
if it passed over a smooth pulley and produced the required effect. The 
whole of the ideas thus sketched depended on gravity, there was nothing 
cosmical about the scheme. 

Galilei discovered by experiment that the velocity of a falling body is 
proportional to the time during which it has been falling, and was thus led to 
the idea of acceleration. He recognised in the motion of a body on a smooth 
horizontal plane that a body, which the existing statical theory would have 
regarded as under no force, moves imiformly in a straight line, and he was 
thus led to connect the presence of force rather with the production of 
acceleration, than with the prevention of motion. 

Newton found that the idea of acceleration, thus introduced by Galilei, 
availed for the description of the motions of the bodies of the solar system 
equally with the motion of falling bodies near the earth's surface, and he 
made the idea of force, as that which produces acceleration, the cardinal notion 
in his philosophy. Newton also introduced the idea of mass, as distinct from 
weight, and stated that the mass of a body is the quantity of matter it 
contains. He formulated his theory in a series of definitions, in the three 
celebrated Laws of Motion, which he described as Ainomata dve Leges Motui, 
and in the Scholia attached thereto. ' We give here a translation of the three 
Laws of Motion : 

" First Law. Every body remains in its state of rest or of uniform motion 
"in a straight line, except in so far as it is compelled by impressed forces 
" to change its state." 

" Second Law. Change of motion is proportional to the impressed moving 
" force, and takes place in the direction in which that force is impressed." 

" Third Law. Eeaction is always equal and opposite to action ; or the 
"actions of two bodies one on the other are always equal and oppositely 
"directed." 
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The definitions preceding the laws introduce the notions of mass, and of 
impressed moving force as an action on a body by which its state of motion 
changed, and as proportional to what we now call momentum generated in a 
given interval. The scholia attached to the laws contain a demonstration of the 
theorem of the parallelogram of forces, and an account of the determination 
of masses by direct experiment with the ballistic balance. The latter is 
given as a verification of the Third Law. 

We have already alluded to the application which Newton made of his 
theory to the problems of celestial mechanics. It was in this connexion that 
he introduced the Law of Gravitation. The application to ordinary terrestrial 
mechanics was not considered by him in detail, and thus it happened 
that when d'Alembert propounded his principle (Article 107) it was accepted 
as a new principle. It is virtually included in the Third Law. 

It has been the task of modern criticism to disentangle in Newton's 
theory the definitions, and the postulates. That the Laws of Motion are of 
the nature of postulates is clearly recognised in Newton's word Asdomata, 
but it is now held that they also partake of the nature of definitions. 
According to the account we have given, there is an essential physical 
discovery presented in the Newtonian theory : — the discovery that bodies 
possess the properties we associate with the word " mass " ; these properties 
are concisely expressed in Postulates I — IV of Article 87 ; the rest of the theory 
is of the nature of definition. In particular the theorem of the parallelogram 
of forces is a consequence of the definition of force as a vector. 



CHAPTER VI. 

GENERAL THEOREMS. 

98. Centre of Inertia. The centre of inertia of a system 
of particles is the centroid of points, which are the positions of 
the particles, for multiples, which are the masses of the particles; 
it is the point whose coordinates x, y, z relative to any frame are 
given by the equations 

xZm, = 2 (ma;), ^2m = S {my), z^m = 2 (mz), 
where m is the mass of a particle of the system at the point 
(x, y, z), and the summation extends to all the particles. 

If p is the density of a body at a point {x, y, z), the coordinates 
of the centre of inertia of the body are x, y, z, where 

~ JJJpdxdydz ' 
with similar expressions for y, z obtained by interchanging a; with y 
and z respectively, the integrations extending throughout the body. 

Since the centre of inertia of a body small enough to be handled coincides 
with its centre of gravity as defined in Statics, we shall denote it by the 
letter Q. 

99. Relative coordinates. Let the coordinates of the 
position of a particle of mass m be x, y, z referred to any 
system of axes, and let x, y, z be the coordinates of the centre 
of inertia of the system of particles referred to the same axes, 
then we may put 

x = x-va!, y = y + y^, z = z + sf, 

and the quantities of, yf, sf are the coordinates of the position of the 

particle relative to parallel axes through the centre of inertia. 

From the definition of the centre of inertia it follows that 

t(maf) = 0, t{my') = 0, l,{mz^ = 0, 

the summations referring to all the particles. 
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100. Linear Momentum. The momentum of a particle 
has been defined to be a vector localised in the line of the velocity 
of the particle, with the sense of the velocity, and of magnitude 
equal to the product of the mass and the velocity. 

The resolved parts parallel to the axes of the momentum of a 
particle of mass m at the point {x, y, z) are mx, my, mz. 

The momenta of the particles of a system can be replaced by 
a resultant momentum localised in a line through the centre of 
inertia, and a couple. The resultant momentum has as its resolved 
parts parallel to the axes 

2 {nix), 2 {my), S {mz). 

Differentiating the equations such as x'Zm = 2 {mx), we obtain 

such equations as ^2m = 2 {mx), where x stands for -t- . 

We thus see that the resultant momentum is equal to the 
momentum of a particle of mass equal to the mass of the 
system, placed at the centre of inertia, and moving with the 
velocity of the centre of inertia. 

The momentum just described is called the linear momentimi 
of the system. The particle at the centre of inertia just described 
will be referred to as the " particle G." 

101. Kinetic Reaction. The kinetic reaction of a particle 
has been defined as a vector localised in the line of the acceleration 
of the particle, with the sense of the acceleration, and of magnitude 
equal to the product of the mass and the acceleration. 

The resolved parts, parallel to the axes, of the kinetic reaction 
of a particle of mass m at the point {x, y, z) are mic, my, mz. 

The kinetic reactions of the particles of a system can be 
replaced by a resultant kinetic reaction localised in a line through 
the centre of inertia, and a couple. The resultant kinetic reaction 
has as its resolved parts parallel to the axes 
2 {mx), 2 {my), 2 {mz). 

Differentiating the equations such as x'Zvi = S {md) we find 
siich equations as «2m = 2 {mx). 

We thus see that the resultant kinetic reaction is that of the 
particle G, i.e. it is the same as that of a particle of mass equal 
to the mass of the system placed at the centre of inertia and 
moving with it. 
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102. Moment of Momentum. The moment of momentu; 
of a system of particles about any axis is the sum of the momen 
of the momenta of the particles about the same axis. 

The momenta can be reduced to a linear momentum localise 
in a line through a point and a couple, and then the moment ( 
momentum is the couple. The magnitude and direction of th 
couple depend upon the point chosen. 

The moment of momentum about a line is the resolved pa: 
of this couple about the line, when the point chosen is on tl 
line. 

The moments of momentum of a system of particles about tl: 
axes of reference are 

2m {yz — zy), %m (zsb — xz), 2m {xy — yx). 

In these expressions put x = x + a^, ..., so that of, if, i^ ai 
the coordinates relative to parallel axes through the centre i 
inertia, and «', y', z' are the resolved parts of the velocity relati^ 
to the centre of inertia. Then, observing that ^mai = 0, 2OTi!' = i 
and similarly for y' and z', we find the above expressions becon: 
three such as 

(yz — zy) 2m + 2m (j/z' — £</). 

We may state our result in words : — The moment of momentui 
of a system of particles about any axis is equal to the moment ( 
the momentum of the particle G about the same axis, togethe 
with the moment of momentum in the motion relative to G aboi 
a parallel axis through Qt. 

It is now clear that, when the momenta of the particles of th 
system are reduced to a linear momentum, localised in a lir 
through the centre of inertia, and a couple, the couple is th 
moment of momentum in the motion relative to parallel ax( 
through the centre of inertia. 

The phrase angular momentum is frequently used for momei 
of momentum. 

103. Moment of Kinetic Reaction. The moments ( 
the kinetic reactions of a system of particles about the axes i 
reference are 

1m(yz — zy), 1m{z'x — xz), l.m {ocy — yx). 
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Putting again x = x + ai', ... and observing that 
tmx' = 0, lmy' = 0, tmz' = 0, 
we find that these expressions become three such as 
(yz — zy) Sm + 2m {y'z' — i^y'). 
We may state our result in words : — The sum of the moments 
of the kinetic reactions o^ a system of particles about any axis is 
equal to the moment about that axis of the kinetic reaction of the 
particle 0, together with the sum of the moments of the kinetic 
reactions in the motion relative to Q about a parallel axis through 0. 

Since, as in Article 50, y'^ — zy = -T: {yz — zy), 

the moment of any kinetic reaction about any axis is equal to the 
rate of increase of a corresponding moment of momentum about the 
same axis per unit of time. 

Thus the rate of increase of the moment of momentum of a 
system about any axis is the same as the sum of the moments of 
the kinetic reactions about that axis. 

It is now clear that, when the kinetic reactions of the particles 
of a system are reduced to a resultant kinetic reaction localised 
in a line through the centre of inertia, and a couple, the couple 
is the rate of increase of the moment of momentum of the motion 
relative to parallel axes through the centre of inertia. 

104. Kinetic energy. The kinetic energy of a particle is 
half the product of its mass and the square of its velocity. 

For a particle of mass m at (x, y, z) it is 
Jm {d?-\-f + i=). 

The kinetic energy of a system of particles is the sum of the 
kinetic energies of the particles. It is the quantity 

Putting x = x + a!, ... and remembering that 
"Zmx' = 0, %my' = 0, Swii' = 0, 
we find that this expression becomes 

\ («' + P + z") 2m + iSm (x'-' + y'' + i'O- 
We may state this result in words : — The kinetic energy of a 
system of particles is the kinetic energy of the particle together 
with the kinetic energy in the motion relative to parallel axes 
through G. 



106 GENERAL THEOREMS. [CHAP. VI. 

105. Equations of motion of a system of particles. 

Let mil te the mass of one particle of the system, a^i, 7/1, z^ its 
coordinates at time t, Xi, Fj, Z^ the sums of the resolved parts 
parallel to the axes of the forces exerted on this particle by 
particles not forming part of the system, X/, F/, Z/ the sums of 
the resolved parts parallel to the axes of the forces exerted on the 
same particle by the remaining particles of the system. 

The equations of motion of this particle are 

7w,«i = Zi + Z/, wiiyi = F, + F/, nhZi = Z^ + Z^. 
Similarly the equations of motion of a second particle of mass 
mj at (aja, y^, z^ may be written 

mjii = Z2 + Z2', m^i = Fj + Fa', iin^Zi = ^2 + Z^. 
We shall write as the type of such equations 

mx = X+X', my=Y-\-Y', mz = Z + Z. 

Then {X, F, Z) is the type of the external forces, and 
{X', Y', Z') is the type of the internal forces. 

106. Law of Internal Action. jThe system of the internal 
forces between the parts of a system is equivalent to zero. 

Since the action between a pair of particles of a system is a 
pair of equal and opposite forces in the line joining the particles, 
the resultant of all these forces regarded as vectors localised in 
these lines is zero, the sum of their resolved parts parallel to any 
line is zero, and the sum of their moments about any axis is zero. 

Thus, in the notation of the last Article, one of the forces con- 
tributing to the resultant whose resolved parts are X/, F/, Zi is 
the action of ma on mj, and one of the forces contributing to the 
resultant whose resolved parts are X^', Y^, Z^ is the action of m^ 
on ma. These are equal and opposite forces in the line joining m-i 
and ma. The resultants whose resolved parts are the forces 
typified by X', Y', Z' are made up entirely of such components. 

Hence we have 2Z' = 0, 2F' = 0, 2^' = 0, and 

S {yZ' - zY') = 0, S {zX - xZ') = 0, 2 {xY' - yX') = 0. 

107. Simplified forms of the equations of motion. 

Adding the left-hand members of all the a;-equations of motion, 
and remembering that 2Z' = 0, we obtain %mx = SX 



105-109] d'alembert's principle. 107 

In like manner we have 

2m2/ = 2F, and Xm'2 = %Z. 

Again multiplying the ^-equations by the y'a and the ^/-equa- 
tions by the ^'s, adding, and remembering that S (yZ' -zY') = 0, 
we have 

2m (yz -zy) = X (yZ - zY). 
In like manner we have 
2m {zlt -xz) = '2,{zX — xZ), and 2m {xy — yx) = % (xY - yX ). 

Our equations may be stated in words : — 

(1) The sum of the resolved parts in any direction of the 
kinetic reactions of a system of particles is equal to the sum of the 
resolved parts of the external forces in the same direction. 

(2) The sum of the moments about any axis of the kinetic 
reactions of a system of particles is equal to the sum of the 
moments of the external forces about the same axis. 

The result may also be briefly stated in the form : — When the 
external forces are regarded as localised in their lines of action the 
kinetic reactions and the external forces are two equivalent 
systems of localised vectors. 

This result, in a slightly different form, was first stated by 
D'Alembert in his Traitd de Dynamique, 1743. It is known as 
B'Ahmhert's Principle. 

108. Motion of the centre of inertia. Since the resultant 
of the kinetic reactions of the particles of a system is the kinetic 
reaction of a particle of mass equal to the mass of the system 
placed at the centre of inertia and moving with it, we see that 

S2m = 2-X', f2m = 2ri 12m =2^, 
so that the centre of inertia moves like a particle of mass equal to 
the mass of the system under the action of the resultant of all the 
forces applied to the system. 

109. Motion about the centre of inertia. In the equa- 
tions such as 2m {yz — zy) = '% (yZ — zY) put x = x + x', .... The 
left-hand member of the equation just written becomes 

: - zy) 2m] -t- 2m (y'z' - z'y'), 
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and the right-hand member becomes 

[ytZ-zX7] + S (y'Z-e'T). 
The terms in square brackets in the two members are identical, 
and we thus have such equations as 

Xm(y'S'-z'y') = ^(y'Z-^Y). 

These can be stated in words : — The rate of increase of the 
moment of momentum in the motion relative to G about any line 
through 0, is equal to the sum of the moments of the external 
forces about the same line. 

110. Independence of translation and rotation. From 
the results of the last two articles we see that the motion of the 
centre of inertia is determined by the external forces indepen- 
dently of any motion relative to the centre of inertia, and the motion 
relative to the centre of inertia is determined independently of the 
motion of the centre of inertia, 

111. Consenration of Linear Momentum. When the 
resultant external force on a system has no resolved part parallel 
to a particular line, the sum of the resolved parts of the kinetic 
reactions of the particles parallel to that line is zero. Hence the 
rate of increase of the resolved part of the linear momentum of the 
system parallel to that line is zero, or the resolved part of the 
linear momentum parallel to the line is constant. 

In such a case the resolved part, parallel to the line, of the 
velocity of the centre of inertia is constant. 

A simple example is afforded by the motion of a body near the 
Earth's surface ; the horizontal component of the velocity of the 
centre of inertia of the body is constant. As in Article' 4.5, the 
centre of inertia describes a parabola however the body moves 
about it. 

The motion of the centre of inertia of a body which is so 
remote from every other body that the resultant force acting upon 
it can be disregarded is uniform motion in a straight line. The 
same holds for the centre of inertia of any system of bodies or 
particles supposed removed from all external action. We note 
that any such statement implies that a definite frame of refer- 
ence has been chosen, a point to which we shall revert in Chapter 
XIII. 
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112. Conservation of angular momentum. When the 
sum of the moments of the external forces on a system about a 
particular axis is zero, the sum of the moments of the kinetic 
reactions about the same axis is zero, and therefore the moment of 
momentum of the system about the axis is constant. 

A simple example is afforded by the motion of a particle acted 
on by a force always passing through a point whose position 
relative to the frame of reference is fixed. For such a case we 
have, as in Article 50, an equation expressing that the moment of 
the velocity about the poiut is constant. Thus the equation 
pv=h ioT central accelerations may be regarded as an example of 
the principle just stated. 

When all the external forces acting on a system reduce to a 
resultant force at the centre of inertia without any couple, the 
sum of the moments of the external forces about any axis through 
the centre of inertia vanishes ; the rate of increase of the moment 
of momentum about any such axis therefore vanishes, and the 
moment of momentum of the system about any such axis is 
constant. We note that in this statement it is implied that the 
axis occupies a fixed position relative to the frame of reference. 

113. Equations of Impulsive Motion. As in Article 
105, let X + X' be the sum of the resolved parts parallel to the 
axis cc of all the forces, external and internal, that act on a 
particle m ; and, as in Article 82 suppose X and X' do not remain 
finite at time t, but that the impulses of X and X' are finite, 
or that ^ and X', defined by the equations 

rt+ir ft+ir 

Lt,.o ^dt = X, Lt,=„ X'dt = X', 

are finite. Let a; and | be the resolved parts parallel to the axis 
X of the velocity of m just after the instant t and just before this 
instant respectively. Then we have the equation 

m(d}-^) = X + X'. 

In like manner the impulsive changes of velocity parallel 
to the axes y and z will be determined by equations which may be 
written 

m(y-v)=Y+Y', 

m{z-t) = ? + ?'- 



110 GENKKAL THEOKEMS. [CHAP. VI. Il3 

Observing that it is a consequence of the Law of internal 
action (Article 106) that the system X', Y', Z' is equivalent to 
zero, and operating as in Article 107, we can deduce equations 
which may be stated in words : — 

The change of momentum of the particle Q in any direction is 
equal to the sum of the resolved parts of the external impulses in 
that dii-ection. 

The change of the moment of momentum of the system about 
any axis is equal to the sum of the moments of the external 
impulses about that axis. 
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SYSTEMS OP FORCES. 

114. Conception of a rigid system. We can imagine that 
a system of particles moves in such a way that the distance 
between any two particles of the system is constant. Such a 
system is said to be rigid. 

In particular if the particles of a rigid system continuously 
fill a surface the system is a rigid body, and the surface is the 
surface of the body. 

In a rigid system the motion of the whole system is determined 
when the motion of three of its particles is determined. For the 
three particles determine a frame of reference relatively to which 
all the particles of the system have invariable positions. 

To determine the positions of all the particles of a rigid 
system relative to a frame is therefore the same thing as deter- 
mining the position of one frame, F, relative to another. This 
requires the determination of the positions of the origin 
of the frame F, of one of its lines of reference, and of a 
plane through that line. The position of a point depends on 
three quantities, the coordinates of the point. The position of a 
line through a point depends on two quantities, since the line 
may make any angle with one of the axes, and the plane through 
it parallel to that axis may make any angle with a coordinate 
plane, but these two angles determine the line. The position of a 
plane through a line depends on one quantity, which may be 
taken to be the angle it makes with the plane drawn through 
the lin:e parallel to one of the axes of reference. Thus the 
positions of all the particles of a rigid system relative to a frame 
are determined when six quantities such as those specified are 
given. 

It follows that the velocities and accelerations of all the 
particles of a rigid system must be expressible in certain definite 
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forms in terms of the velocities and accelerations with which six 
particular quantities increase. 

In order that a system may be rigid it is necessary that the 
component accelerations contributed to any particle by the actions 
of the other particles should satisfy such conditions that the 
resultant acceleration of any particle of the system is expressible 
in the proper form in terms of six quantities such as those above 
described. It follows that the internal forces between the 
particles of the system must be so adjusted as to produce such 
accelerations. The internal forces in question are not subject to 
any other condition, and we may arbitrarily assume any system of 
internal forces provided the assumed system obeys this condition. 

115. Forces applied to a rigid system. Suppose a rigid 
system is in motion in any manner, and suppose, accordingly, that 
the internal forces are adjusted to satisfy the condition just described. 

Let two forces equal in magnitude and opposite in sense be 

applied to two particles, the line of action of the forces being the 

.line joining the particles. To fix ideas, let m, m' be the masses 

of the particles, and let the force applied to m be of magnitude R 

in the sense from m to m'. 

The internal forces will be altered in some way consistent with 
the rigidity of the system, and it is clear that, if the internal force 
assumed to act between the two particles m and m' before the 
application of the forces R is modified by compounding with it a 
repulsion of magnitude R between these particles, the resultant 
forces on all the particles will be the same as before the application 
of the forces Rtom and m', and the system will still be rigid, and 
will be moving exactly as before. 

It follows that the motion of the rigid system is unaffected by 
the application to any two particles of the system of a pair of 
equal and opposite forces in the line joining the particles. 

Now let F be any external force applied to a particle m of the 
system, and let m' be a particle in the line of action of F. Suppose 
applied at m' a force of the same magnitude, direction and sense 
as F, and suppose applied at m a force of the same magnitude and 
in the same direction as F but opposite in sense. The motion 
of the system is unaffected. 

Thus the effect of a force applied to any particle of a rigid 
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system is the same as that of an equal parallel force of like sense 
applied to any other particle of the system which lies in the line 
of action of the force. 

We may express this result by saying that forces applied to 
particles of a rigid system may be regarded as vectors localised in 
their lines of action, instead of vectors localised at the positions 
of the particles. This is the result referred to in Article 76. 

The result is known as the Principle of the Transmissibility of 
Force. 

116. Inviolable conditions. A rigid system is an example 
of a system which moves in such a way that certain geometrical 
relations are maintained, and the internal forces between the 
particles of the system are so adjusted from instant to instant 
that the conditions are never violated. 

The notion thus introduced may be extended to cases where 
the system is not rigid, or where external forces are adjusted so ■ 
that certain geometrical conditions are never violated. In such 
cases generally some external forces are given,. and others are in 
our power, and the latter can be adjusted as stated. 

117. Reaction of bodies in contact. The Postulate 5 
of Article 87 frequently involves a geometrical relation which is 
to be maintained. 

This happens when two bodies are in contact. So long as 
they are not separated their surfaces touch, they never intersect. 

The maintenance of this condition requires a particular appli- 
cation of force to both. 

When the surfaces touch at isolated points, or at a point, the 
forces required to maintain the condition may be regarded as 
applied to the particles which are at the points of contact in the 
directions of the common normals. 

Let A and B be the bodies, P a point of contact. Then the 
forces applied to P, considered as a particle of A, are of two sorts, 
forces exerted by the other particles of A, and forces exerted by 
the particles of 5, the latter are regarded as having a finite result- 
ant, known as the reaction of B upon A at the point P. lu like 
manner the reaction of A upon B at the point P is made up of 

L. 8 
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component forces between particles, viz. of the forces exerted by 
the other particles of A upon the particle at P. 

The two resultant forces thus defined are equal and opposite, 
since otherwise the particle at P (of infinitesimal mass) would 
have infinite acceleration. 

We can imagine two cases: (1) where the reaction oi A on B 
is directed along the common normal at P, it is then the force 
required to maintain the condition; (2) where the reaction of A 
on B is not directed along the common normal, but nevertheless 
the condition is maintained. 

In the first case the reaction is known as the pressure between 
the bodies at P, and the surfaces are said to be smooth at P. 

In the second case the resolved part of the reaction along the 
common normal is called the pressure between the bodies at P, 
and the resolved part at right angles to the normal is called the 
friction at P, and the surfaces are said to be rough at P. 

When the surfaces are in contact over a finite area we are 
at liberty to assume reactions, such as those described in the case 
of contact at points, to act upon the bodies at every point of the 
area of contact, such reactions having finite resultants and finite 
sums of moments about any axis. 

118. Constraints. More generally, when a system moves 
so that one of its particles always lies on a prescribed geometrical 
curve or surface, this condition can be maintained by a force 
applied to the particle along the normal to the curve or surface, 
and then the force is known as a constraint. We may say that 
constraints are forces applied to the particles of a system moving 
in a field of force, in directions at right angles to the paths of the 
particles, and Required for the maintenance of geometrical condi- 
tions. Constraints must arise from the actions of particles, but 
the particles producing them are not necessarily particles of a 
body on whose surface the constrained particle moves. 

119. Friction. We have already defined the friction between 
two rough bodies at a point of contact to be the resolved part 
of the reaction at right angles to the common normal. 

As before, let A and B be the bodies, P a point of contact, It 
the pressure, and F the friction at P. 
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Each of the bodies is regarded as having a particle at P. 

The particle of J. at P will have a certain velocity, and 
similarly for the particle of B at P. The velocity of the particle 
of A at P, relative to axes parallel to the axes of reference drawn 
through the particle of B at P, is the relative velocity of the 
points in contact considered as the velocity of a point of A 
relative to B. In like manner there is an equal and opposite 
relative velocity of the points in contact considered as the velocity 
of a point of B relative to A. 

The condition of contact is that the relative velocity just 
described is localised in a line in the tangent plane at P, or that 
the resolved part of this velocity in the direction of the common 
normal vanishes. 

The first law of Friction is that the friction on ■! _ I at P is 
opposite in sense to the relative velocity of the points in contact 
considered as the velocity of a point of -j „ t relative to ] . L 

The second law of Friction is that the friction F and the 
pressure R are connected by a relation of inequality F^/j,R, 
where /i is a constant depending only on the materials of which 
the bodies are composed. The constant /t is called the coefficient 
of friction. 

When the relative velocity above described is zero, the motion 
is described as rolling. In order that rolling may take place it is 
generally necessary that the coefficient of friction should exceed a 
certain number depending on the circumstances of the case. A 
motion of two bodies in contact which is not one of pure rolling is 
described as a motion of sliding or slipping. The rule for the 
direction of friction may be stated in the form that friction tends 
to prevent slipping. When slipping takes place F = /iR When 
the bodies are sufficiently rough to prevent slipping throughout 
the motion they are sometimes said to be perfectly rough. 

120. Resistances. Friction belongs to a class of forces 
known as resistances. The characteristics of a resistance are that 
it acts on a particle in the direction of its velocity relative to 
some frame (not necessarily the frame of reference) in the opposite 
sense to this velocity. 

8—2 
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121. Deformable bodies, strain. A system of particles 
which is not rigid can move so that the distance between two 
particles changes. Whenever this can happen a particular con- 
figuration is chosen as a standard, and, in a configuration in 
which the distance between any two particles is greater or less 
than that in the standard, the system is said to be strained. 

For a continuous system of particles forming a deformable body 
it can be shown that the motion of the body can be precisely 
specified by the following method: — Choose one particle of the 
body, one line of particles going out from the chosen particle, 
one plane of particles passing through the chosen line. In the 
deformation of the body the line and the plane respectively become 
a curve and a curved surface of changing forms, but the curve has 
a tangent line, and the surface a tangent plane, passing through 
the chosen particle. The particle, the tangent line, and the 
tangent plane determine a frame relative to which all the particles 
of the body have at any time definite positions. The determi- 
nation of the position of this frame relative to the frame of 
reference is, as we have seen in Article 114, the same problem 
as the determination of the position at any time of a rigid body. 
The determination of the positions of other particles of the body 
relative to this frame can be shown to depend upon the determi- 
nation of six quantities continuously variable from point to point, 
and known as the components of strain. The theory which effects 
this determination is the Theory of Elasticity. 

In the case of a solid body, for which it may be assumed that 
the deformation is always small, the above method can be applied 
with success. But it is manifestly less applicable in the case of a 
fluid, or of a plastic solid undergoing finite deformation. 

In all cases, however, the equations of motion of a system of 
particles, obtained in Article 107, have to be applied to every 
portion into which the system can be divided. To succeed in this 
process we must consider more closely the resultants of internal 
forces between parts of a system. 

122. Stress. Conceive that in a continuous (or discontinuous) 
system of particles, exerting forces on each other, a plane is drawn, 
and a closed curve marked on the plane. Some of the lines 
between particles cross the plane within the curve. Let the 
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forces acting in these lines on the particles on one side of the 
plane be reduced to a resultant, at the centroid, A, of the area 
within the curve, and a couple. Now let the curve, remaining in 
its plane and similar to itself, be indefinitely contracted, so that 
it tends to the point A at the original centroid. At any stage 
of the process let R be the resultant, and o- the area in question. 
Then a vector localised at the point A, of magnitude equal to 
the limiting value of the ratio R/a; and in the direction and sense 
which R takes in the limit when o- is indefinitely small, is called 
the stress at A across the plane. 

The stress is conceived to be exerted by the part of the system 
on one side of the plane upon the part on the other side of the 
plane. Since the stress was compounded from internal actions 
between particles on the two sides of the plane, there is an equal 
and opposite stress exerted by the part of the system on the 
second side of the plane upon the part on the first side. 

When the stress is normal to the plane it is called tension or 
pressure according as it acts on the part of the system on one side 
of the plane in the sense from that side towards the other side or 
in the opposite sense. 

Now the method by which the general equations of motion, 
for any part of a body, are applied to deformable bodies consists 
in regarding the internal forces as always equivalent to stresses 
across the elements of the surface of any part of the body. 

123. Reaction of bodies in contact realised as resultant 
stress. To define stress at a point across a plane we began by 
considering the forces exerted by particles on Qne side of the plane 
upon particles on the other side, and the resultant of these forces 
for a finite area of the plane. This resultant may be called the 
resultant stress across the area. 

In the same way when two bodies are in contact over a finite 
plane area we may define the resultant stress which either exerts 
on the other across the area. 

If the area is indefinitely diminished, so that it is contracted 
to a point, it is manifest that the resultant stress so defined ought 
to be regarded as reducing to the reaction between the two bodies 
described in Article 117. 
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The identification of the resultant stress with the reaction 
requires us to make the supposition that the bodies are rigid. 
For it is then immaterial whether the action of the particles of 
B upon the particles of A in lines passing indefinitely close to the 
point of contact P are regarded as exerted upon the particle of A 
at P or upon other particles o{ A, 

If we regard a rigid body as the limiting case of a deformable 
body when all the numbers expressing deformations fall below any 
assigned number, however small, then it is clear that there will 
be a certain order of approximation to which it will be correct to 
neglect the distinction between forces exerted by the particles of 
B upon the particles of A and the forces exerted by the particles 
of B upon the particle at P. 

In this way the conception of rigid bodies and the reactions 
at their points of contact becomes of importance in Mechanics. 

124. Bodily forces and surface-tractions. Consider any 
deformable system of particles continuously distributed so as to 
form a body. In any infinitesimal volume dv, where the density 
is p, we say there is a particle of mass pdv. 

The field of force due to the actions of the particles of other 
bodies would produce in this particle a resultant acceleration /, 
where/ is the intensity of the field of force at the position of the 
particle. 

The force exerted on the particle by the particles of other 
bodies is accordingly pfdv in the direction and sense of f. 

Since this force is proportional to the mass of the particle, 
the resultant of such forces on all the particles in a small volume 
contains the mass within the volume as a factor. Such forces are 
known as bodily forces. 

On the other hand the resultants, for any part of a surface 
bounding a portion of a body, of the stresses exerted on that 
portion by other portions of the body, or by portions of other 
bodies, in contact with it over the part of the surface, are known 
as surface tractions. The expressions for the resolved parts of such 
tractions on small areas contain as factors the areas of the surfaces 
across which they act. 



123-125] EXAMPLE OF STRESS. 119 

125. Tension of a string or chain. In Mechanics a string 
is regarded as a mere line of particles, but the mass of any 
segment of the string of finite length is supposed to be finite. 
When the mass is proportional to the length the string is said to 
be uniform, but when this is not the case the ratio of the number 
of units of mass in any segment to the number of units of length 
in the segment has a finite limit when the length of the segment 
is indefinitely diminished, and this ratio is called the line-density 
or mass per unit length of the string. 

A plane drawn across a string, at right angles to the tangent 
to the line of the string at the point where the plane meets it, 
is called a normal plane. The resultant stress across the normal 
plane is conceived to be a single force at the point where the line 
meets the plane, and directed along the tangent. This stress is a 
tension, (Article 122) and is called the tension of the string at 
the point. 

Any portion of a string between two particles P, P' moves 
under the action of the external forces on its particles and the 
tensions at its ends. The motion of its centre of inertia depends 
on these forces only. 

In particular if P' is very close to P, and if S is the sum of the 
resolved parts parallel to the tangent at P (in the sense PF') of the 
external forces applied to the particles in the segment PP', p the 
line density, As the length of PP', f the acceleration of the 
centre of inertia of PP' in the direction of the tangent at P, T 
the tension at P, T the tension at P', and A^ the angle between 
the tangents at P and P', we have the equation 

p^s.f=T'co%^^-T+8. 

Now when P' approaches indefinitely close to P the expression 

— will have a limit which is -y- (cf. Article 35), and 

As as 

S 

will have a finite limit which is the acceleration produced in 

joAs 

a particle at P by the external forces. Suppose- that the external 

forces are bodily forces, and suppose that this acceleration is F. 

Then our equation can be written 

Pf=f + pP- W- 
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A case of great importance is that in which p is regarded as 
infinitesimal. For small values of p there is clearly an order of 
approximation to which it is correct to write the above equation 

-—-z=0^pf and pF being smaller than a number which we agree to 

CvS 

neglect ; then, to the same order of approximation, T is constant. 

When the mass of a string is neglected the tension is constant 
throughout any portion which is subject only to bodily forces and 
terminal tensions. 

A string of which the mass is neglected will frequently be called 
a thread, and one of which the mass is not neglected a chain. 

126. Reaction of string in contact with surface. When 
the string is in contact with a body, there will be forces which are 
not bodily forces arising from the mutual actions of the particles 
of the string and the particles of the body exerted across the 
surface of the body. When the surface is smooth the resultant 
of these actions upon any element of the string will be directed 
along the normal to the surface, and will therefore have no 
resolved part in the direction of the tangent line to the string. 
The equation (A) will therefore still hold, and, as before, it will 
follow that when the mass of a string is neglected the tension is 
constant throughout any portion in contact with a smooth surface. 

Whether the surface is smooth or not there will be a finite 
pressure per unit length at any point. Taking as before P, P' to 
be the positions of two particles of the string near together, the 
reaction of the surface upon the part of the string between P and 
P' can be resolved into a pressure along the normal at P, and 
tangential forces in the tangent plane at P to the surface. If PP' 
is of length As, then these will in general be the products of 
finite quantities and As. Thus if PAs is the pressure on the 
element, R is the pressure at P per unit length, and R is always a 
finite quantity. 

127. Ejctensible string. When the string changes its 
length there is always a particular length for each portion of it 
such that the tension is throughout zero. When every portion 
has this length the string is said to be in its natural state. 

Let Aso be the length of a short piece of the string in its 
natural state, and As the length of the same piece in any other 
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state. We suppose Aso, having one and the same particle always 
at one of its ends, to be indefinitely reduced. Then we define the 

limit of the ratio — - — -5, when As, is indefinitely diminished, to 

be the extension of the string at the point to which Asj approaches. 
Thus the extension is measured by the ratio of the increase of 
length to the natural length. 

In an extensible string the tension at any point is a constant 
multiple of the extension at the same point, or, if \ is a certain 
constant depending on the material of the string, and of the 
dimensions of force, the tension is Xe, where e is the extension. 

The constant X of an extensible string is the modulus of 
elasticity of the string. 

When the mass of the string is neglected the tension is 
constant throughout, and so is the extension*. In this case the 
extension is equal to (I — l^jU, where l^ is the length of the string 
in its natural state (called the natural length), and I is the length 
of the string when extended. 

128. Inextensible string. A string which exerts tension, 
but is never sensibly extended, must be thought of as the limit to 
which an extensible string approximates, when the extension e 
remains always less than a number which we agree to neglect, 
but the modulus \ is very great, in such a way that the product 
Xe is of the order which we agree to retain. 

129. Spring. The word spring is used in Rational Mechanics 
to express an idea suggested by generalising the idea of an 
extensible string. We imagine a line of particles in which the 
stress across a plane normal to the line is always either pressure 
or tension, and a natural state of the system in which it vanishes. 
When the length of any element exceeds its natural length there 
is extension, and tension equal to the product of X and the 
extension. When the length of any element is less than its 
natural length there is contraction, measured by the ratio of the 
diminution of length to the natural length, and pressure equal to 
the product of X and the contraction. The constant X is the 
modulus of elasticity of the spring. 

* There is a reservation for contact with a rough body. 
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130. stress and Strain. The tension of a string is an 
example of stress, and the extension or contraction of a spring is 
an example of strain. The six components of strain in a body, 
referred to in Article 121, are quantities in terms of which the 
extensions and contractions of all the lines joining particles of a 
body -which are near together can be expressed. The law that the 
tension is proportional to the extension is the particular case for 
elastic strings of a general law connecting the stresses and strains 
in a body. It is of almost universal application when the strains 
are sufficiently small. 



CHAPTER VIII. 

THEORY OF WORK AND ENERGY. 

131. Work of a Force. Consider a force of magnitude P 
applied to a particle at a point A. 

Let the particle be displaced to a point A' so that the dis- 
placement AA' and the line of action of P include an angle ff. 

The product P .AA' . cos 6 is defined to be the work of the 
force in the displacement of the particle. It is the product of the 
magnitude of the force and the resolved part of the displacement 
in the direction of the force, it is also the product of the magnitude 
of the displacement and the resolved part of the force in the 
direction of the displacement. 

Since the sum of the resolved parts in any directioii of a set of 
forces acting on a particle is the resolved part of their resultant in 
that direction, it is clear that the sum of the works of the com- 
ponents in any displacement is equal to the work of the resultant 
in that displacement. 

132. Work done. When the displacement is infinitesimal, 
the work is infinitesimal. The work of a force in any infinitesimal 
displacement of the point at which it is localised is defined to be 
the work done by the force in that displacement. 

Let X, Y, Z be the resolved parts of the force parallel to the 
axes of reference, Sj», hy, hz the resolved parts of the displacement, 
then the work done is 

Xlx + Yly + ZZz. 

When the work done by a force is negative it is said to be 
done " against " the force. 
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133. Work done by a force in a finite displacement. 

Let a particle move from a point Po to a point P by any path. 
Choose on the path n — 1 intermediate points Pi, Pg. •••-?«-! ■ 
Let Pi be the magnitude of the resultant force acting on the 
particle at any point between Po and Pi, 6^ the angle between 
the line of action of Pj and the displacement PoPi ; let F^ be the 
magnitude of the resultant force acting on the particle at any 
point between Pj and P^, 6^ the angle between the line of action 
of Pa and the displacement P1P2; proceeding in this way we can 
assign the meanings of all the quantities that enter into the sum 
Pi . P<Pi . cos 6'i + P2 . P1P2 . cos ^, + ...+ P„ . P„_iP . cos I?™. 

Now let the number n be indefinitely increased, and let all 
the chords P^-Pr+i be indefinitely diminished. The sum just 
written tends to a limit represented by 



/■ 



P.cos^. 



where ds is any element of the path, P the resultant force on the 
particle as it passes over the element, and the angle between 
the line of action of P and the tangent to the path at the 
element, the integral being a line-integral taken along the path. 

The integral just written down is clearly the sum of the 
elements of work done by the force on the particle in an infinite 
series of infinitesimal displacements equivalent to a displacement 
from the point P,, to the point P. It is defined to be the work 
done hy the force in the actual displacement of the particle. 

If X, Y, Z are the resolved parts, parallel to the axes, of the 
resultant force on the particle at any point of its path, dx, dy, dz 
the resolved parts of an infinitesimal displacement from that point 
to a neighbouring point, the expression for the work done may 
be written 

Ixdx+Ydy + Zdz, 



1^ 



where the integral is a line-integral taken along the path. 

134. Work done by a system of forces. Suppose a system 
of forces to be applied to a system of particles. If we form a 
sum of terms, each term being the work done by the forces on one 
of the particles in the displacement of that particle along its path. 
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from the position it occupies at time to to the position it occupies 
at time t, the sum so formed is the work done by the forces of the 
system in the displacements of the particles from their positions 
at time t^ to their positions at time t. 

In the notation of the last Article this work is represented by 
l,JF.cos6.ds or by X iXdx+Ydy + Zdz, the integrals being 

line-integrals along the paths of the particles, and the summations 
extending to all the particles. 

135. Conservative system. The work done by a system 
of forces in the displacements of a system of particles from a set 
of initial positions to a set of final positions is expressed analyti- 
cally in terms of quantities depending on the actual paths of the 
particles. If the path of any particle were replaced by a different 
curve the work done by the force on that particle would be in 
general different, and the work of the system would also be 
different. 

But there is a most important class of cases in which the 
work done by the forces as the particles pass from one set of 
positions to another is independent of the paths, and depends only 
on the initial and final positions. When this is the case the 
system is said to be conservative. Otherwise the system is said to 
be non-conservative. 

It is clearly necessary, for a system of forces to be conservative, 
that, in any position of the particles, the forces acting upon them 
should be one-valued functions of the quantities defining their 
positions. This condition though necessary is not sufficient. 

136. Work Function. . For a conservative system there 
exists a function of the quantities that define the positions of the 
particles, which represents the work done by all the forces of the 
system as its particles pass to those positions from any particular 
set of positions. This function is known as the Work Function. 

The particular set of positions from which the particles pass 
will be referred to as the standard position. 

The work done in passing from the position at any time t to 
the standard position is numerically equal to the work done in 
passing from the standard position to the position at time t, but 
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has the opposite sign. For the forces are the same, at the sam 
points, in magnitude, direction, and sense, but the infinitesimi 
displacements have their senses changed. 

Since the work done in passing from one set of position 
denoted by A, to another, denoted by B, is independent of th 
paths, it is clearly equal to the sum of the works done in passin 
from the position A to the standard position, and from th 
standard position to the position B. It is therefore equal to th 
difference 
(value of work function in position B) - (value of work function in position A 

137. Potential Energy. The work function in any positio 
A with its sign changed is the work that would be done by th 
forces if the system passed from the position A to the standar 
position. It is defined to be the Potential Energy of the syster 
in the position A. 

Only systems for which a work function exists, i.e. only con 
servative systems, can possess potential energy. 

For the sake of precision we present our previous statement 
in the following form : — A system in which the work done by a. 
the forces on all the particles, as they pass from one set of position 
to another, is independent of the paths of the particles, is said to b 
a conservative system, and the work done by the forces of sue 
a system, as its particles pass from any set of positions to 
determinate standard set of positions, is called the potentis 
energy of the system in the former set of positions. 

*138. Analytical condition for conservative system. Any positio 
of the system is supposed to be defined by assigning particular values to 
certain set of geometrical quantities. 

Suppose these quantities are 6, (p, tjr, ... 

Then the co-ordinates of every particle of the system can be expressed i 
terms of the values of 0, cjiytjf, ... at time i. 

Let x, y, z be the co-ordinates of any particle of the system at time 
X, T, Z the resolved parts, parallel to the axes, of the resultant force on it. 

We must have such equations as 

3;=f{6, 0, !//■, ...), 
where /denotes a one- valued function. 

Differentiating we have 
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It follows that any expression which is linear in the differentials such as 
doB is linear in the differentials such as de. 

Now X, T, Z will be one- valued functions oi 6, <p, \jf... since, as remarked 
in Article 135, the system cannot otherwise be conservative. 

Hence 2{Xdx+Ydy+Zdz), the summation referring to all the particles, 
is capable of being expressed in the form 

edd+^d(ti+'ird\jf + ... 
where e, *, SC are finite one- valued functions of 6, (ji, ^j,, ... 

Now it follows from the last paragraph of Article 136 that the work done 
in the small displacement represented by dd, d^, d^\r, ... is the dififerential of 
the work function in the position represented by 6, (j), ^, .... Let this 
function be W. 

Then we have an equation of the form 

dW=ede+^d<t,+'irdylf+..., 

expressing that the right-hand member is the complete dififerential of the 
one-valued function W. 

This result gives us such equations as 

®~ 3(9 ' *~3(^'-"' 
with the necessary corollaries 

3e_8* 

If there are n quantities such as 6, there are ^ (m — 1) equations such as that 
last written. These equations constitute the analytical conditions that the 
system may be conservative. 



Examples of Calculation op Work. 

139. Work done in the rising or falling of a body. Let M be the 

mass of any body, gi the acceleration due to gravity, Zq the height of the 
centre of inertia of the body above a particular horizontal plane, and let the 
body move to any other position in which z is the height of its centre of 
inertia above the same horizontal plane. 

The work done by the weight of the body is Mg (zq-z). 

If Zg<z the centre of inertia of the body is raised through a height z-z^ 
and work of amount Mff (z - Zq) is done against the weight. 

If the body is guided from the first position to the second under the action 
of forces whose resultant is always directed vertically upwards, and whose 
magnitude is always indefinitely little greater than the weight of the body, 
then the work done by these forces is Mg{z-z^). 
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140. Work done by tlie mutual actions between two particles. ] 

A, B be the initial positions of the particles, F the force between them. 



AM B N 

Fig. 42. 

fix ideas suppose F to act on the particle at A from A towards B. Let 1 
length ^5= Z. 

Let very small displacements be made so that A comes to A' and 
comes to B'; let the line A'B' make with AB an angle 6, which must be ve 
small when the displacements are very small. Also let A'B'=l', then I' 
also is very small. 

Let M, N be the projections of A', B' on AB ; to fix ideas suppose M is 
AB, and N in AB produced. 

The work done by the two forces F is 
F.AM-F.BN 
=F{AM-BN) 
=F{AB-MN) 
=F{l-l'cose) 
==F\{l-l')+l'{\-coae)]. 

Now 1 - cos 6 is an infinitesimal of the second order when B is of the fii 
order, and the work done is therefore F{1- V) to the first order of infinitesima 

141. Case where the distance is invariable. When the particles mo 
in such a way that the distance between them is unaltered, the sum of t 
works done by the forces exerted by the first on the second and by the secoi 
on the first is an infinitesimal of the second order when the displacements a 
of the first order. Hence in any finite displacement no work is done by su 
forces. 

Examples of this are (1) the tension of an inextensible string does i 
work; (2) the forces between the particles of a rigid body do no work. 

142. Work of gravitating system. Let m, m! be the masses of t\ 
particles of the system, r the distance between them, and let this distan 
become r+8r, the work done is, by Art. 140, 

Hence the work done by the forces between these particles as the 
distance changes from r^ to r^ is 



9 — OiT, 
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The work done in any displacement of the system is therefore 

tm/m! mm'~\ 

Where m, m' are the masses of two particles, r„ their initial distance, and j-j 
their final distance, and the summation extends to all the pairs of particles. 

For calculating the work function of such a system the most convenient 
position to choose as the standard position- is one in which all the distances, 
such as /-Q, are indefinitely great; then the work function is y% {mm'lr) where 
r is the distance between the particles m and m'. 

143. Potential Function. The potential function of a gravitating 
system at a point is the work function for the system and a unit mass at the 
point, when the standard positions of aU the particles of the system are the 
positions they occupy, and that of the unit mass is at an infinite distance. 

If m is the mass of any particle of the system, and r the distance of this 
particle from the point, the potential function of the system at the point is 
y2 {mir). 

If there is a particle of the system at the point that particle is to be 
omitted from the sum. 

Let V be the potential at P, and V the potential at P'; then V - Vis 
the work done by the forces in a displacement in which the particle of unit 
mass is displaced from P to P', and the particles of the system are not 
displaced. 

Let F be the resultant force on the particle of unit mass at P, i.e. the 
intensity of the field at P, and let X, Y, Z be its resolved parts parallel to the 
axes of reference ; then, if PP' is infinitesimal, and hx, by, bz are its projections 
on the axes of reference, and if F'= V+bV, we must have 

bV=Xb3C+Ybi/+Zbz. 

If PP' is parallel to the axis of a;, SFis the change made in Fby changing 
X into x+bx without altering y or z, and thus we have 

dx ' 

dV 'dV 

In the same way Y=^-, and Z=^. 

This shows that the resolved part in any direction of the force on the 
particle is the rate of variation of the potential per unit of length in that 
direction. 

144. Potential energy of gravitating system. Let m^, m^,... be the 
masses of the particles, r^^ *^^ distance between the positions of OTj and Mig, 
and similarly for the others, and let the standard position be that in which all 
the distances, such as r^.^, are indefinitely great. 

L. 9 • 
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The potential energy is 

the summation being extended to all the pairs of particles. 
It is clear that this can be written 

and then the factor multiplying m^ is the potential of the system at the point 
occupied by m^, the factor multiplying mIj is the potential of the system at 
the point occupied by m^, and so on. 

Thus the potential energy of the system is —\'SmV, where m is the mass 
of any particle, and V the potential of the system at the point occupied by it. 

145. Gravity. Consider the particular case of a heavy body near the 
Earth's surface. We regard the Earth as a spherical body with its mass so 
arranged that its attraction on a particle at an external point is the same as 
that of a particle at its centre of mass equal to the mass of the Earth. Let E 
be this mass. 

Then the particles of the Earth exert on a particle of mass m near its 

surface a force y —^ where r is the distance of the particle from the Earth's 

centre. 

This is very nearly equal to the weight of the particle, viz. to mg, where g 
is the acceleration due to gravity. 

E 
We therefore have y -^=g approximately. 

When the particle is displaced so that r becomes r+8r the work done by 
the forces is — mqSr. 



Now when the particle remains near the Earth's surface at a place, 8r is 
the height above a horizontal plane through which it is raised, and the height 
through which the centre of inertia of a system of such particles is raised is 

2m 

Hence the work done in the displacement of the body is Mgh, where M is 
the mass of the body and h the height through which its centre of inertia 
falls. 

This is the same result as that differently expressed in Article 139. 

146. Examples of conservative systems. The gravitating system 
discussed above is an example of a conservative system. No matter by what 
paths the particles move from one set of positions to another the work done 
depends only on the initial and final distances. 



144-147] CONSERVATIVE SYSTEMS. 131 

It is clear that this is the case also whenever the force between any 
two particles is a one-valued function of their distance and does not depend 
upon any other variable. 

There is a more general case possible; viz., when the force between two 
particles is a one-valued function of their distance and of the other distances 
between particles of the system ; provided such functions satisfy certain 
conditions, 

147. Potential Energy of Stretched String. In the case of gravitation 
the work done by internal forces in any displacement can be calculated 
directly, even for the case of a continuous body, but in other cases, where the 
internal forces themselves are only assigned as regards their resultants across 
small elements of area, the work done by the forces constituting these 
resultants is calculated indirectly by the application of the Principle of 
Virtual Work. (Article 157.) 

We shall carry out the calculation for an extensible string. 

Suppose an element of the string of natural length A«q, which will 
presently be taken infinitesimal, is in equilibrium under the tensions at its 
ends and any bodily forces, and suppose e is the extension of the element, and 
X the modulus of elasticity. Then, with sufficient approximation, the length 
is (1 + e) ASo, and the tension at either end is Xe. The bodily force acting on 
the element is of the order Xf . Asq, viz., of the order of the difference of 
tensions at the ends. 

Now let the ends be slightly displaced so that the length is increased, and 
let the extension become e+Ae, so that the length is (1-|-€+Ae) As,. The 
work done by the tensions at the ends is Xe . Ae . ASq. The work done by the 
bodily forces is of the same order as the product of this quantity and ASq. 

Let A W be the work done by the internal forces during the displacement, 
then, with sufficient approximation, the equation of Virtual Work is 
AW + \€ . Ae . As„=0. 

It thus appears that the work done by the internal forces within the 
element ds^ of the string in an indefinitely small displacement de is dW, 

where 

dW'= -dSf,.\e.de. 

Hence the work done by the internal forces in the string, when it is 
stretched from its natural length until the extension at any element becomes 
E, is W, where 

W'=- jds„ jXfde 

= -JXje2dsoi 
the integral being taken along the string. 

When the string is uniformly extended we find 

TF'=-iXE%=-i(5^f)(v). 

9—2 



132 THEORY OF WORK AND ENERGY. [CHAP. VIII. 

where the two factors are the tension in the stretched state and the increase 
of length. 

Eeferring to the definition in Article 138 we see that the potential energy 
of the stretched string is JXe^, when the extension is uniform, and is 
^Xje^dSf, in any case, the standard state being that in which the string has its 
natural length. This potential energy is equal to the work that would be 
done by the internal forces between the parts of the string if the string were 
allowed to contract freely to its natural length. 

148. Spring. In the same way, for a spring whose mass is neglected, 
whether the spring is extended or contracted, the potential energy when the 

length is I is ^X ^ — =-2^ , where l(, is the natural length, and X the modulus of 

elasticity. 

149. Localisation of Potential Energy. The potential energy of a 
gravitating system and the potential energy of a stretched string are two 
examples of the potential energy that arises from internal forces between the 
parts of a system. 

But the two cases present a marked difiFerence. In the case of the string 
we are able definitely to assign a certain amount of the potential energy to 
every element of the string, that amount depending only on the state of the 
element. We can do this in such a way that every change in the energy so 
assigned to the element corresponds to a definite change in the state of that 
element. We may therefore say that the energy is located in the element. 
The amount so located in an infinitesimal element is ^\e^dsQ. We can think 
of it as possessed hy the element, just as kinetic energy is possessed by a 
particle. 

In the case of the gravitating system we are not able to assign a certain 
amount of the potential energy to any part of the system, in such a way that 
■changes of the energy so assigned correspond to changes in the state of that 
part, independently of changes in the position of the part relative to other 
parts. We cannot, in any way that shall be completely satisfactory, locate 
some portion of the energy in one part of the system, another portion in 
another part of the system, and so on. For instance in the case of the heavy 
body near the Earth's surface we cannot locate the energy in the body, nor in 
the Earth, nor in any definite proportion some of it in the body and some in 
the Earth. We have to think of it as possessed hy the system, not by the 
bodies composing the system. 

It is however frequently convenient, when discussing the motion of a body 
in a conservative field, to attach, in imagination, the potential energy of the 
system to the body, and when we do this we shall speak of the energy as 
"potential energy of the body in the field." For example, the potential of a 
gravitating system at a point, with its sign changed, is the potential energy of 
a unit mass at the point in the field of the gravitating system. In the case of 
a heavy body near the Earth's surface the expression Mgh of Article 139 is 
the potential energy of the body in the field of the Earth's gravitation, when 
its centre of inertia is at a height h above a particular horizontal plane. 
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150. Forces which do no work. Constraints. Among forces which 
do no work we have already had occasion to notice, 

(1) the tension of an inextensible string, 

(2) the internal forces between the parts of a rigid body. 

Both of these are of the nature of constraints, viz., they are forces required 
to maintain geometrical conditions. 

Other examples of forces which do no work are 

(1) the pressure between smooth surfaces, 

(2) the reaction between rough surfaces which roll on each other. 

These also are forces required to maintain geometrical conditions. 

In the case of smooth surfaces there is no relative displacement of the 
points that come into contact in the direction of the pressure, and thus as 
much work is done against the pressure on one body as is done by the pressure 
on the other body at any point of contact. 

In the case of rough surfaces which roll on each other there is no relative 
displacement of the points that come into contact in any direction, and thus as 
much work is done against the pressure on one body as is done by the pressure 
on the other body at any point of contact, and as much work is done against 
the friction on one body as is done by the friction on the other body at any 
point of contact. 

Care is required in the application of these results to the discussion of the 
motion of one body in contact with another body. When both bodies are in 
motion, relatively to the frame of reference, usually the pressure, or reaction, 
on ore body at a point of contact does work, and this work must not be 
omitted from the work function (if there is one) of the forces acting on that 
body. Thus it may well happen that there is no energy equation (Article 151) 
for a single body, forming part of a system for which there is an energy 
equation. 

When however a body slides in contact with a smooth, or rolls in contact 
with a rough, surface which has a fixed position relative to the frame of 
reference, then the pressure, or reaction, at a point of contact does no work. 

The notion of constraint, explained in Article 118, may be generalised. 
We shall call forces which do no work constraints., 

151. Equation of Energy. As in Article 105 let mibethe 
mass of any particle of a system, ooi, y^, z^ its coordinates at time t, 
Xi, Yi, Zi the resolved parts, parallel to the axes, of the resultant 
of all the forces exerted upon it by particles outside the system, 
X/, Fi', Z^ the resolved parts parallel to the axes of the resultant 
of all the forces exerted upon it by the other particles of the 
system. The equations of motion are such as 
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We multiply the x^ equation by x^, the y^ equation by yi, and 
so on, and add together all the equations thus obtained. This 
process gives 

%m{xx->ryy + zz) = 'S.{{X + X')x + {Y-\-Y')y + (,Z-^Z')zl 
the summation extending to all the particles. 

The left-hand member of this equation is 

where T is the kinetic energy of the system (Art. 104). 

If then we multiply by dt, and integrate both sides with 
respect to t from t„ up to t, we obtain the equation 

T- To =2 f(Z -1-Z') dx->r{Y+ F) dy + {Z+Z') dz, 

where T^ is the kinetic energy at time U, and the integrals on the 
right are line-integrals taken along the paths of the particles from 
their positions at time U to their positions at time t. 

The right-hand member of the equation last written is the 
work done by all the forces (internal and external) acting on all 
the particles as they move from their positions at time ij to their 
positions at time t, and the equation can be stated in words : — the 
change of the kinetic energy of the system, as it passes from one 
set of positions to another set of positions, is equal to the work 
done by the forces in the same displacements. 

When the system is conservative, let V be the potential energy 
in the position at time t, and FJ, the potential energy in the 
position at time ^o. then the right-hand member of the equation is 
V(, — V. The equation can therefore be written 

and this result can be expressed in words : — The total energy of 
the system, or the sum of the kinetic energy and the potential 
energy, is a constant quantity. 

The equations of motion of a conservative system always possess 
an integral which expresses the constancy of the total energy, and 
this integral is, as we have seen, equivalent to the statement that 
the change of kinetic energy between two positions is equal to the 
work done by the forces on the particles as they pass from the first 
position to the second position. The latter statement is true 
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whether the system is conservative or not, but it is not always an 
integral of the equations of motion. In order that it may be so, 
we must be able to calculate the work done without solving the 
equations of motion, and, except for conservative systems, this is 
generally impossible. 

152. Positional and Motional Forces. We may imagine 
cases in which the forces acting on a particle have definite magni- 
tudes, directions, and senses determined by the positions of the 
particles of the system and of other systems, or, in other words, 
where the forces are one-valued functions of the geometrical 
quantities defining the position. Such forces are said to be posi- 
tional. 

We can imagine other cases in which the forces in any 
positions depend on the velocities in those positions or on the 
paths by which those positions are reached. Such forces are said 
to be motional. 

The characteristic of positional forces is that the work done by 
them as the system passes, by any set' of paths, from a position A 
to a position B is numerically equal to the work done in passing, 
by the same set of paths, from the position B to the position A, 
but has the opposite sign. 

Now suppose a system moves under the action of positional 
forces only. Let it pass by one set of paths from the position A 
to the position B, and by another set of paths from the position B 
to the position A. If the system is conservative no work is done, 
and the kinetic energy at the end of the cycle is the same as that 
at the beginning. If the system is not conservative the paths can 
be adjusted so that the work done in some cycle is positive : the 
kinetic energy at the end of the cycle is greater than at the 
beginning. By repeatedly performing the cycle the system can 
continually acquire kinetic energy. Such a system would constitute 
a " perpetual motion." 

In Nature no perpetual motion has ever been found, and it is 
therefore in accordance with observed facts to subject the forces of 
Rational Mechanics to the restriction that positional forces are 
always conservative. 

Motional forces on the other hand are generally non-conserva- 
tive. For example, the friction between two rough bodies is 
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reversed in sense when the relative motion of the points of contact 
is reversed in sense. Since the friction always acts so as to 
oppose slipping, the work done by the friction in any displace- 
ment is negative (or zero), and thus friction in a system never 
increases the kinetic energy. Systems in which we recognise the 
action of forces always tending to diminish the kinetic energy 
without producing an equivalent in potential energy are said to be 
dissipative. 

153. Conservation of Energy. In any system every 
increase in the kinetic energy can be regarded as produced by 
forces which do work, and every decrease by forces against which 
work is done. In a conservative system every increase of kinetic 
energy is accompanied by a diminution of potential energy, and 
conversely. In such a system the total energy, as well as the total 
mass, remains always the same, and all motions are processes in 
which redistributions of the energy among the parts of the system, 
or else transformations of the energy, from kinetic to potential or 
from potential to kinetic, take place. 

In a conservative system let E be the total energy. Let T be 
the kinetic energy, and W the work-function, in any position. 
The equation of energy can be written 

T = E+W, 
showing that the kinetic energy is a one-valued function of the 
quantities that define the position of the system. 

The principle of the Conservation of Energy is a principle 
which asserts that the occurrence of dissipative forces in the 
formulation of the laws which govern any phenomenon is invari- 
ably due to an imperfect analysis of the circumstances. The 
suggestion is that when the circumstances are completely analysed, 
and the motions of all the parts of the system are allowed for, the 
total kinetic energy will be found to be in every case a function of 
position only, as it is in the case of a system moving under con- 
servative positional forces. This is the same thing as saying that 
for a system isolated from the action of external bodies, or under 
such external actions only as can be represented by conservative 
positional forces, there is a constant total energy, some. part of 
which is at any instant kinetic energy, and the remainder potential 
energy. 
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Cases in which the mechanical description of the motion, 
according to the principles laid down in Chapters V. and VII., 
requires the assumption of motional forces can only be brought 
under the principle by supposing that the motions of the centres 
of inertia of parts of the system, motions of rotation of these parts, 
and strains effected in them, are not all the motions of which such 
systems are capable. In the Chapters referred to we assumed 
that bodies might be treated as continuous, and, on that assump- 
tion, there cannot be any motions of bodies other than those 
mentioned. There are however very many phenomena which 
suggest that natural bodies are of discontinuous structure, and, on 
this assumption, the mechanical descriptions, assuming continuity, 
would be first approximations in which volumes of a certain order 
of smallness are treated as infinitesimal. This can be expressed in 
another way by sajdng that the motion of a particle is motion of 
translation only, and that in the mechanical description of the 
motion of a body portions of finite size are" treated as particles. 
Such a treatment affords an adequate description of many 
motions. 

When we wish to retain the method of treatment by assurnp- 
tion of continuity, and at the same time to adopt the Principle of 
the Conservation of Energy, we make a compromise by imagining 
that there are forms of energy which are neither kinetic nor 
potential, that processes can be imagined by which quantities of 
energy in any form can be transformed into equal quantities of 
energy in any other form, and that in particular any form of 
energy can be transformed into mechanical potential energy. Now 
mechanical potential energy of a system in any position is 
measured by the amount of work which would be done by the 
forces of the system if the system passed from that position into a 
certain standard position. 

We are thus able to make the following definition : — 

The energy of a system in any state is its capacity for doing 
work, and is measured by the amount of potential energy the 
system would possess if all its energy were transformed into 
mechanical potential energy. 

The Principle of the Conservation of Energy is then the state- 
ment that the energy of a system is a quantity which can be 
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neither increased nor diminished by any internal action, but can 
exist in any of the forms of which energy is susceptible. 

When we do not retain the conception of bodies as continuous, 
but make a more complete analysis of the circumstances of any 
motion, we are guided by the same principle in the form first 
stated, viz. : when all motions are allowed for, the total energy of 
the system is constant, and exists only in the forms of kinetic and 
potential energy. 

154. Power. When work is done by the action of a system 
S upon a system S' the forces exerted by the particles of S upon 
the particles of (S' do work in the displacements of the particles of 
S'. In cases where the energy can be localised the energy of the 
system S' is increased, and that of 8 diminished, by a quantity equal 
to the amount of work so done. The number of units of work done 
in any interval bears a definite ratio to the number of units of 
time in the interval ; and, when the interval is indefinitely short, 
this ratio has a limit, which is the rate at which work is being done 
per unit of time. 

The power of a system acting on another system is the rate per 
unit of time at which the first system does work upon the second. 

Corresponding to each force between particles of the two 
systems there is a certain power measured by the product of the 
magnitude of the force and the resolved part, in its direction, of 
the velocity of the particle on which it acts, or by the product of 
the magnitude of the velocity of the particle and the resolved part, 
in its direction, of the force exerted upon it. The sum of all these 
powers is the power of the first system acting on the second. 

The power can be measured equally by the rate at which work 
is done upon the second system or by the rate at which the first 
system does work. 

Thus in any machine performing mechanical work a certain 
amount of energy is expended, and an equal amount of work done, 
per unit of time ; and the machine is said to be " working up to a 
power '' measured by the rate at which the work is done. - 

155. Kinetic Energy produced by Impulses. As in 
Article 11.3 let x, y, i be the resolved parts parallel to the axes of 
the velocity of the particle of mass m just after an impulse, ^, ^, j 
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the similar resolved parts of the velocity just before the impulse, 
-?> Y' ? the sums of the resolved parts parallel to the axes of the 
external impulses applied to m, ^', Y', Z' the sums of the similar 
resolved parts of the internal impulses, T and T^ the kinetic 
energies of the system just after and just before the impulses. 
We have such equations as 

m(«-^) = X+X'. 
Also T-T, = ^Xm {d? + 2/2 + i») - ^tm (p + if + t^) 
= \%m (x — ^) (« + ^) + two similar terms 
= ^S (^ + X') (ic + 1) + two similar terms. 
Thus, the change of kinetic energy produced hy impulses is the 
sum of the products of all the impulses and the arithmetic means of 
the velocities, in their directions, of the particles to which they are 
applied just before and just after the impulsive actions. 

It is very important to notice that the internal impulses may 
not be omitted from the equation here obtained, just as the internal 
forces may not be omitted from the equation of energy of Article 
151. 

156. Virtual Work. We have' defined the work done by a force when 
the particle on which it acts undergoes any finite or infinitesimal displacement. 

Suppose the particle is in motion in any manner, then our definition 
applies not only to the actual displacement of the particle but also to any 
other possible displacement. 

The work done by a force in an infinitesimal displacement which is not 
necessarily the actual displacement is called the virtual work of the force for that 
displacement, and the displacement itself is called a virtual displacement. 

157. Principle of Virtual Work. The sum of the virtual worh of all the 
forces on a system in equilibrium vanishes in every infinitesimal displacement. 

The sum in question vanishes, not by the quantities that express the 
displacements becoming indefinitely small, but by the factors that multiply 
these quantities in the sum being indefinitely small. 

We have already seen that the work of a system of forces acting on a 
particle is equal to the work of their resultant, and this applies to infinitesimal 
displacements. Now when the particle is in equilibrium under the forces the 
resultant vanishes identically. Hence the virtual work of the forces vanishes. 

Again, for a system of particles in equilibrium under the action of a system 
of forces each particle is in equilibrium, and therefore the principle enunciated 
holds good for each particle. It follows by addition that the principle holds 
for the system. 
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From the theorem of Article 140 it follows that the virtual work of the 
forces between the particles of a rigid system is an infinitesimal of a higher 
order than the virtual displacements. This work may therefore be omitted 
in the calculation of the virtual work for the system. Hence for a system of 
rigid bodies in equilibrium we have the result that the sum of the virtual 
works of all the external forces applied to all the rigid bodies vanishes for 
every possible infinitesimal displacement. 

*158. Virtual moment of localised vector. In the same way in which 
we defined the virtual work of a force we may define a quantity connected 
with any vector localised at a point. Such a quantity will be called the 
virtual moment of the vector. Further, the definition may be made to apply 
to a vector localised in a line through the point. We shall say that the 
product of any infinitesimal displacement of a point and the resolved part, 
in the direction of the displacement, of a vector localised in a line through 
the point is the virtual moment of the vector for that displacement. 

The virtual moment of a force for any displacement is the virtual work of 
the force in that displacement. 

It is clear, as in Article 131, that the virtual moments of two equivalent 
systems of vectors localised at a set of points, or in lines through the points, 
are equal. 

''^159. Variational ecLuation of motion. Since the kinetic reactions of 
a system of particles and the forces acting upon them are equivalent systems 
of vectors, it follows that, for every infinitesimal displacement, the virtual 
moment of the kinetic reactions is equal to the virtual work of the forces. 

The virtual work of the forces is the work done in the infinitesimal 
displacement, and this is equal to the infinitesimal change that wodd be 
made in the kinetic energy if that displacement were executed. 

It follows that the infinitesimal change in the kinetic energy is equal to 
the virtual moment of the kinetic reactions. 

Analytically, the virtual displacement 8x, by, hz, of any particle can be 
expressed in terms of the quantities 6, <f>,... that define the position, of the 
system and their differentials 86, 80,.... The kinetic reactions mx, my, mi, 
can be expressed in terms of 6, 0,... their velocities 6, 0,..., and their 
accelerations 6, <f,..., and the equation stated above can be written 

Sm {x8x +y8y + z8z) = 2 [(X+ X') S« + ( F+ ¥') 8y + {Z+ Z') 8z\ 
The left-hand member can be transformed into an expression linear in 86, 
80,... with coefficients depending on 5, 0,..., ^, 0,..., ^, 0,..., and the right- 
hand member can be transformed into an expression of the form ei86-\- *S0 -I- . . . . 
To secure the equality of the two sides for all values of the ratios 85 : 80 : ..., 
it is necessary and sufficient that the coefficients of 86, 8cj>,... on the two 
sides should be equal. 

The equations thus obtained must be the equations of motion of the 
system expressed in terms of the quantities 6,<f>,... which define its position 
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at any time. The general equation above written is therefore equivalent to 
all the equations of motion of the system. It is called the general variational 
equation of motion. 

The expression of the coefficients of Sd, S0,... in the left-hand member is 
beyond the scope of this book. 



CEITICAL NOTE. 

The conception of bodies, as continuous and made up of particles, and the 
conception of the mutual actions of bodies, as made up of forces between 
particles, are, as a matter of historical fact, the two conceptions upon which 
the existing science of Mechanics has been .based. They possess further the 
advantages, (1) that it is possible to found upon them a strictly logical 
deductive theory, in fact the theory sketched in the preceding Chapters and 
to be exemplified in subsequent Chapters, and (2) that this theory provides 
an adequate abstract formulation of the rules obeyed by the motions of the 
bodies of the solar system, and of matter in bulk under ordinary conditions. 
It has thus historically developed into a scheme which successfully coordinates 
an immense number of disconnected observations concerning matters of fact. 
Accordingly this theory constitutes a science, a logically valid and practically 
valuable method of representing observed facts by abstract formulas. 

An objection has been raised against this method of formulation*, that at 
the outset it admits a possibility which it afterwards excludes — the possibility 
of non-conservative positional forces. This objection seems to me to have no 
weight, since we should expect that, in a theory logically deduced from 
definitions and postulates, the postulates could not all be introduced at the 
beginning, but rather that, at certain stages of the process of deductive 
argument, it would happen that a choice among different possibilities would 
offer itself. At such stages additional postulates might be introduced, and, 
in fact, the postulating of the Law of Gravitation as a general law of force is 
an example of the method of making such a choice among postulates. In all 
such cases that postulate is to be preferred which accords with the simplest 
expression of observed facts. 

There are however other objections of a more serious character. The first 
of these is that the theory cannot be complete, or that it aims at an unattain- 
able precision. In order to state completely in terms of the theory the rules 
that govern the motions of bodies we should require to know what law of 
force between the hypothetical particles ought to be assumed in the cases in 

* By Hertz in his Principien der Mechanik, Leipzig, 1894. 
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which we cannot take it to be the law of gravitation. No success has attended 
the efforts of those physicists who have sought after a law of force to account 
for cohesion, and little success has been attained in seeking similarly to 
account for the phenomena of elasticity. In the Rational Mechanics of 
cohesion and elasticity it has been necessary simply to assume that there 
coxild be forces between particles in any positions of such magnitudes as 
would produce agreement with facts of observation; on the other hand no 
proof has been adduced of the impossibility of such forces. In the absence of 
such proof, and of more cogent objections, the theory would retain its value. 

The most important of the objections against the theory is directed 
against the fundamental conception of bodies on which it rests. This 
conception in fact competes with a different one, which has been deduced from 
physical and chemical observation and experiment. I mean the molecular 
hypothesis. Referring to Article 67, it will be observed that we have inferred 
from the apparent diminution of heterogeneity of a body with the size of the part 
considered that the smallest parts of bodies are homogeneous, and the whole 
of our theory really turns on this supposition. Now if we should have any 
reason to suppose that the approach to homogeneity does not continue in- 
definitely with diminution of size, but that, after a certain limit of smallness 
with approximate homogeneity has been reached, further progressive diminu- 
tion of size would be accompanied by accentuated heterogeneity; then it 
would appear that our theory could at best be a first approximation. Now 
the observed facts on which the molecular hypothesis is founded are all of the 
kind just indicated; they all point to the existence of structure in parts of 
bodies extremely small compared with any parts that we can actually separate 
from the rest for purposes of observation and experiment. 

Here then we have arrived at an apparent contradiction. Starting* with 
statical considerations, concerning the mutual actions of approximately rigid 
bodies, with experiments on falling bodies, and with Astronomical observations, 
we have been led to a certain hypothesis concerning the structure of bodies. 
Starting with a different set of experiments and observations we are led to 
form a quite opposite hypothesis, and there can be no doubt that the second 
hypothesis is better established than the first. Thus some part of the system 
of postulates on which we based our Rational Mechanics, though valid in 
logic, is not a true representation of facts, and it is desirable to endeavour to 
reconcile the opposing hypotheses by giving up something not really essential, 
but actually treated as fundamental, when the general problems of Physics 
are approached from one side or the other. 

To seek ground for reconciliation let us look a little more closely at the 
results of our theory. That bodies behave as if they were made up of 
particles possessing what we have called definite mass-ratios, i.e. that bodies 
have the property we call mass, affects the motions of systems of bodies in a 
perfectly definite way. There is for each body a definite mass, which is 
always, a constant coeflScient entering in the same place in the equations 
governing its motion. There is absolutely no doubt that we must attribute 

* See Historical Note at the end of Chapter V. 
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to every body of ordinary dimensions the property of mass. Whether any 
physical meaning can be attached to the phrase "mass of a molecule" is not 
a question with which we need here concern ourselves. 

In the next place we have arrived at certain quantities which we call quanti- 
ties of energy, and we have admitted the existence of two kinds of energy, one 
depending on motion, the other on position. In our theory the notion of energy 
was derived by a long process from the notion of force. Now, if ;ve had deve- 
loped our theory a little further by purely analytical processes, we should have 
found, at least for conservative systems, that the equations of motion of such 
a system could be deduced by a particular process of difl'erentiation from a 
knowledge of two analytical expressions, one representing the kinetic energy, 
and the other the potential energy. The method by which this can be done 
is, in fact, the method of the variational equation indicated in Article 159. 
The virtual work of the forces, which was the right-hand member of the 
equation, was shown to be derivable by differentiation from the expression 
for the potential energy. The virtual moment of the kinetic reactions 
can be shown to be derivable by certain differentiations from the kinetic 
energy. This important result is due to Lagrange. It thus appears that 
from the expressions for the kinetic and potential energies of a conser- 
vative system alone, if properly set down, all the equations of motion can be 
deduced. In particular the equations of motion of the bodies of the solar 
system can be so deduced. It is absolutely necessary to attribute to every 
body of ordinary dimensions the possession, in general, of kinetic energy, and 
to attribute to every system of bodies the possession of energy, only a part of 
which is kinetic. 

Here then we seem to have some grounds for the kind of compromise we 
are seeking. The suggestion is that we should retain the conceptions of mass 
and energy, and the separation of forms of energy, one form being kinetic. 
In accordance with this suggestion mass will be a property of bodies which 
affects their motions precisely as before ; to formulate this property we have 
merely to make the mass of a body a constant coefficient of a term in the 
kinetic energy ; further force will be an expression for the amount of mutual 
action, which will be derivable from the expression for the potential energy 
whenever the system is conservative ; and thus, in many cases, observed facts, 
stated in the beginnings of the science in terms of resultant forces, can be 
stated in the same way still; and we have seen that, except for gravitation, 
nothing about forces other than resultants can be stated both with precision 
and so as to agree with facts of observation. 

Now if we were asked what this mass or energy that we are talking 
about is, we should have to confess that we did not precisely know, that we 
could not expect to know until we had explored and formulated the whole 
domain of physical science. We should have to say that the notions were 
reached by means of a provisional theory in which they had perfectly definite 
meanings; that they had been further generalised because the old theory 
succeeded in representing some facts, and failed in representing others, and 
in such representations these two were the most important among the really 
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representative conceptions ; that these conceptions corresponded with facts in 
special ways, the correspondence being rather with the average and general 
properties of bodies of ordinary dimensions than with the precise and 
particular properties of their hypothetical particles. 

We have now arrived at the conclusion that, if we are prepared to abandon 
precise definition and the purely logical deductive method, as unsuited to 
a science at present incompletely known, we may construct a physical theory, 
indefinite in parts and incomplete in details, but nevertheless available for 
co-ordinating the results obtained by physical investigation, and capable of 
being itself advanced towards perfection thereby. 



METHODS AND APPLICATIONS. 
CHAPTER IX. 

MOTIONS OF FREE PARTICLES IN GIVEN FIELDS OF FORCE. 

160. The application of the principles which have been laid 
down in previous Chapters to the discussion of the motions of 
particles in particular circumstances is the part of our subject 
usually described as " Dynamics of a Particle." We shall devote 
to it the two following chapters, and shall have occasion to refer to 
it again in Chapter XII. This part of our subject divides itself 
into two main branches, referring respectively to free motions 
under given forces, and to constrained and resisted motions taking 
place under forces which are not all given. We confine our 
attention in the present Chapter to free motions. 

We have thus to consider the motion of one particle, or of 
several particles, relative to a given frame, when each particle is 
under the action of forces relative to the frame which are given at 
every point. Physically such forces are presumed to arise from 
the actions upon the particle of other particles ; but for our 
purpose the important thing is that they produce given accelera- 
tions, and in many cases the way in which the acceleration arises 
need not be taken into account. Further when we are consider- 
ing the motion of a single particle, whose acceleration is given, it 
is immaterial what mass we attribute to the particle, and we 
can therefore, if we wish, take its mass to be the unit of mass ; but 
for the sake of comparison with other cases we shall generally 
take it to have a given mass. When we are considering the 
motions of several particjes we must suppose each particle to have 
a given mass. 

L. 10 
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For a single particle the kind of application we can make of 
our theory appears as an extension and generalisation of the 
results of Chapter IV. ; the importance of such applications arises 
from the theorem of Article 108, according to which the centre of 
inertia of a body moves like a particle under the resultant of the 
forces applied to the body. 

We shall not in what follows, as we have hitherto, continually 
mention the frame of reference, and repeat that the motion 
discussed is motion relative to the frame ; but this is always to be 
understood. Thus when we speak of a fixed point or a fixed line 
we shall mean a point or a line occupying a definite position 
relative to the fi-ame of reference ; when we speak of the path 
of a particle we shall mean its path relative to the frame of 
reference. 

161. Method of Particle Dynamics. The method of 
formation of the equations of motion has been described in Article 
80. It consists in equating the product of the mass of the particle 
and its resolved acceleration in any direction to the resolved part 
of the force acting upon it in that direction. The equations thus 
arrived at are differential equations. The left-hand member of 
any equation contains differential coefficients of geometrical 
quantities with respect to the time. The right-hand member is, 
in general, a given function of geometrical quantities. Although 
there are many cases in which equations of this kind can be 
solved, there exists no general method for solving them. 

Diversity can arise, in regard to the formation of the equations, 
only from the choice of different directions in which to resolve. 
Thus we may resolve parallel to the axes of reference, or we may 
resolve along the radius vector from the origin to a particle, and 
in directions at right angles thereto, or again we may resolve 
along the tangent to the path of a particle and in directions at 
right angles thereto. The most suitable directions to choose in 
particular cases are determined by the circumstances. 

In regard to the solution of equations of motion we can only 
premise that in cases where there is an equation of energy (Article 
151), or an equation of conservation of linear momentum, or of 
angular momentum (Articles 111 and 112), these equations are 
first integrals of the equations of motion. 
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162. Conservative Field. As in Article 80 let m be the 
mass of the particle, x, y, z its coordinates at time t, X, Y, Z the 
resolved parts of the forces acting upon it ; then, if the field of 
force is conservative, Xdx + Ydy + Zdz is the complete differential 
of a function W, so that 

dx ' dy ' dz ' 

The equations of motion of the particle are 

.. dW .. dW .. dW 
mx = ^, my = ^, mz = ^, 

and they possess the integral (Article 151) 

Jm {x^ + y' + z'')=W+ const. 

If V is the magnitude of the velocity of the particle at time t, 
this equation can be written 

^mv''— Tr+ const. 

This equation applies to all the particular cases discussed in 
Chapter IV. 

163. Conservation of Linear Momentum. Suppose the 
axis a; is a direction in which there is no resolved part of the 
force acting on the particle. The equation of motion by resolution 
parallel to the axis x is mx = 0, and it follows that x is constant 
throughout the motion, or the resolved velocity in any direction in 
which the resolved part of the force vanishes is constant. This is 
a special case of the general principle considered in Article 111. 

164. Conservation of Angular Momentum. Suppose 
the axis ^: is a line about which the forces acting on the particle 
have no moment. Then we have 

x7-yX = 0. 

Hence multiplying the equations 

mx = X, my = Y 
respectively by y and x, and subtracting, we have 

m (xy — yx) = 0, 
and this equation possesses the integral 

xij —yx= const. 
This is a special case of the general principle considered in 
Article 112. 

10—2 
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165. Motion of a body under gravity. The frame of reference is 
supposed to be fixed relatively to the Earth and to have its origin at a place 
on the Earth's surface near which the motion takes place. Then it is 
approximately true that the field of force is of intensity g directed vertically 
downwards, and we treat this statement as exact. 

The equations of conservation of linear momentum show that the motion 
takes place in the vertical plane through the direction of projection, and that 
the horizontal velocity in that plane is constant. 

Let the axes of x and y be a fixed horizontal and vertical in this plane, the 
positive sense of the axis y being upwards, then we have 

is = const. =M say. 
The kinetic energy of the body is \in {x^+ip). 
The potential energy of the body in the field (Article 149) is mgy. 
Hence the equation of energy is 

^n {x^ +y^) + mgy = const. 
This equation may be written 

^k2 |i + \^\ I + mgy = const., 
or, by choice of the constant 

-^ = ^^9Xdx, 

Nyo-y ** 

giving (^ - ^o)^ = -^ (i'o - 3'). 

where x^ is a constant of integration. This equation represents a parabola 
with axis vertical and vertex upwards, the point (a:,,, y^) being the vertex. 

166. Motion under a central force. For a particle under the action of 
a force to a fixed point which is a function of the distance from that point, 
the principles of the conservation of energy and momentum supply all the 
first integrals of the equations of motion. Drawing a plane through the fixed 
point and the tangent line to the path at any instant, the hnear momentum 
perpendicular to this plane is constantly zero, so that the particle moves in 
the plane. The moment of momentum about an axis through the fixed point 
perpendicular to the plane remains constant, and this gives us an equation of 
the form 

pv=h, 

where the notation is that of Article 50, and we see that mh is the moment of 
momentiun about this axis. The kinetic energy of the particle is ^mv^, and 
the potential energy of the particle in the field is 



/• 



mfdr. 
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mf being the central attractive force, and thus the equation of energy is 
\m,v'''-\- I mfdr =conBt. 
This equation can be written 

and can thus be identified with the equation (1) at the top of p. 63. 

167. Production of simple harmonic motion. We have 
explained in Article 127 that the tension in an extensible string is 
proportional to the extension, so that a body attached to such a 
string will be subject to a force in the line of the string, of the 
amount indicated, so long as the string remains stretched. Thus 
if the string is attached to two fixed points whose distance apart 
is greater than its natural length, and the body is attached to any 
point of it, then, when the body is displaced in the line of the 
string from its position of equilibrium, there will be a force urging 
it towards its position of equilibrium, and proportional to its dis- 
placement. It will therefore have a simple harmonic motion. 

Again, as we have explained in Article 129, the stress in a 
spring is tension proportional to the extension when the spring is 
extended, and pressure proportional to the contraction when the 
spring is compressed, so that a body attached to the spring will 
be acted upon by a force proportional to its displacement from 
the position in which it would rest. It will therefore have a 
simple harmonic motion. 

We may also state here that in very small vibrations of a 
system about a position of equilibrium each particle executes a 
motion compounded of simple harmonic motions in various direc- 
tions. 

Taking the case of the body attached to the spring, moveable 
in the line of the spring, and under no force except that arising 
from the action of the spring, let on be the displacement of the end 
of the spring to which the body is attached, the other end being 
fixed, the stress in the spring is tension /mx when the spring is 
extended through x, and pressure fix when the spring is com- 
pressed through X, where fi is a, constant depending only on the 
spring. This constant is known as the " strength " of the spring. 
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Thus, if TO is the mass of the body, the equation of motion of the 
body is mx = — /j,x. 

The mass of the spring being neglected, the kinetic energy is 
^mx', and the potential energy is ^fiar', and thus we have the 
equation of energj' ^mx' + ^fus' = const., from which the equation 
of motion might be deduced by differentiating with respect to the 
time. 

168. Examples. 

1. A particle of mass m is attached to the middle point of an elastic 
thread, of natural length a and modulus X, which is stretched between two 
fixed points. Prove that, if no forces act on the particle other than the 
tensions in the parts of the thread, it can oscillate in the line of the thread 
with a simple harmonic motion of period n iJ^majX). 

2. A particle of mass m is attached to one end of an elastic thread, of 
natural length a and modulus X, the other end of which is fixed. The 
particle is displaced until the thread is of length a + 6, and is then let go. 
Prove that, if no forces act on the particle except the tension of the thread, it 

will return to the starting point after a time 2 f tt + 2 t ) * /TT " 

3. Prove that, if a body is suddenly attached to an unstretched vertical 
elastic threae} and let fall under gravity, the greatest subsequent extension is 
twice the statical extension of the thread when supporting the body. 

4. Prove that, if a spring is held compressed by a given force and the 
force is suddenly reversed, the greatest subsequent extension is three times 
the initial contraction. 

5. An elastic thread of natural length a has one end fixed, and a particle 
is attached to the other end, the modulus of elasticity being n times the 
weight of the particle. The particle is at first held with the thread hanging 
vertically and of length a', and is then let go from rest. Show that the time 
until it returns to its initial position is 

2 (tt - fl + 5' + tan 5 - tan ^) ^{ajng), 
where 6, 6' are acute angles given by 

sao6=na'ja — n—\, sec2fl' = seo2d — 4»i, 
and a' is so great that real values of these angles exist. 

169. Gravitation. The case of a central force varying 
inversely as the square of the distance is the case of gravitation, at 
least when the mass of one gravitating body is great compared with 
that of the other. Thus for a body near the Earth's surface the 
action of the Earth on the body produces an acceleration which is 
nearly constant and in a vertical direction. A correction to this 
statement will be made by saying that the force in question is 
directed to the centre of the Earth, and varies inversely as the 



167-170] GRAVITATION. 151 

square of the distance therefrom. Thus for bodies near the Earth's 
surface there is a correction of gravity for height above the Earth's 
surface. In fact, if g is the value of the acceleration due to gravity 
at the surface, and a the Earth's radius, the acceleration due to 
gravity at a height h above the surface is 

ga'lia + hy. 

Naturally, the correction only becomes sensible at heights 
which can be reached with difficulty, as in the ascent of a balloon, 
or at the top of a high mountain. 

The correction for depth below the Earth's surface, as for 
instance at the bottom of a deep mine, depends on a result in the 
Theory of Attractions, according to which the force exerted by a 
uniform gravitating sphere at an internal point is proportional to 
the distance from the centre. Thus, if h now denotes depth below 
the Earth's surface, the acceleration due to gravity at depth h may 
be taken to be 

g{a-h)la. 

There are other corrections of gravity at least as important as 
those here mentioned. One of them arises from the heterogeneity 
of the material of the Earth, another from the fact that the Earth 
is not spherical. Another correction depending on the choice of 
the frame of reference will occupy us later in Chapter XIII. 

170. Examples. 

1. Consider tlie motion of a particle under the action of a uniform fixed 
gravitating sphere, of density p and radius a, and suppose the particle to start 
from rest at a distance 6 (>») from the centre. It will move directly towards 
the centre with an acceleration ^ nypa^jx' at distance :;;, so long as x>a, and 
when x=a, it will have a velocity given by 

Now suppose a fine tunnel is bored through the centre of the sphere in the 
direction of motion of the particle. When the particle passes into the tunnel 
its acceleration becomes Jn-ypa; at distance x, and it moves with a simple 
harmonic motion. The velocity at distance x is given by the equation 

^ic^ + f Tryp ^2 = const. , 
and the constant is determined from the expression given above for the velocity 
at the instant of entering the tube. 

Prove that the velocity at the centre is 

V{|7ry/)a2(3-2a/6)}. 

[This is the result referred to by anticipation in Example 3 of Article 57.] 
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2. Show that a gun at the sea level can command 1/m' of the Earth's 
surface if the greatest height to which it can send a shot is 1/m of the Earth's 
radius, variations of gravity due to height above the surface being taken into 
account. 

3. A particle falls to the Earth from a height h. Prove that the time of 
falling is (l + ^k/R)^{Zh/g) approximately, where R is the Earth's radius, and 
g is the acceleration due to gravity at its surface, and the square of h/R 
is neglected. 

171. Motion in one plane, radial and transverse reso- 
lutions. When the force acting on a particle is resolved into a 
radial force R and a transverse force T always acting in one plane, 
the equations of motion can be written 

m{r-re'')=R,'\ 

By the process of Article 60 we can change the independent 
variable from t to d, and thus obtain the differential equation of 
the path. 

Also when there is a work function W we have 
„ dW , „ IdW 

and then there is an energy equation of the forra 
^ (r* + r^6') =W + const. 

172. Examples. 

1. Writing A for r^9, and u for r~\ ^rove that the differential equation of 
the path will be found by eliminating h between the equations 

2. Supposing iJ=0, T=fir, prove that the kinetic energy acquired in 
describing a closed curve is 2/* x (area of curve). 

[This is an example of non-conservative positional forces referred to in 
Article 152, it is in accordance with that Article to say that such forces 
do not occur in natural systems.] 

173. Motion under several central forces. When a particle moves 
under the action of central forces directed to a number of different fixed 
points, each force being a function of the distance from the point towards 
which it acts, we cannot usually by help of general principles write down any 
first integral of the equations of motion except the equation of energy. A 
number of theorems relating to motions under such forces can however be 
proved. We give a few examples with some indications of methods. 
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174. Examples. 

1. A particle of mass m moves under the action of forces to two fixed 
points A, A' of magnitudes m.filr\ mn'lr'^ respectively, where r and r' are the 
distances of the particle from A and A', and /i and /*' are constants. The 
equations of motion possess an integral of the form 

rV^ee' = a (^ cos e - /u' cos ff) + const., 
where a is the distance AA'. 



Pig. 43. 
Resolving at right angles to the radius vector r, we have 

m- -J (r^S) =nt^ sin xt where x is the angle A PA', 
so that r'2 j (r'9)=^'rsmx= /a sin ff, 

similarly r" -=- {r'^ff) = — ^r' sin ^ = - m" sin 6. 

Multiplying by 6', and 6, adding, and integrating, we have an equation of 
the given form. 

2. A particle of mass m moves under the action of forces to two fixed 
points of magnitudes rnfir, mii'r'. Prove, with the notation of Example 1, 
that there is an integral equation of the form 

/i?'2fl+/[iVV = const. 

3. A given plane curve can be described by a particle under central forces 
to each of n given points, when the forces act separately. Prove that it can 
be described under the action of all the forces, provided the particle is properly 
projected. 

Let fic be the acceleration produced in the particle by the force to the xth 
centre Ok, % the velocity of the particle at any point when the curve is 
described under this force, r^ the distance of the point from Ok, and p, the 
perpendicular from Ok on the tangent to the curve at the point, p the radius 
of curvature and ds the element of arc of the curve at the point. Then we 
are given that 

dvK , dvK '>>i?_f Pk 
"'Ts-'^'d^' J-^'Vk- 
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Now the curve can be described under all the forces if there exists a 
velocity V satisfying the two equations 

and it is clear that these are satisfied by 

1 
Thus the condition is that the kinetic energy when all the forces act must 
be the sum of the kinetic energies when they act separately. 

4. Prove that a lemniscate rr'=(?, where 2c is the distance between the 
points from which r and / are measured, can be described under the action of 
forces OT/i/r and m/*/r' directed to those points. 

5. A particle describes a plane orbit under the action of two central 
forces each varying inversely as the square of the distance, directed towards 
two points symmetrically situated in a line perpendicular to the plane of the 
orbit. Show that the general (^, r) equation of the orbit, referred to the 
point where the line joining the centres of force meets the plane as origin, is 
of the form 

where c is the distance of either centre of force from the plane, and a and 6 
are constants. 

6.' A point describes a semi-ellipse, bounded by the axis minor, and its 
velocity, at a distance r from the nearer focus, is aj{f{a-r)jr{'ia-r)}, 
2a being the axis major, and / a constant. Prove that its acceleration is 
compounded of two, each varying inversely as the square of the distance, one 
tending to the nearer focus, and the other from the farther focus. 

175. The Problem of Two Bodies*. Two particles which' 
attract each other according to the law of gravitation are projected 
■in any manner. It is required to show that the relative motion is 
parallel to a fixed plane, and that the relative orbits are conies, and 
to determine the periodic time when the orbits are elliptic. 

The principle of the conservation of linear momentum shows 
that the centre of inertia of the two particles moves uniformly in 
a straight line. The accelerations of the particles, and the 
velocity of either relative to the other, are unaltered, if we refer 
them to a frame whose axes are parallel to those of the original 
frame of reference, and whose origin is at the centre of inertia. 
We shall suppose this to be done. 

* The Problem of Two Bodies was solved by Newton, Principia, Lib. i. Sect. ii. 
Props. 57—63. 
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Then the acceleration of each particle is in the line joining it 
to the origin, and the velocities of the particles are localised in 
lines which lie in a plane containing the origin, the motion of each 
particle therefore takes place in this plane. 



Pig. 44. 

Now let G be the centre of inertia, m^, m^ the masses of the 
particles, r^, r^ their distances from G at time t, 6 the angle the 
line joining them makes with any fixed line in the plane of motion, 
also let r, = r"i + r^, be the distance between the particles at time 
t, and let the force between them be yminii/r'. 

Then the equations of motion of m, are 

mi (Vi — ri6') = — yminii/r-,] 

Since r^ = m^r/imi + m^), these equations become 

and it is clear that the equations of motion of ra-a would lead us to 
the same two equations. 

The equations last written show that the acceleration of mj 
relative to m^, or of m^ relative to mj, is 7(mi + m^lr^, and that 
there is no transverse acceleration. Thus either particle describes 
a central orbit about the other with acceleration varying inversely 
as the square of the distance, and by Example 1, p. 63, this orbit 
is a conic described about a focus. 
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Further, when the orbit is an ellipse, its major axis, 2a, is the 
sum of the greatest and least distances between the particles, and 
the periodic time is by Article 53 equal to 

176. Examples. 

1. If the particles are projected with velocities v, v' in directions con- 
taining an angle u from points whose distance apart is B, prove that the 
relative orbit is an ellipse, parabola, or hyperbola according as 

^2 ^ j,'2 _ 2{;j)' cos a < = or > 2y (% + m^jR. 

2. S, P, and E denote the masses of the Sun, a planet, and the Earth ; the 
major axis of the planet's orbit is k times that of the Earth's orbit, and its 
periodic time is n years ; prove that 

n^=i^{S+E)/{S+P). 

[Kepler's Third Law of Planetary motion quoted in Article 94 states that 
n^=lc^ approximately. This would follow if S were great compared with P or 
K] 

3. Two gravitating spheres of masses m, m', and radii a, a', are allowed to 
fall together from a position in which their centres are at a distance c, it is 
required to find the time until they are in contact. 

We may suppose the centre of inertia at rest, and take a; for the distance 
between the centres of the spheres at time t. Then their velocities are 

m'J; , mi; 

-, and 



m+m! m+m'' 

Hence the kinetic energy of the system is 

, / m'o! \^ . , , / ma; \^ , mm' .„ 

hn ( — ; — , +im' I — ; — ; I = i , ar. 

^ \m+m/ \m + m J ~ m + m 

The potential energy, measured from the position in which the distance 
was c as standard position, is (Article 142), 

Hence we have, by the equation of energy, 

d;^=2y(m + m')(^---^, 

and the time required is 

1 fc I ex , 

■ V{2y (mi + m')} j a+a'\/ c-X 

If then we find an angle 8 such that a+a'=ccos^ 6, we shall have for the 
required time 

c^{e+sa\dcos6) 
^{2y(m + »!')} ■ 
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4. A body, of mass hm, describes an ellipse of eccentricity e and axis 
major 2a under the action of a fixed gravitating body of mass m. Prove that, 
if m is let go when the distance between the bodies is R, the eccentricity e' of 
the subsequent relative orbit is given by the equation 



'■Mh^i^'ijY 



5. Two gravitating particles of masses m, m! are describing relatively to 
each other elliptic orbits of eccentricity e and axis major 2a, their centre of 
inertia being at rest. Prove that, if m is suddenly fixed when the particles 
are at a distance R, the eccentricity e' of the orbit subsequently described by 
m! is given by the equation 

\R am \ — e^J \R a) 

177. General Problem of Planetary Motion. Consider 
in the general case the motion of a system of particles which act 
on each other according to the law of gravitation. The accelera- 
tion of any particle P is compounded of accelerations to each 
of the others, and any one of the components thus arising is of 
the form ym/r^, where m is the mass of one of the particles and r 
is its distance from P. For such a system there would exist 
seven first integrals of the equations of motion. In fact the 
Principle of the Conservation of Linear Momentum would give 
three such integrals, representing that the centre of inertia of 
the system moves uniformly in a straight line ; the Principle 
of the Conservation of Moment of Momentum would give three 
integrals, representing that the moment of momentum of the 
system about any one of the axes of reference is a constant 
quantity ; the Principle of the Conservation of Energy would also 
give an integral equation. 

But, even in the case of three particles, these integrals do not 
suffice for a complete description of the motions of the system, and 
up to the present time no other integral of the equations haS been 
obtained except for special circumstances of projection. 

Now the solar system affords an example of a system such as 
that here considered, for the Sun and each of the planets are 
approximately spherical, and it is consonant with results of obser- 
vation to assume that the component actions between the 
particles of which, for purposes of Rational Mechanics, these 
bodies are assumed to be made up, reduce to resultants in the 
lines joining their centres of inertia. 
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Thus we cannot deduce from the law of gravitation an exact 
account of the motions of the bodies forming the solar system. 
But there are a number of circumstances which conduce to the 
possibility of deducing from this law such an approximate account 
of the motions in question as shall be sufficiently exact to agree 
with observation over a long period of time. Among these we 
may mention (1) that the mass of the Sun is great compared with 
that of the other bodies, even the mass of Jupiter being less than 
j^i^th part of that of the Sun, (2) that all the orbits are nearly 
circular and lie nearly in one plane. 

Now it follows from the first of these statements that all 
the forces acting on any planet are small compared with the 
attraction of the Sun, and thus an approximate description of 
the motion might be obtained by leaving these forces out of 
account. The approximate equations can be completely solved, 
as we have seen in Article 175. If then, starting at any instant, 
we could conceive that a planet moved under no force except the 
attraction of the Sun, it would describe an ellipse with the Sun 
in one focus; and, since at starting it would have the position 
and velocity which it actually has, this ellipse would touch the 
actual path. 

The ellipse in question is known as the "instantaneous ellipse," 
and the motion in it is of the kind described in Articles 53 — 55. 
The method of Planetary Theory is to determine this ellipse and 
to determine how it changes from time to time. For the deter- 
mination of the ellipse we observe that the plane of the ellipse 
will cut any other plane through the Sun in a line, so that, in 
particular, the orbit of any planet cuts the Earth's orbit in a line 
through the Sun, this line is known as the " line of nodes ; " the 
position of the line of nodes and the angle between the two planes 
determine the plane of the ellipse ; the angle in question is known 
as the " inclination." The position of the ellipse in its plane is 
determined by means of the angle contained between the line of 
nodes and the axis major. The shape and size of the ellipse are 
determined by its eccentricity and its major axis. One further 
element is necessary in order to determine the position in terms 
of the time, and this is arranged for by choosing an epoch from 
which to measure time. 
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Thus the elements of a planet's orbit are : 

a the semi-axis major, 

e the eccentricity, 

i the inclination, 

O the longitude of the node, 

CT the longitude of the perihelion, 

6 the epoch, 

where e is the longitude of the planet at time t = 0. It is to 
be noticed that fl is measured in the plane of the Earth's orbit, 
while e and -cr are measured in the plane of the planet's orbit from 
a definite line in the plane of the orbit. 

178. Disturbed Elliptic Motion. It would be beyond the 
scope of this work to explain the methods by which the variations 
of the elements are determined, but it appears to be not without 
interest to examine the rates of variation of some of the elements 
produced by small forces acting in given directions. We shall 
consider quite generally the rate at which changes are produced in 
the elements a, e, ct of an elliptic orbit by small tangential and 
normal forces in the plane of the orbit. 

179. Tangential disturbing force. Suppose a particle P, 
describing an elliptic orbit about a focus S, receives a small 
tangential impulse increasing its velocity by hv. Let R be the 
distance of the particle from S at the instant, /ti/r'" the acceleration 
to S when the distance is r, a + ha the semi-axis major of the 
orbit immediately after the impulse. 

We have, by Example 1 of Article 54, 

(2_1 



'=l'\R-a) 

giving —J = approximately. 

Ao-ain, if h is the moment of the velocity about S before the 
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impulse, h + Bh afterwards, since the tangent to the path is un- 
altered, we have 

h + Sh h 



giving 



V + Sv v' 




Fig. 45. 

Hence if i is the semi-latus rectum before the impulse, l-\-U 
afterwards, we have 

,i{lJrU) = h^\l + —j , with h? = iJil, 



giving 



cv 
hi = '21 — approximately. 



or 



Now i = a (1 — (P), and if e becomes e + he, 

hv 
(l-e08a-2eaSe = 2a(l-e^) — . 

(l-e^)r vhv hv\ 1-^h] Vv^ Y] 
. l-e^2Su /I 1\ 



giving 



Further the angle 6 which 8P makes with the axis major is 
given by the equation IjR = 1 + e cos and it is clear that 

he = - Sot, 
hence 8Z/iJ = — fn — lj +e sin ^Sisr. 
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If the particle is subject to a disturbing force producing a small 
tangential acceleration /we shall have 

. _ 2aV • _ 2/" i /^ _ 1 
/x ' V e\It a, 

■a- '^f ell , 
esin^OT= p-'--- p-1 

180. Normal disturbing force. Suppose the particle to 
receive an impulse imparting to it a velocity Bv in the direction 
of the normal outwards. Then the resultant velocity is, to the first 
order, unaltered, and consequently a is unaltered, or Sa = 0. 

I{p is the perpendicular from the focus S on the tangent at P, 
meeting it in Y, then the value of h is increased by PYBv, or we 
have 

Hence fiSl = 2hBh = 2pvBv V(i2' -p") ; 

also Sl = ^ 2aeBe, so that 

Again, l/R = 1 4 e cos ^, so that 

- 2aeBelR = (^ - 1) ^ + e sin OSzt. 

If the particle is subject to a disturbing force producing a small 
normal acceleration /" we have 

181. Examples. 

1. For a small tangential impulse prove that 

fie=28v(e+cos6)/v, 8m=28vaxD.0/ev. 

2. For a small normal impulse prove that 

Se=-r8vain6/av, ST3=dv {2ae+r cos d)/aev. 

3. For a small radial impulse prove that 

8a=2a.hSvsind/h, he=hhvsai6lii, Sv!= -h8vcoa6/eii. 

4. For a small transversal impiUse prove that 
8a=28va^{l+ecose)/h, Se=8v{r{e+cosd) + lcoae}lh, Sm =dv sin 6 {I +r)/eh. 

L. 11 
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EXAMPLES. 

1. A particle is suspended from a point by an elastic thread and oscillates 
in the vertical line through the point of suspension. Prove that the period 
is the same as that of a simple pendulum of length equal to the excess 
of the length of the thread in the position of equilibrium above its natural 
length. 

2. A particle is attached to one end of an elastic thread of natural 
length I, the other end of which is fixed to a point on a smooth horizontal 
table. When the particle is at rest on the table, with the thread straight but 
unstretched, it receives a blow, which, if directed along the thread would make 
the particle move to a maximum distance 21 from the fixed end. Prove that, 
if the direction of the blow makes an angle a with the thread, the maximum 
length of the thread during the motion is the greatest root of the equation 

3. A particle is attached to a fixed point by means of an elastic thread 
of natm-al length Za, whose coefficient of elasticity is six times the weight 
of the particle. When the thread is at its natural length, and the particle 
is vertically above the point of attachment, the particle is projected hori- 
zontally with a velocity 3J{^aff); prove that the angular velocity of the 
thread will be constant, and that the particle will describe the curve 

r—a('i-coa6). 

4. A heavy particle is fastened to the free ends of a number of elastic 
threads which pass through fixed smooth rings, each ring being at a dis- 
tance from the fixed end of the thread which passes through it equal to the 
natural length of the thread. Prove that if the particle is projected in any 
direction it describes an ellipse about its position of equilibrium as centre. 



5. Prove that a body ejected from the Earth with velocity exceeding 
seven miles per second will not in general return to the Earth, and may leave 
the solar system. 

6. Prove that the least velocity with which a body could be projected 
from the North Pole so as to meet the Earth's surface at the Equator is 
nearly 4J miles per second, and that the angle of elevation is 22^°. 

7. A particle is projected from the Earth's surface so as to describe a 
portion of an ellipse whose axis major is f of the Earth's radius. Prove that, 
if the direction of projection makes an angle 30° with the vertical, the time of 
flight is 

iV(3a/5')(tan-V6-t-Vf), 

where a is the Earth's radius and g is the value of gravity at its surface. 
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8. A stream of particles originally moving in a straight line K with 
velocity F is under the influence of a gravitating sphere of radius R, whose 
•centre moves with velocity i; in a straight line intersecting the line K and 
making with it an angle a. Prove that, if the distance of the sphere from the 
line is originally very great, a length 

OP 

vsma ^ ' i/ / 

of the line of particles will fall upon the sphere, g being the force per unit 
mass at the surface of the sphere. 



9. A particle is projected with velocity less than that from infinity under 
a force tending to a fixed point and varying inversely as the »th power of the 
distance. Prove that if n is not <3 the particle will ultimately fall into the 
centre of force. 

10. A particle moves under a central force varying inversely as the mth 
power of the distance (m>1), the velocity of projection is that due to a fall 
from rest at infinity, and the direction of projection makes an angle with the 

2 

radius vector of length R. Prove that the maximum distance is R cosec ""^ /3 
when n>Z, and that the particle goes to infinity if n= or <3. 

11. Prove that the time of describing any part of a central orbit is 

rd/r 



h 



taken between appropriate limits, where V is the potential, and C undiA are 
constants depending on the initial conditions. 

12. Prove that, if a possible orbit under a central force (r) is known, a 
possible orbit under a central force <ji{r) + \r-^ can be found. In particular 
prove that a particle projected from an apse at distance a with velocity 
,/(X+/i)/a, under an attraction 

^;i(n-l)a"-3»--"+Xr-3, (re>3), 
will arrive at the centre in time 

2 V /^ V21-6// \n-3j 

13. A particle moves under a central force and is projected with velocity 
Vq from a point at distance r^ in a direction making an angle a with the radius 
vector. Prove that the apsidal distances are the real roots of the equation 
for r 

where W is the work done by the central attractive force as the partible 
moves from the point of projection to any point r, 6. 

11—2 
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14. A particle is describing a circular orbit of radius a under a fore 
the centre producing an acceleration f{r) at distance r, and a small increii 
of velocity Au is given to it in the direction of motion. Prove that 
apsidal distances of the disturbed orbit are 

aand«+4A» ,,/yj>, . . 

Prove also that, if the increment of velocity imparted to the partic 
directed radially, the apsidal distances are approximately 

"*^''V{3/(«)+a/'(a)}- 

15. A particle moves under a central force ;u(1 + 8kcos25)/j'2 b 
projected from an apse on the initial line at distance c with velocity •J{i. 
show that the next apsidal distance is c/(1+3k). 

16. A particle moves under a central force proportional to u^ (cm + cos 
towards the centre. Show that the orbit is one of the conies given by 
equation (cm + cos 6)^ = a + bcoa2(6 + a). 

17. A particle moves in a plane under a radial force P and a transv 

force T, where 

P=-IJLU^{3+5coa2d), T=^uf sin 26; 

prove that a first integral of the differential equation of the path car 
expressed in the form 

V (sin ^ ^ - ■" <=°^ ^ ) + - R^™ 3d -ame)-^+u cos 3fl 1 = C, 
where Aq^ and C are constants. 

18. A particle moves under the action of a central force P and a tran8\ 
disturbing force -/(*). Prove that 

where F(t)=jf(t)dt. 

19. Prove that in a plane field of force of which the potential referre 
polar coordinates is 

^ + g(l+3sin^5), 

a particle, if projected in the proper direction with the velocity from infii 
win describe a curve of the form 

(r-a sin 6){r-b sin 6) = ab, 

provided ^+_^^ + |=0. 

20. A particle of mass m describes a circle (centre C) in period T u 
the action of a force to a fixed point S. Prove that the force can be resc 
into two directed to inverse points 0, O in CS and equal respectively to 

16TOffg C^CP^ , 16w7r' CO^ CP^ 
T'^ CS^ OP^ 2*2 CS^ ffpi- 
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21. A particle describes a circle with acceleration fir-^ towards a point on 
the circumference. Prove that it will still describe the circle if acted on by a 
repulsive force from the centre producing acceleration jjfa-^ provided it starts 
from rest at a point where r=as (/i/2/i') > » being the radius of the circle. 

22. A particle describes an ellipse under two forces, functions of the 
distance, one to each focus. If the law of force to one focus is iir, prove that 
to the other it must be fir+n'/rK 

23. An ellipse is described under the action of two forces, one to each 
focus. Show that the force per unit of mass along the focal radius vector r is 

av^ 1 dv^ 

2r{2a-r) ~ 4 ^ ' 
where 2a is the major axis and v the velocity. 

24. Two centres of force of equal strength, one attractive and the other 
repulsive, are placed at two points S and H, each force varying inversely as 
the square of the distance. Show that a particle placed anywhere in the 
plane bisecting SS at right angles will oscillate in a semi-eUipse of which S 
and S are foci. 

25. A body is placed at rest in a plane through two fixed centres of force, 
each varying inversely as the square of the distance, at a point where the 
forces are equal. Prove that it will oscillate in an arc of an hyperbola if both 
forces attract, and in the arc of an ellipse if one force attracts and the other 
repels. 

26. A particle describes a parabola under two forces, one constant and 
parallel to the axis, and the other passing through the focus ; prove that the 
latter force varies inversely as the square of the focal distance. Prove also 
that, if the force through the focus is repulsive, and numerically equal, at the 
vertex, to the constant force, the particle will come to rest at the vertex ; and 
find the time occupied in describing any arc of the curve. 

27. A particle describes a circle under the action of forces, tending to the 

extremities of a fixed chord, which are to each other at any point inversely as 

the distances r, ¥ from the point to the ends of the chord. Determine the 

forces, and prove that the product of the component velocities along r and r' 

varies inversely as the length of the perpendicular from the position of the 

particle to the chord ; also show that the time from one end of the chord to 

the other is 

a (tt — g) cos a+ sing 

V cos^^g ' 

where F is the velocity of the particle when moving parallel to the chord, 

a the radius of the circle, and a the angle between r and /. 

28. A particle moves under the action of a repulsive force fi {v? — au^) 
from a fixed point, and a force n (l/c^ - uja) parallel to a fixed line, 1/m being 
the distance from the point. Show that, if it starts from rest at a point where 
the forces are equal, it describes a parabola of which the point is the focus. 
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29. If a curve is described under a force F tending to the origin and 
a normal force N, prove that 



'■'i(*|)+i(v|)=o. 



30. A particle is projected from an apse of Bernouilli's Lemniscate along 
the tangent with velocity ■,/n/a and moves under the action of forces 

,3 /-r i, r-r' 

'*'' (3n-'-r2)3' '"' (3jy-/2)3' 

to the nearer and further poles respectively, r being the distance from the 
nearer pole, and / from the further pole. Show that it describes the lemniscate. 

31. A particle P moves under fhe action of two fixed centres of force 
S^, S2 producing accelerations iijrj^ and 112/^2^ towards Si and S^, where fj, r^ 
are the distances S^P, S^. Prove that if the motion does not take place in a 
fixed plane there is an integral equation of the form 

('"i^^i) (''2^4) + ^^ cot d, cot ^2 = c (/ij cos 5i + /12 cos ^2) + const. , 

where di, 6^ are the angles S^-^P and S^S^P, c is the distance S^S^, and h is 
the moment of the velocity about the hne of centres. 



32. A thin spherical shell of small radius, moving vsdthout rotation, 
describes a circle of radius R with velocity V about a gravitating centre of 
force 0, and when its centre is at a point A bursts with an explosion which 
generates velocity v in each fragment directly outwards from the centre. 
Prove that the fragments all pass through the line AO within a length 

and that if v is small the stream of fragments will form a complete ring after 
a time approximately equal to ^Rjv. 

33. Two particles are under the action of forces tending to a fixed point 
and varying as the distance from that point, the force being the same at the 
same distance in each case ; the particles also attract each other with a 
different force varying as the distance between them ; prove that the orbit 
of either particle relative to the other is an ellipse and the periodic time is 
2jr/\/(M + 2/), jj. and / denoting the forces on unit mass respectively at unit 
distance. 

34. A series of particles which attract each other with forces varying 
directly as the masses and distance are under the attraction of a fixed centre 
of force which also varies directly as the distance ; prove that, if they are 
projected in parallel directions from points lying on a radius vector passing 
through the centre of force with velocities inversely proportional to their 
distances from the centre of force, they will at any subsequent time lie on a 
hyperbola. 
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35. A body of mass M is moving in a straight line with velocity U, and is 
followed, at a distance r, by a smaller body of mass m moving in the same line 
with velocity m. The bodies attract each other according to the law of gravi- 
tation. Prove that the smaller body will overtake the other after a time 

/ r \^ 7r + >/(l-w^) + cos-tw 
Vl+W V{y(^+«i)} 

where 1-^ = 4^^. 

36. Two bodies, masses m, m', are describing relatively to each other 
circular orbits under their mutual gravitation, a and a' being their distances 
from the centre of inertia. If F is the relative velocity, and m receives an 
impulse mV towards m', prove that the two bodies proceed to describe, 
relatively to the centre of inertia, parabolas whose latera recta are 2a and 2os'. 

37. Two gravitating spheres of masses m, m' moving freely have relative 
velocity F when at a great distance apart, and in the absence of gravitation 
one would pass the other at a minimum distance d. Prove that the relative 
orbits are hyperbolic, and that the direction of the relative velocity will be 
ultimately turned through an angle 

2ta,n-^{y {m+m')IV^d\. 

38. In a system of two gravitating bodies, M and «i, initially M is at rest, 
and m is projected with velocity J{y{M+m)j<I) at right angles to the line 
joining the bodies, d being the distance between the bodies. Prove that the 
path of J/" is a succession of cycloids and that M comes to rest at a cusp after 
equal intervals of time. 

39. In a system of two gravitating bpdies of masses M and m the relative 
orbit is an ellipse of semi-axes a and b. Prove that if the mass of the second 
body could be suddenly doubled the eccentricity of the new orbit would be 

where v is the relative velocity at the instant of the change. 

40. Two gravitating particles whose distance is r, are describing circles 
uniformly about their common centre of gravity with angular velocity a, and 
a small general disturbance in the plane of motion is communicated to the 
system, so that after any time t the distance isr+u, and the line joining the 
particles is in advance of the position it would have occupied if the steady 
motion had not been disturbed by the angle <j> ; obtain the equation 

2m — rto^ = Zmt (r^ + 2(bm) + const., 

squares of « and being neglected. 

41. Two equal particles P, Q are projected from points equidistant on 
opposite sides of a third particle S, with a velocity due to their distance under 
the attraction of S only. All three particles are gravitating, and the directions 
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of projection are at right angles to PQ. If h is the conjugate axis of the orhit 
described by either P or §, e its eccentricity, and h', e' those of the relative 
orbit of P and jS (in the absence of ^), P being projected in the same manner 
as before, then 6=26', and (l-e)/(l+e)=:^(l-e')/(l+e'). 

42. If two bodies of masses E and M move under their mutual gravitation 
and that of a fixed body of mass S so that the three are always in one plane, 
prove that 

{E+Mf E+EMh=oonsi., 

where h is the rate at which M describes area about E and E is the rate at 
which the centre of inertia of M and E describes area about S. 

If the three bodies are free, prove that the equation must be altered to 

S{E+M)^E+{B+E+M)EMh=const. 

43. If three bodies of masses m^, m^, n»g, subject only to their mutual 
attractions Pjsi -^sd Pm remain at constant distances from one another, those 
distances are in the ratios 

OT1P23 : '"^i.Psi ■ «isPii- 

44. Three equal particles A, B, C, attracting each other with a force 
proportional to the distance, and equal to /t per unit mass at unit distance, 
are placed at the corners of an equilateral triangle of side Sd. The particle A 
is projected towards the centre of the triangle with velocity c Vft *^6 other 
particles being set free at the instant of projection. Prove that the three 
particles will first be in a straight line after a time 



^{Zy^r" V(a^+Jc2)' 



45. When a particle is at the nearer apse of an elUpse of eccentricity e 
described about the focus, the force on unit mass at unit distance is increased 

by the small fraction - of itself : when the particle is at the further apse, the 

force becomes less than its original value by the same amount. Prove that 
the time taken in this revolution is less than the original period by the fraction 

46. A particle describes an elliptic orbit about a focus and, when at the 
end of the minor axis, it receives a small impulse towards the centre equal to 

-th of its momentum. Show that the eccentricity e is increased or diminished 
n 

by - J{1 - e^) according to the direction of motion at the instant. 
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47. If, at any point of an elliptic orbit about a focus, the force ceases to 
act for a given very short time, find the angle through which the apse line will 
have turned and the change of the eccentricity, and show that they are 
respectively proportional to the resolved parts of the force parallel and 
perpendicular to the apse line. 

48. A particle of mass m describes an ellipse about a focus, jim. being the 
force at unit distance ; when the particle is at an extremity of the minor axis 
it receives a small impulse to F in a direction perpendicular to the plane of 
the orbit ; prove that the eccentricity of the orbit will be diminished by 
\ V^aeJii, and that the angle which the axis major of the orbit makes with the 
distance from the focus will be increased by 



2p. es/(l-e^f 
where 2a is the axis major, and e the eccentricity of the orbit. 

49. An ellipse of eccentricity e and latus rectum I is described freely 
about a focus by a particle of mass m, the angular momentum being mh. A 
small impulse mu is given to the particle, when at P, in the direction of its 
motion ; prove that the apse line is turned through an angle proportional to 
the intercept made by the auxiliary circle of the ellipse on the tangent at P, 
and which cannot exceed lu/eh. 

50. If the velocity of a periodic comet is suddenly increased near its 
aphelion by a small amount dV, prove that the changes produced in the 
eccentricity and axis major are given by the equations 

8e = - 2S V^{1/^), 8a = 28 F s/{a^ (1 - e)/^ (1 + e)}, 

where the letters have their usual meanings for elliptic motion. 

51. A comet describes about the Sun an ellipse of eccentricity e nearly 
equal to unity. At a point where the radius vector makes an angle 6 with 
the apse line, the comet is instantaneously affected by a planet so that its 
velocity is increased in the ratio n + 1 : n, where n is great, without altering its 
direction. Show that if the new orbit is a parabola 

4 
e=l — cos^Jfl nearly. 

52. A body is revolving in an elliptic orbit with acceleration fijr^ to a 
centre of force in one focus S, and when at P it receives impulsively a small 
velocity Sv in the direction PM at right angles to the major axis. Prove that 

the major axis will turn through the angle -v — «p~" • 

53. At a point P of an ellipse, described under a force to a focus S, the 
direction of motion is deflected through a small angle /3 without alteration of 
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magnitude. Prove that at a point Q on the original ellipse the deviation of 
the new path, measured along the normal at Q, is 

where S is the second focus, and CB the semi-axis minor. 

54. If, when a particle, describing an elliptic orbit about a focus, is at an 
end of the ajds minor, the centre of force is suddenly shifted a small distance 
aa towards the particle, the eccentricity e of the orbit will be unaltered, but 
the axis major will be turned through an angle 0^(6"^- 1)- 

55. If the particle (of the last Example) is at an end of the latus rectum, 
and the centre of force is suddenly shifted a small distance aa towards the 
centre, show that, to a first approximation, the eccentricity is diminished by a, 
and the major axis is turned through an angle aa/l, where I is the semi-lalus 
rectum, while the periodic time is unaltered. Also prove that, to a second 
approximation, the periodic time is increased by Zo?a^j^P of its original 
value. 

56. If when the particle (of the last Example) is at any point distant r 
from the centre of force, the centre of force is suddenly shifted a small distance 
k perpendicular to the plane of the orbit ; prove that the periodic time is 

increased in the ratio 1 +- — 5- : 1. Also, if the change takes place when the 

particle is at an end of the latus rectum, the angle between the apse line and 
the radius vector is altered by 



(l-e2)2 2ea2' 

57. A particle is describing an ellipse under a force to a focus S, and, 
when the particle is at P, the centre of force is suddenly moved a short 
distance x parallel to the tangent at P. Prove that the axis major is turned 

through the angle ^ sin sin {6 - (ji), where G is the foot of the normal, 

the angle the normal makes with SG, and (f) the angle the tangent makes 
with SP. 

58. Defining the instantaneous orbit under a central force varying as the 
distance as that which would be described if the resistance ceased to act, show 
that, if at any point the resistance produces a retardation /, the rates of 
variation of the principal semi-axes are given by the equations 

/ 



a(a2-r2) 6(r2-62)~' v{a^-b^)' 
where v is the velocity and r the radius vector at the instant. 
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59. In the last Example there is no resistance but there is a disturbance 
which produces a normal acceleration g. Show that the maxima of the rates 
of variation of the principal semi-axes of the instantaneous ellipse are given 
by the equations 

a_ h _ ±g 
b~ a~ (a + b) s/ii' 
where ij, is the central force on unit mass at unit distance. 

60. A particle P describes an ellipse under a central force producing an 
acceleration F (distance) directed to a point 0. When F is at an end of the 
axis major, begins to move with a simple harmonic motion pisinXt Show 
that the motion of P may be represented at any time by motion in an ellipse 
whose centre is fixed and axis minor is constant and whose semi-axis major is 
variable according to the equation 

OS = «(, -H ^ ,g (\ sin kt-k sin \t) sec kt. 



CHAPTER X. 

MOTION UNDER CONSTRAINTS AND RESISTANCES. 

182. The second main subdivision of "Dynamics of a Particle" 
relates to motion of a particle in a given field of force when the 
force of the field is not the only force acting on the particle, but 
there are unknown forces also acting upon it and enforcing some 
conditions. This subdivision includes all cases where the particle is 
constrained to move on a given curve or surface smooth or rough, 
all cases where the motion of one particle is partly determined by 
that of another with which it is connected in an invariable manner, 
and we shall extend it to include all cases of particles subject to 
motional forces (Article 152). 

183. Motion on a smooth curve in a vertical plane 
under gravity. The motion is entirely determined by the equa- 
tion of energy 

^V^ -\-gy = const., 

where v is the velocity of the particle when it is at a height y 
above a fixed horizontal plane. The velocity is therefore always 
that due to falling from a definite level which is the same through- 
out the motion. 

Let p be the radius of curvature at the point where the velocity 
is V, and ^ the angle which the normal drawn inwards (towards 
the centre of curvature) makes with the vertical drawn downwards, 
then, taking m for the mass of the particle and R for the pressure 
of the curve on the particle, we have by resolving along the normal 

X^ T. 

m - = mg cos <j) + R, 
where R is supposed to act inwards. 
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When the constraint is applied by means of a smooth tube 
within which the particle moves, or when the particle is the centre 
of inertia of a small ring sliding on a smooth wire in the form of 
the curve, R can act either inwards or outwards. When the con- 
straint is applied by means of a smooth surface the particle is 
either on the concave side or on the convex side of its path on the 
surface ; in the former case R acts inwards, in the latter outwards. 

When the pressure, if there is any, must act inwards or must 

act outwards the particle leaves the curve at the instant when the 

pressure changes sign. Putting i? = 0, we find as the condition for 

this 

v^ = gp cos <f), 

showing that when the particle leaves the curve the velocity is 
that due to falling through one quarter of the vertical chord of 
curvature. 

If we wish to find the acceleration along the tangent to the 
curve we have only to resolve along the tangent, and the required 
acceleration is the resolved part of g along the tangent. 

184. Motion down an inclined tube. The case just discussed includes 
in particular the case of a particle sliding down a line of greatest slope on a 
smooth inclined plane, or sliding down a smooth straight tube held in an 
inclined position. 

If a is the inclination to the horizon, the acceleration down the tube (or 
down the plane) is g sin a, and the pressure on the tube (or on the plane) is 
mg cos a, where m is the mass of the particle. 

The motion of the particle is uniformly accelerated motion, and the dis- 
cussion of Article 42 applies to it. The first experimental determination of 
the value of g was made by observing the velocity acquired in sliding down 
an inclined plane. 

185. Examples. 

1. Prove that the time of descent down all chords of a vertical circle 
starting from the highest (or ending at the lowest point) is the same. 

2. Prove that the line of quickest descent from a point .4 to a curve, 
which is in a vertical plane containing A, is the line from A to the point of 
contact with the curve of a circle described to have A as its highest point and 
to touch the curve. Prove also that the line of quickest descent from a 
curve to a point A is the line from A to the point of contact with the curve 
of a circle described to have A as its lowest point and to touch the ciuve. 
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3. Prove that each of the lines of quickest descent in Example 2 bisects 
the angle between the normal to the curve and the vertical at the point where 
it meets the curve, and hence show that the hne of quickest descent from 
one given curve to another in the same vertical plane bisects the angle between 
the normal and the vertical at both ends. 

4. When the tube (or the plane) of Article 184 is rough, and the co- 
eflScient of friction is fi, prove that the acceleration down the line of greatest 
slope is ff (sin a±fi cos a), where the upper or lower sign is to be taken accord- 
ing as the particle is moving up or down. Also find the acceleration with 
which a particle moves on a rough horizontal plane. 

5. Example 4 is generally assumed to apply to the motion of a railway 
train. Consider the motion on straight horizontal rails, and let m be the 
mass of the train, P the resultant force acting upon it apart from the resist- 
ance, fimff the resistance, then / the acceleration with which the train moves is 
given by the equation 

m.f=P-iJimg, 

and, if P=fimg, the train moves with uniform velocity. The force P is 
known as the " pull of the engine," but it is not the tension in a coupling 
between the engine and the rest of the train. 





-< ^ 

F' F 

Fig. 46. 

To see how the force P arises we consider the motion of the driving wheel 
and the motion of a wheel of one of the coaches of the train. The left-hand 
circle represents the coach- wheel, and the right-hand circle the driving wheel. 
At starting the centre of the driving wheel is at rest, and the machinery is so 
contrived that a couple is exerted upon it tending to turn it rapidly in the direc- 
tion shown by the arrow-head marked a. The wheel slips (or "skids") on the 
rail, and, at the point of contact, friction is exerted in the direction opposite to 
that in which the point of contact slips, this is shown by F in the figure. So 
long as the steam is "on" the couple is exerted on the wheel, and there is slid- 
ing friction F as shown. The resultant of such frictions for all parts on 
which they act is the force P. Again, consider the coach- wheel rolling on the 
rail with an angular velocity in the direction shown by the arrow marked a'. 
The motion of the coach on the rails is in the direction of the arrow 
marked V. In the absence of friction the coach would slip over the rails in 
this direction. Thus the friction of the rails on the coach-wheela is in the 
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direction of the arrow marked F', and this friction is rolling friction. The 
resultant of all such frictions as F' is the resistance to the motion of the 
train. 

It appears that the resistance of the rails arises from roUing friction, and 
the pull of the engine from sliding friction, and, since the ratio of rolling 
friction to pressure at a point of contact is always less (for the same materials) 
than that of sliding friction to pressure, there is no difficulty in seeing how a 
train can be set in motion by a locomotive of smaller mass than the train. 

The resistance of the air is not sufficiently great to affect the argument. 

6. A carriage is slipped from an express train, going at full speed, at a 
distance I from a station, and comes to rest at the station. Prove that the 
rest of the train will then be at a distance Ml/{M-m) beyond the station, 
M and m being the masses of the whole train and of the carriage slipped, and 
"the pull of the engine being constant. 

7. Prove that the extra work required to take a train from one station to 
stop at the next at a distance I in an interval t is 

times the work required to run through without stopping, where the incline 
of the road is 1 in m, and the resistance of the road and the brake power per 
unit mass are equal to the components of gravity down uniform inclines of 
1 in w and 1 in A respectively. 

8. A cylinder whose section is a parabola is placed with its generators 
horizontal, the axis of a normal section vertical, and the vertex upwards, and 
a particle is projected along it in a vertical plane. Prove that if it leaves the 
parabola anywhere it does so at the point of projection. 

9. A particle is projected from the lowest point of a vertical section of a 
smooth hollow circular cylinder whose axis is horizontal so as to move round 
inside the cylinder. Prove that, if the velocity is that due to falling from 
the highest point, the particle leaves the circle when the radius through it 
makes with the vertical an angle cos-i§. 

Find the least velocity of projection in order that the particle may describe 
the complete circle. 

10. A particle is constrained to describe a circle by means of an inex- 
tensible thread, and leaves the circle when the thread makes an angle ^ with 
the vertical drawn upwards. Prove that when it strikes the circle again the 
thread makes an angle 3/3 with the same vertical. 

11. Prove that a particle projected in any manner on a smooth plane of 
inclination a to the horizon describes a parabola as if under gravity diminished 
in the ratio sin a : 1. 
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12. When a particle moves on a smooth 
cycloid under gravity, the vertex of the 
cycloid being at the lowest point, the equa- 
tion of motion, by resolution along the 
tangent in direction QF, may be written 

s= — S'sin 6, 

s being the arc measured from the vertex 

to F, and 6 the angle the normal OP makes 

with the vertical. Now, by a known pro- 

■^'8- 47. perty of the cycloid, s^iaainB, where a is 

the radius of the generating circle, and thus the above equation becomes 

showing that the motion in s is simple harmonic with period Zir,J{^ajg). 
Thus the time taken to fall to the vertex from any point on the curve is 
independent of the starting point, and in fact is tt -J^a/ff). 

[This property is known as the " Isochronism of the cycloid."] 

13. Show that the time a train, if unresisted, takes to pass through a 
tunnel imder a river in the form of an arc of an inverted cycloid of length 
2s and height h cut off by a horizontal line is 






where v is the velocity with which the train enters and leaves the tunnel. 

186. Motion of two bodies connected by an inexten- 
sible thread. We shall consider the case 
of two bodies, of masses m and m', attached 
to the ends of an inextensible thread which 
passes over a smooth pulley. We neglect 
the mass of the thread. 

The bodies will move like particles at 
their centres of inertia. 

The particles in question move in the 
line of the thread. 

Suppose that the particle of mass m has 
descended through a distance x in the inter- 
val t. Then m' has risen through a distance 
ss. Hence at any instant the velocities of the particles are equal 
in magnitude. 

The kinetic energy is therefore ^(m + m') i?. 
Also the potential energy is Const. + w!gx — mgx. 




Fig. 48. 
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Hence the equation of energy can be written 

^ (m + m') ob^ = {m- m') gx + const. 

By differentiating this equation we obtain 

(m + m!) x = {m— m) g, 

showing that the acceleration of either particle is in magnitude 
m —m' 
m + m' ^' 

The tension T of the thread can be obtained from the equation 
of motion of either particle. Thus we have for m 

mx = mg — T, 

giving i = -,g. 

An instrument of which the above is the principle is known as 
Atwood's machine. It is manifest that the masses can be so 
adjusted as to make the acceleration much smaller, and therefore 
much more accurately measurable, than the acceleration ^r of a free 
falling body. When the ratio of the masses of the two bodies is 
known, experiments with this instrument yield a determination of 
the value o{ g. 

187. Examples. 

1. In Atwood's machine the mass m' is rigid, the mass m consists of a 
rigid portion of mass m' and a small additional piece lightly resting upon it. 
As m descends it passes through a ring, by which the additional piece is lifted 
off. • Prove that, if m starts from a height h above the ring, and if the time 
it takes to fall a distance k after passing through the ring is t, then 

_2 (m — m') Ifi 
^~ m + m! hfl' 

2. Two particles of masses M, m are connected by an inextensible thread 
of negligible mass which passes through a small smooth ring on a smooth 
fixed horizontal table. When the thread is just stretched, so that M in at a 
distance c from the ring, and the particles are at rest, M is projected on the 
table at right angles to the thread. Prove that until m reaches the ring M 
describes a curve whose polar equation is of the form 

?-=c cos {6 V(l +mlM)}. 

3. Two particles of masses M, m are connected by an inextensible thread 
of negligible mass ; M describes on a smooth table a curve which is nearly a 
circle with centre at a point 0, and the thread passes through a small smooth 
hole at and supports m. Prove that the apsidal angle of M's orbit is 

TT J{i(l +mlM)]. 
L. 12 
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188. Simple Circular Pendulum. A particle constrain 
to describe a circle in a vertical plane is called a "simple circul 
pendulum." When the constraint is applied by means of 
inextensible thread of negligible mass with one extremity fixed, 
when the particle is within a hollow cylinder with a horizoni 
axis, the particle can leave the circle. For the present we shi 
suppose the particle to be within a circular tube, fixed in 
vertical plane. 

Let I be the radius of the circle. This is called the length 
the pendulum,. 

Let d be the angle the radius throuj 
the particle makes with the vertical at time 
The kinetic energy is ^mP6% where m 
the mass of the particle. 

The potential energy of the particle in tl 
field is mgl (1 — cos 0), the standard positic 
Fig. 49. of the particle being at the lowest point. 

Hence the equation of energy may 1 
written, after division by ml, 

^l^ = g cos d + const, 
where the constant depends on the velocity at the lowest point. 

189. Small Oscillation. Differentiating the equation 
energy last written with respect to the time, we have 

lQ = —g sin 6. 

This equation might have been obtained by resolving along tl 
tangent to the circle. 

If ^ is very small throughout the motion we may put 6 f( 
sin 6, and thus 

ie=-ge. 

This equation shows (Article 47) that the motion in 9 is simp 
harmonic with a period 27r xJiljg). 

The pendulum swings fi:om side to side of the verticE 
Suppose it to start fi-om rest in a position near the equilibria 
position but slightly displaced to the right. It falls to the equil 
brium position in time ^tt '/(l/g), passes through it, and procee( 
to the left until its displacement is numerically equal to that i 
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starting, and comes to rest after an interval ^tt i>J{ljg) from the 
equilibrium position. The motion is then reversed. The time 
from rest to rest is tt \/{l/g). This is known as the time of a 
"beat," the period iTrs/iljg) is the time of a "complete oscillation." 

A pendulum which beats seconds is known as a "seconds 
pendulum;" the'time of a complete oscillation of such a pendulum 
is two seconds. The length of the seconds pendulum at a place 
is given by the equation 

7rV(%) = l. 

Pendulum experiments afford the most exact method of deter- 
mining the value oi g. 

190. Examples. 

1. Prove that, in the case of one-sided constraint, the particle cannot 
leave the circle unless it has risen above the centre. 

2. Prove that, if in London g'=981'17, the units being the centimetre 
and the second, then the length of the seconds pendulum there is 99'413 
centimetres. 

3. A balloon ascends with constant acceleration and reaches a height of 
900 ft. in one minute. Show that a pendulum clock carried with it will gain 
at the rate of 27 '8 seconds per hour, approximately. 

4. If Zj is the length of a pendulum which gains n seconds in an hour, 
and I2 the length of a pendulum which loses n seconds in an hour, n being 
small, prove that the square root of the true length of the seconds pendulum 
is the harmonic mean between «y^i S'ld Jh- 

5. The bob of a pendulum which is hung close to the face of a cliff is 
attracted to the cliflf with a horizontal force of intensity /. Show that the 
time of a beat is 

where I is the length of the pendulum. 

6. A bead slides on a smooth circular wire of radius a, whose plane is 
inclined at an angle a to the vertical. Find the period of its small oscillations 
about the lowest point. 

7. Show that, if the suspending fibre of a simple pendulum is slightly 
extensible, its vibrations of small amplitude take place in an arc having its 
centre of curvature at a distance below the point of suspension equal to three 
times the statical increase of length due to the weight of the bob, while the 
period is simply that due to the stretched length of the fibre. 

8. Prove that on taking a pendulum down a mine, the time of vibration 
is increased or diminished according as the mean density of the Earth at its 
surface is greater or less than two-thirds of the Earth's mean density. 

12—2 
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9. Find the greatest angle through which a person can oscillate on a 
swing, the ropes of which can support a tension equal to twice the person's 
weight. 

*191. Finite Oscillation. More generally, suppose the 
pendulum to start from rest in a position in which the radius 
makes an angle a with the vertical. Then, in the notation of 
Article 188, ^ = when d=ix, and the equation of energy of that 
Article can be written 

^I6'=g (cos — cos a), 

or ie==|(sin»|-sin^| 

showing that the pendulum oscillates between two positions in 
which it is inclined to the vertical at an angle a on the right and 
left sides of the vertical. 

To express the position of the pendulum in terms of the time t, 
since it was in the equilibrium position, we introduce a new 
variable ■yjr defined by the equation 

sm 2 sm i|r = sm ^ , 

with the further conditions that as increases from to a, i^ 
increases from to ^ ; as diminishes from a to 0, yjr increases 
from ^TT to TT ; as 6 diminishes from to —a,yjr increases from ir 
to fir; and as 6 increases from — a to 0, i/r increases from fir to 
27r. With these conventions there is one value of yjr correspond- 
ing to every instant in a complete period. 
Now we have 

i4 i ■ a , 
^o cos ^ = Y^ sin n cos yjr, 

n (^ n 

am? q — sin^ ^ = sin^ „ cos^ ■\/r, 



i^2 = |^l-sin2|sin^i/rV 



Hence the time t from the instant when the particle was 
passing through the lowest point in the direction in which 
increases is given by the equation 



y(l-sin»|sin«t) 
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where the square root is always to be taken positive. The com- 
plete period is 






With the above relation between t and -v/r, sin i|r is said to be an 
Elliptic Function of t l % , and the relation is written 

sini/r=sn U . /2j f mod sin ^). 

The function has a real period, and the integral 



/•2 d^P' 

■'vAl-sin^^ 



is one quarter of this period. 

The position of the pendulum at any time t is determined by 
the equation 



sm^ 



= sin|sn(i^f) (mod sin I 



*192. Complete Revolution. If the constant in the energy 
equation of Article 188 is such that 6 never vanishes it must be 
greater than g, and the velocity at the lowest point is greater than 
that due to falling from the highest point. Hence there will be 
some velocity at the highest point. Let us suppose the velocity 
at the highest point is that due to falling through a height h ; 
then, when 6 = Tr 

pe^ = igh, 

and for any other value of 6 

\W = gUose + l+^\, 



i^. = £^)(l-^,sin^^), 



h-{-2l 2 



giving sin 2 = sn ( r a /f ) (™°*^ *)' where ¥ = 2Z/(A + 2^). 
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The period of a complete revolution is 

2, II [^ dt 



Vglo 



5-Jo V(l-A;^sin»0)" 

*193. Limiting case. In the case where the pendulum is 
projected from the position of equilibrium with velocity equal to 
that due to falling from the highest point the equation can be 
integrated by logarithms. 

The constant in the energy equation of Article 188 must then 
be chosen so that 6 vanishes when = tt, and the equation there- 
fore is 

^lff' = g(l+cose), 
which may be written 

i^^ = |cos''|. 
The time of describing an angle d is therefore t, where 



* = A / - = A / - log sec 5 + tan 

V5' Jo cos a; y g ^\ 2 



It is to be noted that the particle approaches the highest 
point indefinitely, but does not reach it in any finite time. 

The same equations may be used to describe the motion of the 
particle from a position indefinitely close to the unstable position 
of equilibrium at the highest point of the circle. 

*194. Examples. 

1. Prove that the time of a finite oscillation when the fourth power of u, 
the angle of oscillation, is neglected, is 2w (l + ^d') ,J{l/ff). 

2. Prove that, in the limiting case of Article 193, 

6=2 tan-i sinh {t.J(g/l)}. 

3. Prove that if a seconds pendulum makes a complete finite oscillation 
in four seconds the angle a is about 160°. 

195. Motion on a smooth plane curve under any 
positional forces. Suppose that a particle of mass m is con- 
strained to move on a given smooth plane curve under the action 
of given forces in the plane. Let s be the arc of the curve 
measured from some point of the curve up to the position of 



192-195] SMOOTH CURVE. 183 

the particle at time t. Let (S be the tangential component of the 
forces in the direction in which s increases, and N the component 
along the normal inwards. Let v be the velocity of the particle 
in the direction in which s increases, and R the pressure of the 
curve on the particle. We shall write down the equations for the 
case where the particle is on the inside of the curve, and B 
accordingly acts inwards. The equations for the case in which 
-K acts outwards can be obtained by changing the sign of R. 

By resolving along the tangent and normal we obtain 

dv „ 
mv -y- = IS, 
as 

m-=N+R 
P 

These are the equations of motion. The former can be inte- 
grated so as to express the velocity in terms of the position. In 
fact, since the forces S and N depend only on position, and since 
the coordinates of any point of the curve can be regarded as 
functions of a single parameter, it is clear that, on the curve, S is 
a function of the parameter, and ds is the product of a function of 
the parameter and its differential. Hence we have 

^v^ = I Sds + const., 

where the integral is of the form I f{6) ^ (d) dd in which 6 is the 
parameter, S is f(6), and ds is <f> {6) dd. 

This is a case in which the work done by the forces between 
two positions can be calculated whether the system of forces is 
conservative or not, and the equation can be interpreted in the 
form 

change of kinetic energy = work done, 

where the "change of kinetic energy" on the left means the excess 
of the kinetic energy in the position at time t above that in some 
definite standard position, and the "work done" on the right 
means the work done by the forces in the displacement of the 
particle along the curve from the definite standard position to the 
position at time t. 

In the case of conservative positional forces I Sds is the excess 
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of the value of the work functiou in the position at time t above 
its value in the standard position. 

The integral equation gives the velocity v in each position, 
and the second of the equations of motion gives the pressure R. 
In the case of one-sided constraint the particle leaves the curve 
when R changes sign. 

196. Examples. 

1. Prove that, when the particle leaves the curve, the velocity is that 
due to falling under the force kept constant through one quarter of the chord 
of curvature in the direction of the force. 

2. Prove that, when the curve is a free path under the given forces for 
proper velocity of projection, then for any other velocity of projection, the 
pressure varies as the curvature. 

*197. Smooth plane tube rotating in its plane. Suppose 

that a particle of mass m moves 
in a smooth plane tube, and that 
the tube rotates in its plane about 
a point rigidly connected with 
it. Let OA be any particular 
radius vector of the tube, and 
(j> the angle OA makes with a 
fixed line in the plane of the 
tube. Then is the angular 
velocity of the tube. We shall 
Fig. 50. write o) for ^. 

Let P be the position of the particle in the tube at time t 
Let OP = r, and /.AOP = 6. Then r and 6 are polar coordinates 
of P referred to OA as initial line, and r and 6+t^ are polar 
coordinates of P referred to a fixed initial line. Let p be the 
radius of curvature of the tube at P. 

Let V be the velocity of the particle relative to the tube. 
Then, if arc AP = s,vis s, the direction of v is that of the tangent 
to the tube, and the resolved parts of v along OP and at right 
angles to OP are r and r0. 

Now the resolved accelerations of the particle along OP and at 
right angles to OP are 
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dv 
Of these the terms independent of w are equivalent ^o v-j- 

along the tangent to the tube at P and v'jp inwards along the 
normal to the tube. 

The terms containing 2co as a factor are equivalent to 2a)?; 
inwards along the normal to the tube. This can be seen by con- 
sidering that r along OP and rd transverse to OP are equivalent 
to V along the tangent in the direction in which s increases, and 
that we have, as multipliers of 2a>, the components of this result- 
ant turned through a right angle. 

Now we can resolve a vector in the direction OP into com- 
ponents along the tangent at P to the tube and inwards along 

dv 'P 

the normal by multiplymg by t- and - , where p is the perpen- 

dicular from on the tangent ; similarly for a vector transverse 
to OP. 

Hence finally the accelerations resolved along the tangent and 
normal to the tube are 

dv „ dr . ^ 

— + lav + <o^p + o}r-Y- 
p ^ ds) 

Now let the particle move in the tube under the action of 
forces in the plane of the tube whose resolved parts along the 
tangent and normal to the tube are 8 and If, and let B be the 
pressure of the tube on the particle. Then the equations of motion 
are 



m 



' dv „ dr , . ' 



m 



ni2 CfcT* 

- -I- 2o>v + a^p -I- wr 3" 
p ^ ds 



= S, 
= N + R 
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*198. Newton's Revolving Orbit. Suppose that the form 
of the tube in Article 197 is a free path under a central force to 0. 
Let the tube turn about with an angular velocity <^ which is 
always equal to n6, where n is constant, and 6 is the angular 
velocity of the radius vector in the free path when the particle is 
at (r, 6). Then the path traced out by the particle is a free path 
under the original central force and an additional central force 
which varies inversely as the cube of the distance. 

Let / be the central acceleration in the free path, and \h the 
rate of description of areas. Then we are given 

1^6 = h ) ■ 
Now, in the tube <^ = nd, so that 

r=i(^+0) = A(l+?i), 
and j^-r-(^+0)= = -/-r^2(2n+riO, 

Hence the path traced out by the particle in the revolving 
tube is a free path with a central acceleration to made up of two 
terms, one of them being/, and the other being inversely propor- 
tional to r*. 

This result may be stated in another form as follows :— Rela- 
tively to a certain frame a particle describes a central orbit about 
the origin with central acceleration /; if a second frame with the 
same origin rotates about the origin relatively to the first frame, 
with an angular velocity always the same multiple of that of the 
radius vector in the said central orbit, the path of the particle 
relatively to the second frame is again a central orbit with the 
central acceleration increased by an amount inversely proportional 
to the cube of the distance. 

*199. Examples. 

1. A particle moves in a tube in the form of an equiangular spiral which 
rotates uniformly about the pole, and is under the action of a central force 
to the pole of the spiral. Prove that if there is no pressure on the tube the 
central force at distance r must be of the form Ar-\-Br~^, where A and B 
are constants. 

2. Prove that motion which, relatively to any frame, can be described 
as motion in a central orbit with acceleration /^/(distance)' towards the origin 
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and moment of velocity h may be described, relatively to a different frame 
with the same origin, as uniform motion in a straight line, provided h^ > ^. 

3. A particle moves in a smooth plane tube, and is under a central force 
to a fixed point about which the tube rotates uniformly. Prove that, if the 
pressure is always zero, the central force is 

m [ro)2 + 2ra) {h - r^a)lp'^ + {h-r^afp-^ dp/dr] , 

where m is the mass of the particle, mk is its moment of momentum about 

the fixed point, a is the angular velocity of the tube, r is the radius vector, 

and p the perpendicular from the fixed point on the tangent to the tube at 

. the position of the particle. 

*200. Motion on a rough plane curve under gravity. 

When a particle is constrained to describe a plane curve in a 

vertical plane under gravity but there is 

frictional resistance to the motion as well 

as pressure on the curve we assume that 

the friction is fj. times the pressure, where 

/JL is the coefficient of friction. The friction 

acts in the tangent to the curve in the 

sense opposite to that of the velocity. 

The equations of motion take different 
forms in different circumstances. We shall 
choose for investigation the case where the 
particle is on the outside of the curve, and 
is descending. 

Let the arc s of the curve be measured from some point of the 
curve so that it increases in the sense of the velocity, and let (j> be 
the angle contained between the inwards normal and the down- 
wards vertical. Then (j> increases with s, and dsjd^ (= p) is the 
length of the radius of curvature. 

Let V be the velocity of the particle, m its mass, R the pressure 
of the curve on the particle. The equations of motion are 

t'^T" dv ■ ^ ry\ 

mv -J- = mg sin (p — /ili, 




Fig. 51. 



e cur 



or 



m — ^ mq cos A — R 

^r p ^ ^ 

Eliminatmg R we obtain the equation 

dv v'' . . , ,s 

v^ — fi — = q (sin © — « cos ©), 
ds p 

V -j-j — fiv^ = gp (sin ^ — /i cos <j)). 



\y 
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This equation can be integrated after multiplication by tl 
factor e""^*, in fact it becomes 

-jT (U'e-^) = ^rpe-** (sin 4>-/icos (f)), 

so that ?;2g-2)i« _ 2g I pe-'^ (sin <f>-fi cos 4>) d^ + const., 

an equation which determines y as a function of <f), and therefo 
gives the velocity at any point of the curve. The velocity beii 
determined, the second of the equations of motion gives tl 
pressure, and, as in the case of a smooth curve, if R vanishes tl 
particle leaves the curve. 

The equations of motion take different forms according as tl 
particle is inside or outside the curve, and according as it 
ascending or descending. But in each case the equations can 1 
integrated by the above method. There is accordingly no defini 
expression for the velocity at any point of the curve in terms 
the position, but the expressions obtained are different in tl 
different cases. 

201. Examples. 

1. Write down the equations of motion in the three oases not investigat 
in Article 200 and the integrating factor in each case. 

2. A particle is projected horizontally from the lowest point of a rou| 
sphere of radius a, and returns to this point after describing an arc c 
(a< Jjt), coming to rest at the lowest point. Prove that the initial velooi 
is sinav'{2^a(l+^2)/(l -2/*^)}, where /i is the coefficient of friction. 

3. A particle slides down a rough cycloid, whose base is horizontal ai 
vertex downwards, starting from rest at a cusp and coming to rest' at t 
vertex. Prove that, if fj, is the coefficient of friction, fx^ e'"'= 1. 

4. A ring moves on a rough cycloidal wire whose base is horizontal ai 
vertex downwards ; prove that during the ascent the direction of motion 
time t makes with the horizontal an angle cj), given by the equation 

g {e*'*°'sin(,^ + .)}= -£seo2.e*'«'"'sin(<^ + e), 
where e is the angle of friction. 

*202. Motion on a curve in general. When a partic 
moves on a given curve under any forces, we take m for the ma 
of the particle, S for the tangential component of the resultai 
force of the field, N for the component along the principal norms 
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and B for the component along the binormal. Also we take R^ 
for the component of the pressure along the principal normal 
towards the centre of curvature, and R^ for the component of the 
pressure along the binormal in the same sense as B. Further if 
the curve is rough we take F for the friction. 

We take s to be the arc of the curve from some point to the 
position of the particle at time t, p to be the radius of curvature, 
and V to be the velocity, and we suppose the sense in which s 
increases to be that of v. Then the equations of motion are 

mv J- = 8 - F, 




= B + R^ 

When the curve is smooth F is zero, and we can integrate the 
first equation, in the same way as in Article 195, in the form 



^mv^ = I Sds + const., 



and this result can be expressed in the form 

change of kinetic energy = work done, 

so that the velocity is determined in terms of the position. The 
other two equations then determine the pressure. As in Article 
195 the integral equation is expressed more simply when the 
system of forces whose components are S, If, B is conservative. 

When the curve is rough we have to eliminate F, R^, R^ by 
means of the equation 

F' = M''(R'+^!?). 
which expresses that the friction is proportional to the resultant 
pressure. There results a differential equation for v", and, if we 
can integrate this equation, we shall obtain an equation giving the 
velocity in terms of the position. As in Article 200 the velocity in 
any position depends partly on the way in which that position has 
been reached. 

203. Motion on a smooth surface of revolution under 
gravity. When a particle moves under gravity on a smooth 
surface of revolution whose axis is vertical we can always obtain 
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from general principles suflScient integrals of the equations of 
motion to determine the velocity completely. 

Let the axis of revolution be the axis a; (x being measured 
upwards), and let the particle at time t be at distance y from the 
axis, and be on a meridian curve of the surface in an axial plane 
making an angle <j) with a given axial plane, and let a be the arc 
of the meridian from some particular circular section to the 
position of the particle. 

Then it is clear that the velocity along the tangent to the 
meridian is &, and the velocity along the tangent to the circular 
section is y^. Thus the energy equation is 

^ (o-" + y'^'') + gx= const. 




Fig. 52. 

Again, since the reaction of the surface on the particle is along 
the normal to the surface, and the normal meets the axis of 
revolution, while the weight of the particle acts in a line parallel 
to this axis, the forces acting on the particle have no moment 
about this axis. 

Hence by the Principle of the Conservation of Moment of 
Momentum the moment of the velocity about the axis is constant, 
or we have 

y^^ = const. 

The equations written down determine & and ^, that is they 
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determine the two components of the velocity (o- and ycj)) in two 
directions at right angles which lie in the tangent plane to the 
surface. 

204. Examples. 

1. Show that a particle projected along a circular section of a smooth 
surface of revolution with its axis vertical can describe the circle under the 
action of gravity and the reaction of the siirface, provided the velocity V of 
projection and the radius y of the circle are connected by the equation 

F2=5fytanft 

where /3 is the angle which the normal to the surface at any point on the 
circle makes with the vertical. 

Prove also that the reaction of the surface is mg sec /3, where m is the 
mass of the particle. 

[In the particular case where the surface is spherical this motion is 
frequently referred to as motion of a " spherical pendulum," and the constraint 
can be provided by an inextensible string with one end fixed at the centre of 
the sphere. Since the String describes a right circular cone the name " conical 
pendulum " is sometimes used.] 

2. A train rounds a curve whose radius of curvature is p with velocity v. 
Prove that, to prevent the train from leaving the metals the outer rail 
ought to be raised a height bv^/pg above the inner, b being the distance 
between the rails. 

3. A railway carriage is travelling on a curve of radius r with velocity 
V, 2a is the distance between the rails and h is the height of the centre of 
inertia of the carriage above the rails. Show that tl^e weight of the carriage 
is divided between the rails in the ratio gra — v^k : gra+v^h, and hence that 
the carriage will upset if v> sj{grajk). 

4. The point of suspension of a simple pendulum of length I is carried 
round in a horizontal circle of radius c with angular velocity a> ; show that 
when the motion is steady the inclination a of its suspending thread to the 
vertical is given by the equation 

0)2 (c+Z sin a) =g tan a. 

Show that, if {gja^y <fi-c^, the inclination can be inwards towards the 
axis. 

5. A particle moves on a smooth surface of revolution whose axis 
is vertical. Prove that the polar equation of the projection of the path on 
a horizontal plane is given by the equation 

(J)'[l+«M/'(«)}?+«H|/(») = oonst. 

where z=f{u) is the equation of the meridian curve, m~' being the distance 
from the axis, and A is a constant. 
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*205. Motion on a surfkce in general. Suppose that a 
particle moves on a fixed surface under the action of given forces 
and the reaction of the surface. 

We may imagine the surface to be covered with a network of 
curves belonging to distinct families, in such a way that at each point 
of the surface one curve of one family meets one curve of the other 
family, and we may suppose the curves that meet in any point to 
cut at right angles. At any point we may resolve the forces of 
the field into components along the tangents to the curves that 
meet in that point, and along the normal to the surface. We may 
resolve the acceleration along the same lines. 

When the surface is smooth the reaction is simply a pressure 
along the normal. For a particle moving on a smooth surface in 
a conservative field there will be an energy equation expressing 
the velocity in terms of the position. We shall see presently that 
the pressure is determinate as soon as the velocity is known. 

When the surface is rough there will be two components of 
friction in the directions of the tangents to the two curves that 
meet at any point, and the resultant friction has the same direction 
as the velocity but the opposite sense. Also the resultant friction 
is equal in magnitude to the product of the coefiicient of friction 
and the pressure. 

We have thus the means of writing down equations of motion 
of the particle, but the process can in general be simplified by 
using methods of Kinematics and Analytical Dynamics which are 
beyond the scope of the present work. We shall therefore confine 
ourselves to the simplest cases. 

We proceed to investigate a general expression for the resolved 
part of the acceleration along the normal to the surface. 

Let V be the velocity of the particle, p the radius of curvature 
of its path. The tangent to the path touches the surface, and we 
suppose a normal section of the surface drawn through it. This 
section is not, in general, the osculating plane of the path ; we 
suppose that it makes an angle <f) with this osculating plane. We 
take p' to be the radius of curvature of the normal section of the 
surface through the tangent to the path. 

Since the normal to the surface is at right angles to the 
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tangent to the path the resolved part of the aicceleration along the 
normal to the surface is the resolved part in that direction of the 
acceleration along the principal normal to the path, it is there- 
fore 

- cos 0. 

p 

Also by a well-known theorem we have p = p' cos ^. 

Hence the acceleration along the normal to the surface is v^jp', 
and the pressure is determined by resolving along the normal. 

*20Q. Osculating plane of path. In Example 1 of 
Article 204 it is stated that a particle may be projected along a 
horizontal tangent of a smooth surface of revolution whose axis is 
vertical with such velocity that it describes the circular section 
under the action of gravity and the reaction of the surface. It is 
almost obvious that if the velocity exceeds that requisite for 
description of the circle the path of the particle rises above the 
circle, otherwise it falls below the circle. We may' use the result 
of Article 205 to find the position of the osculating plane of the 
path for any velocity of projection. 




Fig. 53. 
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Let P be the point of projection, PQ the normal to the surface 
at P, PN=y the ordinate of P at right angles to the axis of 
revolution, Q the point where the osculating plane of the path 
meets the axis. Let Z QPN= a, and Z QPQ = ^. 

When the particle is projected along the tangent to the 
circular section with velocity V there is initially no acceleration 
along a line in the meridian plane at right angles to PQ. 

Hence resolving along this line we have 

ii sin ^ — mg cos (a — <f>) = 0, 

where m is the mass of the particle, and R is the pressure. 

Again, resolving along PN, we have 

m — cos (a — <j)) = R cos a, 

where p is the radius of curvature of the path. 

Now, with the notation of Article 205, 

p' = PO, p = PG COS <j). 

Also y = PN=PQ cos a. 

Hence tan <^ = gy/ VK 

This equation determines the position of the osculating plane 
of the path. 

Now if tan </> > tan a, or V < gy cot a, the osculating plane of 
the path initially lies below the horizontal plane through the 
point of projection, and if t9,n < tan o, or F" > gy cot a, it has 
above that plane. 

*207. Examples. 

1. A particle moving on a surface (smooth or rough) under no forces but 
the reaction of the surface describes a geodesic. 

2. A particle moves on a rough cylinder of radius a under no forces but 
the reaction of the surface, starting with velocity F in a direction making an 
angle a with the generators ; prove that in time t it moves over an arc 

an~^ cosec^a log (1 +/x Fto"^ sin^ a), 

fi being the coefficient of friction. 

3. A hollow circular cylinder of radius a is rough on the inside, and is 
made to rotate uniformly with angular velocity a> about its axis which makes 
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an angle u with the vertical. Show that a particle can slide down a line 
parallel to the axis with uniform velocity 

aa ^/{(/i2 + l)/(ji'^ tan^ a - 1 )} , 
where /x is the coefficient of friction, and /x > cot a. 

4. An ellipsoidal shell whose principal semiaxes are a, b, c {a>h>c) is 
placed with the greatest axis vertical and a particle is projected from one of 
the lower umbilics with velocity v along the tangent to the horizontal section 
within the ellipsoid. Show that the osculating plane of the path is initially 
above or below this section according as 

v^> or <gay^{h^lc^-l)l^{{a?-d^){a^-¥')}. 

208. Motion in Resisting^ Medium. In illustration of 
the class of forces admitted in Rational Mechanics under the name 
resistances, we consider cases of the motion of a particle in a 
known field of force when, in addition to the forces of the field, 
there is exerted on the particle a force proportional to a power of 
its velocity having the same direction as the velocity and the 
opposite sense. 

Problems of this kind are related to facts of observation in 
regard to the motions of bodies in the air and in other fluid media. 
In many cases it is found that the observed facts can be approxi- 
mately represented by the supposition that the resistance is 
proportional to the velocity, this is true for instance for the 
motion of a pendulum swinging in air. There are other cases for 
which it is found that the facts are better represented by suppos- 
ing the resistance to be proportional to the cube of the velocity, 
this appears in fact to be the simplest function of the velocity 
which gives rise to an approximate representation of the motion 
of a shot. 

In such cases there is not necessarily any dissipation of energy 
in the system. The motion of the body through the fluid generates 
motion in the fluid, so that kinetic energy is gained by the fluid, 
and thus the body must part with kinetic energy at a greater rate 
than it would do in the absence of the fluid. Work is done by the 
body against the resistance, and an equal amount of work is done 
upon the elements of fluid, and its equivalent may be produced in 
kinetic energy of the fluid, potential energy of strain, &c. We 
can in fact conceive cases in which this would happen. On the 
other hand in actual cases some of the energy is invariably 
dissipated, i.e. converted into heat, or generally into other forms of 

13—2 
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energy than kinetic energy of visible motion, potential energy of 
strain, and potential energy of the parts of the system in the field 
of force. 

209. Resistance proportional to the Velocity. Since 
the velocity of a particle is a vector whose direction and sense 
are determined by the resolved parts x, y, i, the resistance has 
resolved parts — kx, — icy, — kz, where « is a constant. 

Suppose the motion takes place under gravity parallel to the 
negative direction of the axis y, and first suppose the particle to 
move vertically. The equation of motion is 

my = -mg- Ky, 
or y + \y + 5r = 0, 

where \ is written for /c/m. Multiplying by e^' and integrating, we 
have 

A, 
where C is a constant of integration. Hence 
ij = (7e-'<«/'ft _ mglK. 

If the particle continues to fall for a sufficiently long time the 
value of y will ultimately differ very little from —gm/ic, or the 
particle falls with a practically constant velocity when it has been 
falling for some seconds. 

The equation last written can easily be integrated again so as 
to express y as a function of t. 

Again suppose that the particle is projected in any other than a 
vertical direction, then the vertical motion is the same as before, 
but for the horizontal motion we have an equation 

m'x = — Kx, 

giving X = Ae'"*'"*, 

where A is a, constant of integration. This equation can easily be 
integrated again so as to express a; as a function of t. 

210. Resisted Simple Harmonic Motion. Consider the 
case where, apart from the resistance, the motion would be simple 
harmonic in period 27r/n, and the resistance is proportional to the 
velocity. 
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We have the equation 

mic = — mn^v — kx, 

or !c+\x + n^x = 0, 

where X is written for a/m. The complete primitive of this 
equation takes different forms according as m* > or < JV. In the 
former case, which is practically the more important, it is 

X = e-*^« [A cos {t VK - iX^} + B sin {t V(w' - iX»)}]. 

The motion represented may be roughly described as simple 
harmonic motion with period 2irl>J{n? — JX'), and with amplitude 
diminishing according to the exponential function e~^^*'. . It will 
be observed that the period is lengthened by the resistance, and 
that the amplitude falls off in geometric progression as the time 
increases in arithmetic progression. Thus the motion rapidly dies 
away. 

211. Examples. 

1. A particle is projected vertically upwards with velocity « in a medium 
in whicli the resistance is proportional to the velocity. It rises to a height h 
and returns to the point of projection with velocity w. Prove that 

ghjv'^ =^-:^{y IV)+i{v IVf-\{v jVf+... 

where V is the terminal velocity in the medium. 

2. A particle moves under gravity in a medium whose resistance varies 
as the velocity, starting with horizontal and vertical component velocities Mq, 
•!)(i, and returning to the horizontal plane through the point of projection 
with component velocities Wj, v^ ; show that the range R and time of flight t 
are given by the equations 

"o - «! =S'<. R=t K - Wi)/(log «o - log Ml)- 
Prove also that R=u^'Vtl{V+Vi^, where Tis the terminal velocity in the 
medium. 

3. A body performs rectilinear vibrations under an attractive force to a 
fixed centre proportional to the distance in a medium whose resistance is 
proportional to the velocity. Prove that, if T is the period, and a, b, c are 
the coordinates of the extremities of three consecutive semi-vibrations, then 
the coordinate of the position of equilibrium and the time of vibration if 
there were no resistance are respectively 



a + c-2b 



"" -b*h(^'7^JJ 
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4. A particle of unit mass is fastened to one end of an elastic thread 
of natural length a and modulus arfi, in a medium the resistance of which 
to the motion of the particle is Sk (velocity). The other end of the thread 
is fixed and the particle is held at a distance 6 (>a) below the fixed point. 
Prove that, when set free, (i) it will begin to rise or fall according as 
n^{h-a)> or <g, (ii) in its subsequent motion it will oscillate about a 
point which is at a distance a +g'/n2 below the fixed point, (iii) the distances 
from of successive positions of rest form a geometric series of ratio e- ""!«>, 
(iv) the interval between any two positions of rest is jr/m, where m^=:n^-K^. 

5. A particle moves on a smooth cycloid whose axis is vertical and vertex 
downwards under gravity and a resistance varying as the velocity. Prove that 
the time of falling from any point to the vertex is independent of the starting 
point. 

6. A particle moves under a central force (jt (r) in a medium of which the 
resistance varies as the velocity. Investigate the equations 

r+^r-Je-W + ,^(r) = 0, ^± = <t>{r)e^' , 
where h and /i are constants. 

*212. Motion in a vertical plane under gravity. For 

any law of resistance we can make some progress with the equa- 
tions of motion of a particle moving in a vertical plane under 
gravity. 

Let mf(v) be the magnitude of the resistance when the 

velocity is v, m being the mass of 
the particle, then resolving hori- 
zontally we have 

U = —f{v) cos (j), 

where ^ is the angle the direction 
of motion at time t makes with the 
Fig. 54. horizontal and u is the horizontal 

velocity, so that u = v cos <f>. 

Again resolving along the normal to path, since the resistance 
is directed along the tangent, we have 

-=gcoa<t), 

where p is the radius of curvature. This equation may be written 

v^= —gcos (J), 
and thus, eliminating t, 




du vf(v) , . 

T-r = , where v = usec A. 
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This equation can be integrated when f{v) = kv"; and we have 

1 , nn f dd) 

"s "^ — I — ^L , = const., 
m" g J cos"+V^ 

an equation giving u, and therefore also v, in terms of ^. 
Now the equation 

^_=_5,cos,^ 

gives « = - I - sec ^ d^ + const., 

so that t is found in terms of <p. Also the equations 

dx , dy . . ds 

^ = cos</,, ^ = Bm.^, j^ = v, 

— d^ + const., y = — j- tan (j>d<f) + const. 

and thus the time and the position of the particle are determined 
in terms of a single parameter <^. 

It is not generally possible to integrate the equation for vertical 
rectilinear motion even for the case here described where /{v)=v"'- 
In the special case, however, where the resistance is proportional 
to the square of the velocity the velocity can be found in any 
position. We have, when the particle is ascending, 

y = -g- Kf, 
y being measured upwards. Now 

y=yt=Ty^^'y^ 

hence ^(if) + '<:y' = -9- 

Multiplying by e'^ and integrating, we have 
^f^ = _ iL e^y + const., 

giving y' = Ce""^ — g/K. 

Again when the particle is descending we have, measuring y 
downwards, 

y=g-icy\ 
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dy 






giving y 



=i.-Ce-^. 



As in the case of resistance proportional to the velocity, there 
is a limiting velocity, y/ig/K), which is practically attained when 
the particle has fallen through a considerable height. 

*213. Examples. 

1. A pai-tiole is projected vertically upwards in a medium whose resist- 
ance varies as the square of the velocity. Prove that the interval that 
elapses before it returns to the point of projection is less than it would be if 
there were no resistance. 

Prove also that, if the particle is let fall from rest, then in time t it 
acquires a velocity Uta,nh{gtlU) and falls a distance U^g ~^ log cosh. (gtjU), 
where U is the terminal velocity in the medium. 

2. A particle of weight W moves in a medium whose resistance varies 
as the rath power of the velocity. Prove that, if F is the resistance when 
the direction of motion makes an angle (j) with the horizon, then 

W f 

-gf = ncos^(t) lseo"+i<^c?(^. 

3. A particle of imit mass moves in a straight line under an attraction 
fi (distance) to a point in the line, and a resistance k (velocity)^. Prove that 
if it starts fi-om rest at a distance a from the centre of force it will first 
come to rest at a distance b, where 

4. The bob of a simple pendulum moves under gravity in a medium of 
which the resistance per unit of mass is k (velocity)^, and starts from the 
lowest point with such velocity that if it were unresisted the angle of oscilla- 
tion would be a. Prove that it comes to rest after describing an angle 6 which 
satisfies the equation 

(1 -1- 4kH^) cos a = 4.<H^ - 2d sin Be^" + cos ee''"^, 

where I is the length of the pendulum. 
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EXAMPLES. 

1. Prove that the time of quickest descent along a straight line from 
a point on one vertical circle to another in the same plane is 

V{2(c2-a2)/5'(a+A)}, 

where c is the distance between their centres, a is the sum of the radii, and h 
the vertical height of the centre of the former circle above that of the latter. 

2. Any curve is drawn in a vertical plane, and a second curve is drawn 
cutting off equal distances along the normals to the first curve. Prove that, 
if the second curve now receives a certain vertical displacement, the time of 
quickest descent from one curve to the other is independent of the starting 
point. 

3. Show that when two curves lie in the same vortical plane and do not 
intersect, the straight line of quickest descent from one to the other is such 
that the normals and the vertical lines through its extremities form a 
rhombus ; and further that the centres of curvature at the extremities cannot 
lie on the segments of the normals included between the verticals. 

4. A parabola is placed in a vertical plane with its axis inclined to the 
vertical at an angle cos~i |, the vertex being the highest point of the axis. 
Prove that the time of sliding down the latus rectum is the same as that 
of sliding down the chord drawn from the upper end of the latus rectum to 
the vertex, and that the time down any intermediate chord is less. 

5. A parabola is placed in a vertical plane with its vertex downwards and 
its axis inclined to the vertical at an angle 0. Prove that the time down the 
chord of quickest descent from the focus to the curve is J{^ag~'^sec^^ff). 

6. A spherical shell has a small hole at its lowest point, and any number 
of particles start down chords from the interior surface at the same instant, 
pass through the hole, and then move freely. Prove that at any instant 
before or after passing through the hole they lie on the surface of a sphere, 
and find the radius and position of such a sphere. 

7. An ellipse is placed with its minor axis vertical. Prove that the 
normal chord of quickest descent from the curve to the major axis is that 
drawn from a point subtending a right angle at the foci when there is such a 
point. Determine the normal chord of quickest descent when there is no 
such point. 
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8. A cycloid is placed with its axis vertical and base upwards, and 
particles starting from various points of the base run down chords of quickest 
descent to the curve. Prove that if x is the length of such a chord, and 2A 
the vertical height through which a particle would fall freely in the time of 
describing it, then aP'-x s/Qi^la) - ZA^ = 0. 

9. Two equal parabolas of latus rectum Zl are placed vrith their axes 
vertical at a distance %l from each other and with the vertex of the lower at 
a depth I below the vertex of the higher, the convexities being opposed. The 
line of quickest descent from the higher to the lower is of length h and makes 
an angle ^ with the vertical. Prove that 

hjl = sec sec'^ 2<^ = 2^2 cosec (^ sec 2(^ cos (^ + 2<^). 



10. A window is supported by two cords passing over pulleys in the 
framework of the window (which it loosely fits) and is connected with counter- 
poises each equal to half the weight of the window. One cord breaks, and the 
window descends with acceleration /. Show that the coefficient of friction 
between the window and the framework is 

»(^-3/)/{6 (<?+/)}, 
where a is the height and 6 the breadth of the window. 

11. A train of mass m runs from rest at one station to stop at the next 
at a distance I. The full speed is V, and the average speed is v. The 
resistance of the rails when the brake is not applied is uVjlg of the weight of 
the train, and when the brake is applied it is u' V/lg of the weight of the train. 
The pull of the engine has one constant value while the train is getting up 
speed, and another constant value while it is running at full speed, prove that 
the average rate at which the engine works in starting the train is 



^Tr~2/«-2/r-i/4' 



12. A train starts from rest at one station and stops at the next, the pull 
of the engine having one constant value while the train is getting up speed, 
and another constant value while it is running at full speed. Prove that the 
work done by the engine in getting up speed exceeds that done by the brake 
in stopping the train by {Vjv—1) times the work done by the resistance 
during the whole journey, V and v being respectively the full speed and the 
average speed of the train. 

13. It is required to find in horse-power the average rate of working of, 
and in pounds weight the pull exerted by, each horse of a two-horse omnibus 
which maintains an average speed of 6 miles an hour without exceeding TJ 
miles an hour and slows down to 1 foot per second every hundred yards to 
pick up or set down — given the following data — weight of 'bus = 26 cwt. , weight 
of two horses=30 cwt., weight of driver, conductor and passengers = 35 cwt., 
and brake power produces a friction equal to one-fifth of the pressure. The 
brake is supposed to be applied to one wheel only, and no work is done by the 
horses when going at full speed. 
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14. A bucket of mass M lbs. is raised from the bottom of a shaft of depth 
A feet by means of a cord which is wound on a wheel of mass m lbs. The 
wheel is driven by a constant force, which is applied tapgentially to its rim 
for a certain time and then ceases. Prove that if the bucket just comes 
to rest at the top of the shaft, t seconds after the beginning of the motion, the 
greatest rate of working in foot-pounds per second is 

UM^gtl{Mgf- - 2 A {M+m)}, 

the mass of the wheel being regarded as condensed uniformly on its rim. 

15. An engine is pulling a train and works at a constant horse power * 
doing H units of work per second. If M is the mass of the whole train and 
F the resistance (supposed constant), prove that the time of generating velocity 
V from rest is 



fMH^ H Mv\ 

Xji log fl^Tpv ~ -f) ^'^''^^- 



16. A two- wheeled vehicle is being drawn along a level road with velocity 
V ; the wheels (radius c) are connected by an axle (radius r) fixed to them, the 
weight of the vehicle exclusive of the wheels and axle is W, and its centre of 
inertia is vertically over the middle point of the axle. Show that, if the 
shafts are in a horizontal plane with the tops of the wheels, the horse is 
working at a rate 'WvrAxi\j^{c^-r'^w\^\), where X is the angle of friction 
between the axle and its bearings. 



17. Two bodies hang by a cord over a fixed pulley : show that, neglecting 
the inertia of the pulley, the spaces described by the bodies in successive equal 
intervals of time are in arithmetic progression. 

If instead of one of the bodies a pulley of negligible mass is substituted, 
and bodies of masses m and m' slung over it, find the mass of the single body 
in order that m' may remain at rest if initially so, and prove that the 

acceleration of the pulley is ^ g. 

18. For one of the moving bodies in an Atwood's machine a pulley is 
substituted, round which passes a cord connecting two masses P, §, which 
hang freely. Show that, if the ratio P : § lies between 3 and \, certain values 
of the other moving body may be found which wiU keep either P ot Q 
stationary, and that these values are in the ratio 3P- Q : SQ—P. 

19. If in an Atwood's machine the chain can only support a tension 
equal to one quarter of the sum of the weights at its two ends, show that the 
greater weight cannot be much less than six times the smaller, and that the 
least acceleration possible is igij2. 

20. In an Atwood's machine the groove in the pulley in which the chain 
runs is cut to that depth at which it is found that the inertia of the pulley 
may be divided equally between the moving bodies, and Q is the weight 
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required to be added to overcome the friction of the axle when equal weights 
P are hung at the ends of the chain. Prove that an additional weight R will 
produce acceleration Rgl{iP+2Q+It+ W), where W is the weight of the 
pulley. 

21. Two equal masses P, P' are connected by a cord passing over a 
smooth pulley, and to them are attached equal masses Q, §' by cords. 
Initially Q lies on a horizontal plane, and P, P', §' are in motion ; Q is raised 
from the plane and §* caught by it almost simultaneously. If V is the initial 
subsequent velocity of P, Q, P when Q is raised just first, and V the initial 
subsequent velocity when §* is dropped just first, prove that 

V : V'=(2P+Qy : 4P{P+Q). 

22. Two pulleys each of mass 8m hang at the ends of a chain of negligible 
mass which passes over a fixed pulley ; a similar chain passes over each 
pulley and carries at its ends bodies of mass 2m. A mass m is now removed 
from one of the bodies and attached to one of those which hang over the other 
pulley ; prove that the acceleration of each pulley is ^g. Prove also that the 
two descending' bodies move with the same velocity, and that the velocity of 
one of the ascending bodies is five times that of the other. 

23. A chain of negligible mass passes over two fixed pulleys and under a 
moveable pulley and bodies are attached to its ends. Prove that, if all the 
parts of the chain are vertical, the moveable pulley will remain at rest if its 
mass is twice the harmonic mean of the other two masses. 

24. A chain of negligible mass passes over a fixed pulley B and supports 
a body of mass m at one end and a pulley C of mass p at the other. A similar 
chain is fastened to a point A below JB, passes over C, and supports a body of 
mass m'. Prove that the acceleration of the pulley is 

ff (2m' - m +p)/{4m' + m -i-p). 

25. Two pulleys of masses M and M' are connected by a cord passing 
over a fixed pulley. Bodies of masses m^ and m^ are hung over if by a cord, 
and bodies of masses wii', m^' are hung over M'. Prove that either pulley 
moves with acceleration 

cf(M+2^,-M'-2ix'y{M+M'+2^i+2ii'), 

where /* is the harmonic mean of m^ and m^, and / is the harmonic mean of 
wij' and Mij'. 

26. Two bodies are supported in equilibrium on a wheel and axle, and a 
body whose mass is equal to that of the greater body is suddenly attached to 
that body. Prove that the acceleration with which it moves is ag/{2a + b), 
a and 6 being the radii of the wheel and the axle respectively, and the inertia 
of the machine being neglected. 

27. A body of weight P balances a body of weight W in that system of 
pulleys in which each pulley hangs by a separate cord. Prove that if bodies 
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of -weights P' and W are substituted, P' will desoend with acceleration /, 
such that 

/{22»P'+ H^' + J(2"+1)(2''P- W)} = 'i,'g{^{P'-P)+ W- W}, 

all the pulleys being of equal weight. 

28. In any machine without friction and inertia a body of weight P 
supports a body of weight W, both hanging by vertical cords. These bodies 
are replaced by bodies of weights P' and W, which, in the subsequent motion 
move vertically. Prove that the centre of inertia of P' and W will descend 
with acceleration 

g{WP'- W'Py/{ W^F + W'P') ( W + P'). 

29. Two particles of masses P and Q lie near to each other on a smooth 
horizontal table, being connected by a thread on which is a ring of mass R 
hanging just over the edge of the table. Prove that it falls with acceleration 

Sr(l/P + l/§)-(l/P+l/§ + 4/^). 

30. Two particles of masses m, m! are attached to the ends of a thread 
passing over a pulley and are held on two inclined planes each of angle a 
placed back to back with their highest points beneath the centre of the pulley. 
Prove that if each portion of the thread makes an angle ^ with the corresponding 
plane the particle of greater mass m will at once pull the other oflp the plane if 

m'lnK'i tan a tan j3— 1. 

31. Two equal bodies, each of mass M, are attached to the chain of an 
Atwood's machine, and oscillate up and down through two fixed horizontal 
rings so that each time one of them passes up through a ring it lifts a bar of 
mass m, while at the same instant the other passes down through its ring 
and deposits on it a bar of equal mass. Prove that, neglecting friction, the 
period of an excursion of amplitude a is 



ve(-^)}- 



and that the successive amplitudes form a diminishing geometric progression 
of which the ratio is 






where /i is a mass which distributed over the circumference of the pulley wiU 
produce the same effect on the motion as the inertia of the actual mechanism. 



32. A series of vertical circles touch at their highest points, and smooth 
particles slide down the arcs starting from rest at the highest point ; prove 
that the foci of the free paths lie on a straight line whose inclination to the 
vertical is tan~i (|\/5). 

33. A particle is projected along the circumference of a smooth vertical 
circle of radius a. It starts from the lowest point and leaves the circle before 
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reaching the highest point. Prove that, if the coefficient of restitution 
between the circle and the particle is unity, and if the initial velocity is 

VH{2+JJ(3-V3)}], ~ 
the particle after striking the circle will retrace its former path. 

34. A smooth parabolic cylinder is fixed with its generators horizontal 
and the axis of each of its normal sections is horizontal. A particle is placed 
upon it at a height above the axial plane equal to the latus rectum ; prove 
that it will run ofiF at the extremity of the latus rectum, and will then describe 
a parabola of equal latus rectum. 

35. A particle slides under gravity on a smooth parabola whose axis is 
not necessarily vertical, and is free to leave it and describe a different parabola 
under gravity alone. Prove that, if the particle leaves the first parabola at 
all, it will do so at the point where the normal passes through the intersection 
of the directrices of the two parabolas. 

36. A particle moves on the outside of a smooth elliptic cylinder whose 

generators are horizontal, starting from rest on the highest generator, which 

passes through extremities of major axes of the normal sections. Prove that 

it will leave the cylinder at a point whose eccentric angle is given by the 

equation 

e^ cos' (/) = 3 cos ^ - 2, 

where e is the eccentricity of the normal sections. 

37. A particle moves in an elliptic tube under a force to a focus equal to 
fir-^+vr-K Prove that, if it is projected from the nearer vertex with velocity 
^{ji (l+e)/a (1 - e)}, the pressure is given by 



•.il + —^ 11. 

1 [r^ a2(l — e)2 ar) 



38. A particle is constrained to move in an ellipse about a centre of force 
in one focus varying inversely as the square of the distance, and its initial 
velocity is such that if it were free its orbit would pass through the other 
focus. Prove that if the constraint were removed at any point of its path it 
would describe an orbit passing through the other focus. 

39. A particle is projected horizontally from the lowest point of a smooth 
elliptic arc, whose major axis 2a is vertical, and moves under gravity along 
the concave side. Prove that it will leave the curve if the velocity of projection 
lies between ij(2ga) and ij{ga (5 - e^)}. 

40. A ring is free to move on a smooth elliptic wire whose minor axis is 
vertical. An elastic thread of natural length I and of modulus equal to n 
times the weight of the ring passes through the ring and has its extremities 
fixed to the foci of the wire. Prove that if the ring falls from an extremity 
of the major axis the pressure at the lowest point will vanish if 

I = Ana%l{pfi + 2«.a6 + 262), 
where 2a, 26 are the major and minor axes of the ellipse, and l<2a. 
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41. A smooth cycloid has its axis AB inclined to the vertical and its 
convexity upwards ; a particle begins to slide down the arc from A, and leaves 
the curve at P ; the perpendicular from F on AB cuts at Q the circle on AB 
as diameter, and QR is a diameter of this circle. Prove that PR is horizontal. 

42. A particle moves on a smooth curve in a vertical plane, the form 
of the curve being such that the pressure on the curve is always m times 
the weight of the particle. Prove that the time of a complete revolution is 

2ir ■, . /- , and that the length of the vertical axis of the curve is 

, the whole length of the curve being na ■ 



43. Prove that, if a particle moves in a smooth tube under the action 
of forces tending to centres, the pressure on the tube at any point will be 
proportional to 

where -=- is the acceleration towards any one of the centres, and p is the 
radius of curvature. 



44. A smooth circular tube of radius a is fixed in a vertical plane, and 
contains a particle, which is attached to the highest point of the tube by an 
elastic thread inside the tube ; the modulus of elasticity is \^Z of the weight 
of the particle, and the natural length of the thread subtends an angle Jir at 
the centre. Prove that, if when the particle is in equilibrium it receives by an 
impulse a downwards velocity V{(2n-v/3 — 3) a^'}, it will just reach the lowest 
point. 

45. Two equal smooth circular tubes are fixed so as to touch at their 
lowest points the same horizontal plane, their planes being at difierent 
inclinations ; two small heavy beads are projected at the same instant along 
these circles from their lowest points, the velocity of each bead being due to 
falling from the highest point of the other circle. Show that throughout the 
motion the two beads will always be at the same height. 

46. Assuming that the mass of the Moon is ^ of that of the Earth, and 
that the Moon's distance is 60 times the Earth's radius, prove that owing 
to the Moon's attraction a seconds pendulum wiU be losing at a rate 
jjj (3 sin^ a - 1) seconds per day, where a is the altitude of the Moon at 
the place of observation. 

47. A bead moves on a smooth circular wire in a vertical plane its velocity 
being that due to falling from a horizontal line HK above the circle. Prove 
that, if I is the internal limiting point of the co-axal system of which the 
circle and the line HK are members, then any chord through / divides the 
wire into two parts which are described in equal times. 
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48. The bob of a pendulum (weight W) is suspended by a cord from one 
end of an inextensible rod of negligible mass, which is constrained to move 
vertically, and the other end of the rod is attached to a cord passing over 
a smooth pulley and supporting a body of weight W. Prove that the period 
of small oscillations of the pendulum is the same as when the point of support 
is at rest, and that when the suspending cord makes an angle 6 with the 
vertical the tension is 

f cos^ 2(cosg-cosa) l 
tl+oos^d"^ (l+cos2(9)2 J' 

where a is the amplitude of the oscillations. 

49. A simple pendulum is suspended from the roof of a railway carriage 
and remains vertical while the train is running uniformly at 30 miles an hour. 
When the brakes are put on, the pendulum oscillates through an angle of 3°. 
Prove that the train will come to rest after running about 385 yards, the 
resistance being assumed constant. 

50. Prove that the time of a beat of a circular pendulum of length a 
oscillating through an angle 2a is equal to the time of complete revolution of 
a pendulum of length acosec^^a, the height of the line of zero velocity above 
the lowest point being 2acosec*^a. 

51. The bob of a simple pendulum of length I and mass m is acted on by 
a horizontal force mpg cos nt, where ^ is a large number, and In^ is large 
compared with g. Show that the pendulum may oscillate about either of 
two points distant a from the lowest point with an amplitude j3, where 

cos a = '2MI{gf), = 2/^. 

52. The point of support of a simple pendulum of length I and weight 
w is attached to a massless spring so that it can move to and fro in a 
horizontal line ; prove that the time of vibration is 

where W is the weight required to stretch the spring a length I. 

53. A platform is sliding down a smooth spherical hill from rest at the 
summit. From a point fixed on it a plumb-line is suspended in a tulje which 
is always held perpendicular to the surface of the hill at the point occupied 
by the platform. Prove that the tension of the cord, when the platform has 
descended a distance x measured vertically, is w{a — 3x)/a, where a is the 
radius of the sphere, and ib is the weight of the lead. 



54. A ring slides on a smooth wire bent into the form of a curve in 
a vertical plane, being attached by an elastic thread to a fixed point in the 
plane ; it starts from a position in which the thread has its natural length, 
and the modulus of elasticity is twice the weight of the ring. Prove that it 
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will descend through a vertical height which is a third proportional to the 
natural length of the thread, and the increase of its length when in the lowest 
position, the thread being stretched throughout the motion. 

55. A particle hangs in equilibrium under gravity being suspended by 
an elastic thread whose modulus of elasticity is 3 times the weight of the 
particle. The particle is slightly displaced in a direction making an angle 
cot"i4 with the horizontal, and is then released. Show that it will oscillate 
in an arc of a small parabola terminated by the ends of the latus rectum. 

56. A particle placed at an end of the major axis of a normal section of 
a uniform gravitating elliptic cylinder is slightly disturbed in the plane of the 
section. Prove that it can move round in contact with the cylinder, and that 
its velocity v when at a distance y from the major axis of the section is given 
by the equation 

v^ = 4jrypy2 a {a- 6)/{6 (a + b)}, 

where p is the density of the cylinder, and 2a, 26 are the principal axes of a 
normal section. 

57. A particle moves in a smooth tube in the form of a catenary being 
attracted to the directrix with a force proportional to the distance from the 
directrix. Prove that the period of oscillation is independent of the amplitude. 

58. Prove that a hypocycloid, generated by the rolling of a circle of radius 
6 on a circle of radius a, is isochronous for a force varying as the distance 
from the centre of the fixed circle, and that the time of an oscillation is 

47rflS-V{6(«-&)M, 
where the force per unit of mass at unit distance is /i (distance). 

59. A particle, of unit mass, is at rest in a smooth tube in the form of an 
equiangular spiral of angle a at a distance 2d from the pole. Prove that, 
under the action of a force /^/(distance)^ towards the pole, it will reach the pole 

in time n sec a dfijiJix. 

60. A cycloidal wire in a vertical plane, with its axis vertical and vertex 

upwards is completely occupied by equal small smooth rings. Prove that, if 

the constraint at the cusps is removed, then in time t the length of the arc 

cleared of rings will be 

ilsmh^Jigt^lU), 

where I is the length of the cycloid. 

61. A particle slides down a smooth cycloidal tube with its axis vertical 
and vertex downwards, starting from rest at an arc-distance s^ from the vertex. 
After a time t, and before the first particle has reached the vertex, a second 
particle slides down the tube starting from rest at an arc-distance s^ from the 
vertex. Prove that the arc-distance from the vertex of the point where the 
particles meet is 

where T is the time of a complete oscillation in the tube. 

14 
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62. A cycloidal tube, of which the radius of the generating circle is a, is 
placed with axis vertical and vertex downwards, and contains two elastic 
threads of natural length I fastened at one end to the extremities of the base 
and at their other ends to a particle. If the particle is moved a distance 
X from the vertex, where x<ia-l, it will reach the vertex in time 

where n is the ratio of the modulus of the string to the weight of the particle. 
Find the time taken iix>4a — l. 

63. Two cycloids are placed in the same vertical plane, with their axes 
vertical, and their vertices downwards and at the same level. Two particles 
start to describe the cycloids from points at the same level. Show that they 
will next be at the same level after a time 27r J{aa')l{{ija+^a') ^g), and next 
after that at time 4,7 ^{aa')l{{^a + ^a') Jg) or 2jr s/{aa')l{Ua ~ ^a') ^g), which- 
ever is less, a and a' being the radii of the generating circles. 



64. An endless thread of length 2Z, on which are threaded beads of masses 
M and m, passes over two smaU smooth pegs A and B, which are at a distance 
a apart and in a horizontal line. The lighter bead m is raised to the middle 
point otAB and is then let go. Show that the beads will just meet if 

(JI/'+m)/Jf=2V{«/{Z+a)}. 

65. Two particles A, 5. are connected by a thread of length I which 
passes through a small hole C in a smooth horizontal table on which A moves 
and supports B. A is projected along the table at right angles to AC. Show 
that, if AC=kI, and if n is the ratio of the masses of B and A, B cannot 
reach the table if the velocity of projection is less than that due to falling 
through a height rdj{\ +k). 

66. Two particles of masses m and Km are connected by a thread which 
passes over the top of a smooth circle, the particles lying on the circle. Show 
that the motion of m from its position of equihbrium will be the same as that 
of a free particle starting from the top of the circle, under gravity diminished 
in the ratio VCI+k^+Zkcoso) : I+k, a being the angle the connecting thread 
subtends at the centre. 

67. A straight smooth groove is cut in a horizontal table, and a straight 
sUt is cut in the bottom of the groove. A thread of length I attached at one 
end to a particle of mass m resting in the groove passes through the slit and 
supports a particle of mass Km. The second particle is held displaced in the 
vertical plane containing the slit with the string straight, and is let go. 
Prove that its path is part of an elhpse of semi-axes I, and 11(1 + k), the major 
axis being vertical. 

68. Two particles A, B each of mass m slide on a circular wire of radius a 
fixed in a vertical plane, and are connected with a third particle C of mass m' 
by two threads each equal to the radius. The system starts from rest in a 
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position in which the threads and the radii through A and B form a square 
with C vertically below the centre. Prove that when A and B meet the 
velocity of either of them is 

V{(2-V2)a5f(l+OT7m)}. 

69. Two particles of masses M, m are connected by a cord passing over a 
smooth pulley, the smaller {m) hangs vertically and the other ( Jf) moves in a 
smooth circular groove on a fized plane of inclination a to the vertical, the 
highest point of the groove being vertically under the pulley. M starts from 
the highest point of the groove without initial velocity. Prove that, if it 
makes complete revolutions, the radius of the groove must not exceed 

hmM cos aj{m^ - M^ cos^ a), 

where h is the height of the pulley above the highest point of the groove. 

70. A particle moves from rest at an extremity of the major axis of a 
smooth elliptic groove of axes 2fls, 26 cut in a horizontal table, being attached 
to a thread which passes through a small hole at the centre of the ellipse and 
supports a particle of equal mass. Prove that the horizontal pressure on the 
groove when the first particle is at an extremity of the minor axis vanishes if 

2a3-a26_4a62+4&3=0. 

71. A particle of weight W moves in a smooth elliptic groove on a 
horizontal table, and is attached to two threads which pass through holes at 
the foci, and each thread supports a body of weight W. One of the bodies is 
pulled downwards with velocity Ve when the particle is at an end of the minor 
axis. Prove that, if V^<alfigj{e{Za^ -%'')}, the threads do not become slack, 
and that in this case the horizontal pressures, R and R', on the groove when 
the particle is at the ends of the axes are connected by the equation 

Rh^ ~ R'a (3ct2 - 262) = 6 Wa%e\ 

where 2a and 26 are the principal axes, and e is the eccentricity of the ellipse. 

72. A smooth parabolic wire, on which is a smooth bead of weight w, is 
fixed in a horizontal plane. To the bead is attached a thread, which passes 
through a smooth ring fixed at the focus of the parabola and carries, at its 
other end, a weight ^/(e — 1). Prove that the tension T of the thread at any 
stage of the motion is given by an equation of the form 

{eT- w) {er - a)2=const., 

where r is the focal distance of the bead and 4a the latus rectum of the 
parabola. 

73. Two smooth straight horizontal non-intersecting wires are fixed at 
right angles to each other at a distance d apart. Two small rings of equal 
mass, connected by an inextensible thread of length I, slide on the wires, and 
they are projected with velocities u and v from points at distances a and 6 
from the shortest distance between the wires. Prove that after the thread 
becomes tight the motion is oscillatory and of period iTT{l^-(P)l{av~hu). 

14—2 
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74. Two equal particles connected by a massless rigid rod are placed 
in a vertical circular tube, one being at the highest point. Show that, when 
the other reaches the lowest point, the velocity of each is the same as if they 
had been unconnected throughout the motion. 

75. A thread of length aa has a particle attached to one extremity, while 
the other is fastened to the highest point of a horizontal cylinder of radius o. 
The particle is initially supported with the thread in a horizontal line at right 
angles to the axis of the cyUnder and is allowed to fall under gravity. Find 
the tension when the thread has described a given angle, and show that, if the 
maximum tension occurs when the thread is vertical, then a—^w. 

76. A particle is suspended by an inextensible thread of length I from a 
point on the circumference of a cylinder of radius a whose axis is horizontal, 
the thread being tangential to the cylinder. Prove that, if the particle is 
projected horizontally in a plane perpendicular to the axis of the cylinder so 
as to pass under the cyUnder, the least velocity it can have in order that the 
thread may wind itself wholly up is ^[ {g {a^ (1 - sin /3)}], where a/3 is the 
length of the part to be wound up. 

77. One end of a thread of length I is attached to the highest point of a 
fixed horizontal circular cyUnder of radius a. A particle attached to the other 
end is dropped from a position in which the thread is straight and horizontal 
and at right angles to the axis of the cylinder. Prove that, if l-J^2ma, the 
thread will become slack before the particle comes to rest, and that it will 
then have turned through an angle whose circular measure is 

78. Two particles P, Q, of equal mass, sUde on a smooth endless cord 
OPQ, which passes through a small smooth ring at 0, and lies on a smooth 
horizontal plane. Initially OF=OQ, and the particles are projected with 
equal velocities along the external bisectors of the angles OPQ, OQP respec- 
tively. Prove that, throughout the motion, the tension of the cord varies 
inversely as OP. 

79. Particles of masses M and m are attached to the ends of a thread, the 
former being within a smooth fixed horizontal tube and the latter on a smooth 
table in the horizontal plane of the tube. The thread is initially straight and 
the particle of mass m is projected at right angles to the thread. Prove that 

the polar equation of its path is of the form rcos jfl / ,- y=c. 

80. Two particles, masses m, m', on a smooth horizontal table are 
connected by a thread passing through a small smooth ring fixed in the table. 
Initially the thread is just extended and in two straight pieces meeting at the 
ring, the lengths of the pieces being a and a'. The particles are projected at 
right angles to the string with velocities v and ■»'. Prove that, if T is the 
tension at any time and r, / the distances from the ring, then 

a'V2 



\m mj 



ja + ' /3 



Prove also that the other apsidal distances will be equal if 
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81. Two particles of equal mass, connected by a thread of length a, lie on 
a smooth table with the thread just straight. One of the particles is set in 
motion at right angles to the thread with velocity v ; prove that each of them 
describes a series of cycloids, the time of describing any one of which is ■na\v. 

82. Two particles P, §, are connected by a fine string which passes 
through a small hole in a smooth inclined plane (inclination a). § hangs 
vertically, and P moves on the inclined plane. Show that the differential 
equation of P's path is 

... , (ic — sinacoatf+sinasinfl(l + K)^,) 

„smflsma, d) ^ ' ud6[ „ 

where k is the ratio (mass of Q : mass of P). 

83. Two particles, of masses m and m', are connected by a thread which 
passes through a hole at the vertex of a smooth right circular cone having its 
axis vertical and vertex uppermost. The particle of mass m' hangs vertically, 
and m describes a circle of radius e on the cone. Prove that, if slightly 
disturbed, it will perform small oscillations in time 

V 135' («i' - ™ cos a) sin a) ' 
2a being the vertical angle of the cone. 

84. A particle of mass M is attached to a cord and is on a smooth table. 
The cord passes over the edge of the table and supports a pulley, of mass m, 
carrying another cord to the ends of which bodies of masses mj, m^ are 
attached. Prove that the acceleration of M is 



{M+ m) (wij + Big) + 4miWi2 ' 



85. A bead of mass M slides on a smooth fixed straight rod, and a thread 

attached to it passes round a pulley, which is fixed at a point on the rod, and 

is attached to a particle of mass m. Initially M is at rest, the two parts of 

the thread contain a right angle, and m is projected with velocity F parallel 

to the rod. Prove that, when m is at a distance r from the pulley, the velocity 

of J/" is 

r - 1 F V{(»-2 - ««) m/(m + M)}, 

where a is the initial value of r. 



86. A ring can move on a long straight rough rod, the coefficient of 
friction being /*, under an attraction to a fixed point (not on the rod) varying 
as the distance. Prove that the time of oscillation is the same as if the rod 
were smooth, and that the ring will ultimately come to rest at a point within 
a length 2/ic? of the rod, where d is the distance of the rod from the centre of 
force. 
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87. A particle slides down the arc of a rough circle (^=^) fixed in a 
vertical plane, and the particle starts from rest at an end of the horizontal 
diameter. Prove that, if 6 is the angle the radius vector through the particle 
makes with the horizontal when the velocity is a maximum, then 

siutf=|costf+e . 

88. A particle of unit mass moves in a rough straight tube AB under the 
action of a central repulsive force from a point C of magnitude X/r at a 
distance r from C. The point A is the foot of the perpendicular from C on 
the tube, and the particle is projected from A along the tube with velocity v. 
Prove that it comes to rest when the radius vector from C makes with CA an 
angle 6 satisfying the equation 

Ii6 -logsec $—^v^/\, 
where fi is the ooefilcient of friction. 

89. A particle is started with indefinitely small velocity from that point 
of a rough cycloidal arc (vertex uppermost) at which it could rest in limiting 
equilibrium. Show that the velocity at a point at which the tangent makes 
an angle with the horizon is 2 -Jiaff) sin (0 - e), and that the particle leaves 
the cycloid when the velocity is ^{2aff)(am^e+coa^€), where e is the angle of 
friction. 

90. A particle slides down a rough cycloid whose axis is vertical and 
vertex downwards. Prove that the time of reaching a certain point on the 
cycloid is independent of the starting point. 

Prove also that, if X is the angle of friction, and if the tangent at the 
starting point makes with the horizontal an angle greater than a, where a is 
the least positive angle which satisfies the equation 

sin(a-X)=e("+^>*''"Sin2X, 
the particle will oscillate. 

91. A ring moves on a rough cycloidal wire with its axis vertical and 
vertex downwards. Prove that, if it starts from the lowest point with velocity 
M„, its velocity u when its direction of motion is inclined at an angle to the 
horizontal is given by 

M2=(M„2+4fl!5rsin2f)e-^**°'-4a^sin»(0+e), 
where a is the radius of the generating circle and e is the angle of friction. 

Prove also that if it starts from a cusp with velocity ^„, its velocity v 
during its descent is given by 

v2=(„„2+4a5'cos2Oe^*"^'**"'-4a^sin2(0-.). 

92. A particle is projected from a point on the lowest generator of a rough 
horizontal cylinder of radius a with velocity V at right angles to the generator. 
Prove that it returns to the point of projection after a time a(e2n'r- 1)/0*F) 
where /t is the coefficient of friction. 

93. A rough wire in the form of an equiangular spiral whose angle is 
cot -'2^ is placed in a vertical plane, and a heavy particle slides down it. 
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coming to rest at its lowest point. Prove that at the starting point the 
tangent makes with the horizon an angle 2tan~i/i, and that the velocity 
is greatest when the angle <^ which the direction of motion makes with the 
horizon is given by the equation 

(2/i^ — 1) sin + 3/t cos (f> = 2fi. 

94. Two particles, each of unit mass, attracting each other with a force 
fi (distance), are placed in two rough straight intersecting tubes at right angles 
to each other and the friction is equal to the pressure on each tube : prove 
that, if they are initially at unequal distances from the point of intersection, 
one moves for a time Jw/V/i before the other starts, and that, while they are 
approaching the point of intersection of the tubes, they move in the same 
manner as the projections of the two extremities of the diameter of a circle 
upon a straight line on which the circle rolls uniformly. 

95. A ring moves on a rough elliptic wire, of semi-axes a, b, under the 
attraction of a thin uniform gravitating rod of mass M in the line of foci. 
Prove that, if it is projected from an end of the minor axis and comes to rest 
at the end of the major axis through which it first passes, the velocity v 
of projection is given by the equation 

'" ~(a+bf Jo l-2acos5+o2' 
where n is the coefficient of friction, and a—{a-b)/{a+h). 



96. A particle on a plane is moving with constant velocity V relative to 
it, the plane at the same time turning round a fixed axis perpendicular to it 
with angular velocity a>. Prove that the path of the particle is given by the 
equation 

I^=V(r2-a2)-|--cos-i-, 

r and 6 being referred to fixed axes, and a being the least distance of the 
particle from the axis of rotation. 

97. A point P moves along a plane curve which rotates in its plane about 

a point with uniform angular velocity a>. Prove that the curvature of its 

path is 

V{(T F+2a)) ( F+rai sin ^)-\-ra,{ Va sin ^ -fcoa^+ra^) 

(F2 + ?•V-^■27r6)sin^/.)* 

where r is the length OP, a- is the curvature of the curve at P, yjr the angle 
between OP and the tangent, V the velocity of P relative to the curve, and / 
the rate of increase of V. 

98. A particle P is free to move on a smooth circular wire whose centre 
C rotates with constant angular velocity in the plane of the wire about a fixed 
point 0. Show that, if CP=SOG and the particle just makes complete 
revolutions, the pressure between the particle and the wire vanishes when 
CP makes with 00 an angle sec"' 3. 



216 MOTION UNDER CONSTRAINTS AND RESISTANCES. [CHAP. X. 

99. A smooth horizontal circular wire rotates uniformly about a point in 
its plane. Prove that the motion of a bead in the wire will be the same 
as that of the bob of a simple pendulum. 

100. A particle is at rest in a smooth horizontal circular tube, and the 
tube is made to rotate with uniform angular velocity about a vertical axis 
through a point on the diameter passing through the particle. Prove that 
the time of describing any arc bounded by a chord through the centre of 
rotation is constant. 

101. A bead is initially at rest on a smooth circular wire of radius a in a 
horizontal plane ; the wire is made to rotate with uniform angular velocity a 
about an axis perpendicular to its plane and passing through a point on the 
diameter through the bead at a distance c from the centre. When the bead 
has moved a distance a9 on the wire, the wire is suddenly stopped. Prove 
that the bead will subsequently move with velocity 

a y(a^ +0^ + 200 cos e)-(a + c cos 6)}. 

102. Two small beads of masses wij, Wj slide along two smooth straight 
rods which intersect at an angle a, and the beads are connected by an elastic 
thread of natural length c and modulus X. The rods are made to revolve 
uniformly in their plane, about their point of intersection, with angular 
velocity a. Prove that throughout the motion 

m, (V - j-,2<i)2) + Mj (fa" - j-jW) +X«2/c = const., 
where t is the extension of the thread, and j-j, r2 are the distances of the beads 
from the intersection of the wires at any time. 

103. A smooth elliptic tube rotates about a vertical axis through its 
centre perpendicular to its plane with uniform angular velocity a. Prove that 
a particle can remain at an extremity of the axis major, and if slightly 
disturbed will oscillate in a period Zir isf{l - e^)leto, where e is the eccentricity. 

104. A particle can move in a smooth elliptic tube which can turn about 
its centre in a vertical plane, and, the major axis being vertical and the 
particle being at rest at the highest point, the tube is suddenly set in rotation 
with uniform angular velocity \/{^5'/(<» + &)}, where 2a and 26 are the axes of 
the ellipse. Prove that the particle will move on the ellipse as if under 
a force to the centre varying as the distance. 

105. A body is describing an ellipse of semi-axes a, h about a centre of 
gravitation, and when it is at a distance r from this centre it comes under the 
influence of a small disturbing force directed to the same point and varjdng 
inversely as the cube of the distance. Prove that the effect is the same as if 
the body described under the original force an orbit which at the same time 
rotated (with the body) round the centre of force with angular velocity n times 
the angular velocity of the body, where m is a small constant such that the 
semi-axes of this new free orbit are equal to those of the original one reduced 
by fractions 2m6*/r* and n {X+lfij'fi) of themselves. 
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106. If while one particle oscillates in a smooth circular tube of radius a 
in a vertical plane through an arc of height h, another particle circulates in a 
smooth helical tube described on the cylinder of diameter h whose axis is 
horizontal, touching the circular tube at the lowest point, with velocity due to 
a height 2a above the lowest point, the two particles can move so as always to 
be at the same level provided the length of one ttirn of the helix is equal 
to the circumference of the circular tube. 

107. A particle slides on a smooth helix of angle a and radius a under a 
force to a fixed point on the axis equal to y, (distance). Show that the pressure 
cannot vanish unless the greatest velocity of the particle is ajfiseoa. 

108. A particle moves on a helical wire whose axis is' vertical. Prove 
that the velocity v after describing an arc « is given by the equations 

„ . , , d» , sec^acoshd 

«2=oasecasmhd), TT=-sai ?-r , 

" ^' d<l) ■" tan a - ft cosh (/) ' 

where a is the radius of the cylinder in which the helix lies, u the inchnation 
of the helix to the horizon, and n the coefficient of friction. 

109. A small smooth groove is cut on the siurface of a right circular cone 
whose axis is vertical and vertex upwards in such a manner as that the 
tangent is always inclined to the vertical at the same angle j3. A particle 
slides down the groove from rest at the vertex ; show that the time of 
descending through a vertical height h is equal to the time of falling freely 
through a height Aseo^jS. Show also that the pressure is constant and makes 
with the principal normal to the path a constant angle 

tan - 1 {^ sin a/x/(cos* a - cos^ j3)}, 

where 2a is the angle of the cone. 

110. A smooth helical tube of pitch a has its axis inclined at an angle 
/3 (>a) to the vertical, and a particle rests in the tube. The tube is made to 
turn about its axis with uniform angular velocity a. Prove that the particle 
makes complete revolutions round the axis if 

^att>^lg>[{'rr - 2y) sin y - 2 cos y] sin /3 cot^ a cosec'^ a, 

where siny=tanacotj3, and a is the radius of the helix. 

111. A smooth tube is bent so as to lie on a cone of vertical angle 2a and 
to cut the generators at a constant angle /3, the axis of the cone being vertical 
and the vertex uppermost. The tube is made to rotate uniformly about the 
axis of the cone with angular velocity Q. Prove that if a particle starts from 
rest at the vertex it will in time t describe along the tube a distance 

^ -i-i — ^—T [cosh (Q« sin a cos fl) - 1]. 
n2 sm^acos/S "• ^ ' -' 

112. A particle moves in a smooth tube in the form of a loxodrome on a 
sphere of radius a, while the tube turns uniformly about the polar axis with 
angular velocity a. The particle is projected from a point in the equatoreal 
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plane with velocity oo> relative to the tube. Prove that the particle will be at 
an angular distance from the equatoreal plane after a time 

{sec a - log (sec d + tan 6)} I a, 
and that the pressure on the tube in this position is 

2mcKa^ (1 +sin a) cos 6, 
m being the mass of the particle and a the angle of the loxodrome. 

113. A train starts from rest on a level uniform curve, and moves round 
the curve so that its speed increases at a constant rate /. The outer rail is 
raised so that the floor of a carriage is inclined at an angle a to the horizon. 
Show that a body cannot rest on the floor of the carriage unless the coefficient 
of friction between the body and the floor exceeds 

114. A locomotive, starting with a constant acceleration /from a point A 
of a railway, comes to a curve PQ in the line. Prove that, if, in passing along 
PQ, the pressure of the flanges of the wheels on the rails is constant, PQ must 
be a portion of an equiangular spiral whose pole may be any point on a circle 
touching AP at P and having its diameter equal to A P. Prove also that if 
the track is tilted up at an angle 6 so that the constant pressure vanishes the 
angle of the spiral must be tan~i (Jg'/~i tan 6). 

115. Two particles of masses m and m' are attached to the ends of a rigid rod 
of negligible mass and of length 21, which is freely moveable about its middle 
point. Show that the inclination a of the rod to the vertical when the particles 
are moving with uniform angular velocity <o is given by the equation 

coaa — {m-m') gj{(m+m')a)^l}. 

116. A particle is fastened to one end of a thread of length I, the other 
end being fixed to the top of a smooth sphere of radius a ; the particle 
describes a horizontal circle with angular velocity <», and the length of the 
thread in contact with the sphere is aa. Prove that 

0)2 =^ cot a/ {a sin a+{l- aa) cos a}. 

117. A bead can slide on a rough straight wire which is rotating with 
imiform angular velocity a about a fixed vertical axis intersecting it, and a is 
the inclination of the wire to the horizontal. Prove that for the ring to be in 
relative equilibrium it must lie between two points in the wire whose distance 
apart is 

ga>~^ sec a {tan (a + X) - tan (a - X)}, 

where X is the angle of friction. 

118. A small ring can slide on a smooth plane curved wire which rotates 
with angular velocity &> about a vertical axis in its plane. Find the form of 
the curve in order that the ring may be in relative equilibrium at any point. 

Prove that if the angular velocity is increased to a the ring will still be in 
relative equilibrium if the wire is rough and the coefficient of friction between 
it and the ring not less than J (ffl'/m - a/a'). 
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119. A rod of length 2a rotates in a horizontal plane about one of its 
ends with uniform angular velocity a>. The ends of a thread of length 21 are 
attached to the ends of the rod, and a bead can slide on the thread. Prove 
that when the motion is steady and the bead is at a distance a+x from 
the axis, the acceleration towards the axis is 

120. A smooth cycloidal tube rotates with uniform' angular velocity about 
its base which is vertical. Prove that a particle cannot rest in the tube 
anywhere except at the lowest point unless the angular velocity a> of the tube 
exceeds ^/{gla), where a is the radius of the generating circle, and that, when 
<a exceeds this value, there are two positions of relative equilibrium, the 
arc-distances of which from the vertex of the cycloid are 

2<» - 1 ^[2aW ± 2a V(«V - 9^)1 



121. A particle moves in a smooth circular tube of radius a which rotates 
about a fixed vertical diameter with angular velocity m. Prove that, if B is 
the angular distance of the particle from the lowest point, and if initially it is 
at rest relative to the tube with the value o for 6 where a cos ^a= J (t/j a), 
then at any subsequent time t 

cot ^6 = cot \a cosh {at sin \a). 

122. A particle of mass m is constrained to remain on the surface of 
a sphere of radius a, and is attached to a fixed point of the sphere by a 
sUghtly extensible thread of natural length aa and modulus X. Prove that, if 
the particle is projected at right angles to the iinstretched thread with velocity 
V the greatest subsequent elongation is 2aK~^mv^cxita. 

123. A particle is projected horizontally on the interior surface of a 
smooth cone whose axis is vertical and vertex downwards. Prove that its 
path when the cone is developed into a plane is the same as the path of a 
particle under the action of a constant force to a fixed point. 

124. A particle moves on a smooth cone under a force to the vertex 
varying inversely as the square of the distance. Prove that, if the cone is 
developed into a plane, the path will be a conic having one focus at the vertex 
of the cone. 

125. A particle moves under gravity on a right circular cone with a 
vertical axis. Show that, if the equations of motion can be integrated without 
elliptic functions, the particle must be below the vertex, and that its distance 
r from the vertex at time t is given by an equation of the form 

{rrf — 2g cos a{r- Tq) {r+Zr^Y, 

where 2a is the vertical angle of the cone. 

126. A particle moves on the inside of a smooth circular cone of vertical 
angle 2a under a force to the vertex varying inversely as the square of the 
distance. It is projected from an apse at a distance c from the axis with 
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velocity -1,^6 of that requisite for circular motion. Prove that the polar 

equation of the projection of the path on a plane perpendicular to the axis is 

3c/r = 2 + cos (fl sin a), 

that the time from one apse to the next is n (Sc cosec ayliJn, and that the 
pressure is inversely proportional to the cube of the distance from the vertex. 

127. A particle is projected horizontally along the smooth inner surface 
of a right circular cone, whose axis is vertical and vertex downwards, the 
initial velocity being iJ{2ghj{ri?-\-n)} where h is the initial height above the 
vertex. Prove that the lowest point of its path is at a height hjn above the 
vertex. 

128. A right circular cone of vertical angle 2a is placed with one 
generator vertical and vertex upwards. From a point on the generator of 
least slope a particle is projected horizontally and at right angles to the 
generator with velocity v. Prove that it will just skim the surface of the cone 
without pressure if the distance of the point of projection from the vertex is 

Jv^oosec^a/jf. 

129. A particle is projected horizontally from a fixed point on the interior 
surface of a smooth paraboloid of revolution whose axis is vertical and vertex 
downwards. Prove that when it is again moving horizontally its velocity is 
independent of the velocity of projection. 

130. A particle is projected along a small circle on the surface of a smooth 
uniform oblate spheroid of semi-axes a and c. Prove that, if it describes the 
circle with angular velocity a, then 

where A and C have their usual meanings in the theory of the attraction of 
the spheroid. 



131. Prove that, when a body of mass m moves under gravity on a smooth 
sphere of unit radius, the osculating plane of the path makes an angle 
ta,'a~''-{ghlrmfl) with the normal, h being the moment of momentum about the 
vertical diameter and v the velocity, the osculating plane always cutting the 
vertical diameter below the centre. 

132. A particle moves on the inner surface of a smooth bowl in the form 
of a paraboloid of latus rectum 4a with axis vertical and vertex downwards, 
being projected along the surface in the horizontal plane through the focus 
with velocity J(2nag). Prove that the initial radius of curvature of the path 

133. A particle moves inside a smooth paraboloid of revolution whose 
axis is vertical and vertex downwards, being projected from the level of the focus 
with velocity due to a height A in a direction making an angle Jtt with the 
meridian. Prove that, if I is the latus rectum, the initial radius of curvature 
of the path is 

Us/2 . . I 
—^- cos tan 1 =-r . 
o on, 
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134. Prove that if the path of a particle moving on a right circular cone 
cuts the generators at an angle x the acceleration in the tangent plane to the 
surface and normal to the path is 

j)2 {d)(/ds + r~^ sin x), 

where v is the velocity, and r the distance from the vertex. 

If the axis of the cone is vertical, and the vertex upwards, and if the 
velocity is that due to falling from the vertex, prove that, when the particle 
leaves the cone, 

2sin2;^=tan2a, 

2a being the vertical angle of the cone. What happens when tan^ a>2 ? 

135. A particle moves on a smooth surface of revolution. The velocity is 
V at a point where the normal terminated by the axis of revolution is of length 
V, and this normal makes an angle 8 with the axis ; prove that, if ds is the 
element of arc of the path, and x the angle at which it cuts the meridian, the 
acceleration in the tangent plane to the surface and normal to the path is 

sin X cot ff\ 



^a 



+■ 



136. A particle describes a rhumb line on a sphere in such a way that 
the longitude increases uniformly; prove that the resultant acceleration 
varies as the cosine of the latitude, and that its direction makes with the 
normal an angle equal to the latitude. 

137. A particle describes a rhumb line on a smooth sphere under a force 
parallel to its axis. Show that the force varies inversely as the fourth power 
of the distance from the axis and directly as the distance from the diametral 
plane perpendicular to the axis. 

138. A particle of unit mass moves on a smooth sphere under two central 
attractive forces iijr^^, and iijr^r^ in the distances r^, r^ of the point from 
the two poles. Prove that, if the velocity at starting is that due to falling 
from an infinite distance, the path on the sphere is a rhumb line. 

139. A particle is placed at rest on the smooth inner surface of a vertical 
circular cylinder, which rotates with uniform angular velocity o> about the 
generator furthest from the particle. Prove that the particle leaves the 
surface when it has descended a distance 



1 ^ /', 2 \2 



140. A particle is attached by a thread of length a to a point of a rough 
fixed plane inclined to the horizon at an angle equal to the angle of friction 
between the particle and the plane. The particle is projected down the plane 
at right angles to the thread, which is initially straight and horizontal. Prove 
that it comes to rest at the lowest point of its path if the square of the initial 
velocity is (jr-Z) iiga/^/{l+n\ where ^ is the coefiicient of friction. 
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141. A rough hollow circular cylinder is made to rotate uniformly about 
its axis which is horizontal, and a particle within it is projected from the 
lowest point in a direotiou contrary to that of the motion of the neighbouring 
parts of the cylinder with such velocity that it comes to rest at an end of the 
horizontal diameter. Prove that, provided the angular velocity is great 
enough, the next position of instantaneous rest is given by the least positive 
root of the equation 

3^ (e^ - cos 6) = (2yz2 - 1) sin 6, 

6 being the angle between the axial planes through the two positions of 
instantaneous rest, and /j. the coefficient of friction. 

142. A particle is projected horizontally with velocity V along the interior 
surface of a rough vertical circular cylinder. Prove that, at a point where 
the path cuts the generator at an angle (/>, the velocity v is given by the 
equation 

ag/v^ = sin^ cj) {agj V^ + 2/i log (cot (^ + oosec <j>)}, 
and the azimuthal angle and the vertical descent are respectively 



I — dd) and / — cot d)rfd>. 
j^ ag ^ jt g 



143. A particle moves on the surface of a rough right circular cone of 
vertical angle 2a under no forces but the reaction of the surface. It is 
projected at a distance r from the vertex with velocity V perpendicular to the 
generator. Show that, when its path crosses a generator at angle x, the velocity 

is Fe-"""'"'"''', and the time to that point is ^ Pe^'»'''~"*coseo2xc«X, /* 
being the coefficient of friction. 



144. A particle is projected vertically upwards in a medium in which the 
resistance is k (velocity)2. If u is the initial velocity and T the whole time of 
motion prove t'ha.t.ijk{2u/g— T) is positive and increases as k increases. 

145. A particle is projected vertically upwards in a medium in which 
the resistance is £^ (velocity)^. Prove that, if U, V are the velocities with 
which the particle leaves and returns to the point of projection, 

146. A particle falls from rest under gravity through a distance .» in a 
medium whose resistance varies as the square of the velocity ; v is the velocity 
acquired by the particle, V the terminal velocity, and «„ the velocity that 
■would be acquired by falling through a distance x in vacuo ; prove that 
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147. A particle is projected vertically upwards from the surface of the 
Earth with velocity u, and when its velocity is v and its height above the 
surface is z the resistance is KV^I{a+z), where a is the Earth's radius. Prove 
that, if is always small compared with a, the velocity V with which it 
returns to the point of projection is approximately given by the equation 

F2/m2 = 1 - KV^Iga + (4k2 - § k) {v^l%ga)\ 

variations of gravity with height being taken into account. 

148. A particle is projected vertically upwards in a medium in which the 
resistance is kg (velooity)^. Prove that it returns to the point of projection 
with kinetic energy diminished in the ratio 1 : l+k'V\ where Fis the velocity 
of projection. 

Prove that in the same medium the angle 6 between the asymptotes of the 
complete trajectory of a projectile is given by the equation 
U^jqjfi = cot ^ cosec 6 + sinh ~ ^ cot 6, 

where U is the terminal velocity and w the velocity when the projectile moves 
horizontally. 

149. A particle moves under gravity in a medium whose resistance is 
proportional to the velocity. Prove that the range on a horizontal plane is a 
maximum, for given velocity of projection, when the angle of elevation at first 
and the angle of descent at last are complementary. 

150. A particle is projected up a plane of inclination a under gravity and 
a resistance proportional to the velocity. The direction of projection makes 
an angle /3 with the vertical, the range ^ is a maximum and t is the time of 
flight. Prove that, if U is the terminal velocity and V the velocity of 
projection, then 

(i) l + (7/i7)sec^=exp.(^«/C^), 
(ii) UV{ U-\- Fcos /3)/( F+ C^cos /3) ==g {R sin a + Ut), 
(iii) U F2 sin /3/( 7+ U cos /3) =gB cos a. 

151. A particle of unit mass describes a plane curve under a central 
attraction equal to {yl^+ifi) r when it is at a distance r from the origin, in a 
medium whose resistance is 2 k (velocity). Prove that its coordinates at 

time t are 

e-«* {sc^ cos lit +ii~^ (uq+kXq) sin /*<}, 

e - "« {yo cos ;ii« + fi - 1 Co + "i/o) ™ 1^*} , 

^0, I/O being its initial coordinates and Uo, v^ its initial velocities. 

152. A particle moves under gravity in a medium whose resistance varies 
as the square of the velocity, and u and « are the magnitudes of its velocity 
at the two instants when its direction of motion makes an angle Jn- with the 
horizontal. Prove that, when it is moving horizontally its velocity is 
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153. Defining the instantaneous parabola of a projectile in a medium 
whose resistance is proportional to the square of the velocity as that which 
would be described if the resistance ceased to act, prove that its latus rectum 
diminishes at a rate which varies as tfl cos^ 6, where 6 is the inclination to the 
horizon of the direction of motion at the point where the velocity is v. Prove 
also that the axis of the parabola moves towards or from the point of 
projection according as the projectile is ascending or descending. 

154. Show that the horizontal and vertical coordinates x, y ot a, particle 
moving under gravity in a medium whose resistance is R satisfy the equation 

<py , ^gR ^0 

da^ «* cos' (^ ' 
V being the velocity and <f> the inclination of the tangent to the horizontal. 

155. Prove that the time t, the horizontal abscissa x, and the vertical 
ordinate y, at a point where the tangent of the inclination of the velocity to 
the horizon is p, of a trajectory in a medium whose resistance varies as the 
nth power of the velocity, are given by 

S-/v-=% s=//-.>, s=/>i-V, 

fa 2^ 

where P= / {l+f) 2 ^^ 

J p 

w denoting the terminal velocity in the medium, and a the tangent of the 
inclination to the horizon at the origin, the point of infinite velocity. 

156. A particle in a medium whose resistance is small, and equal to 
K (velocity )2, is executing small vibrations. Prove that the period is unaltered, 
but that in each semi- vibration the amplitude is diminished by ^ko.^ where a 
is the original amplitude. « 

157. A pendulum oscillates in a medium of which the resistance per unit 
of mass is k (velocity)^. Prove that, when powers of the arc above the first 
are neglected, the period is the same as in the absence of resistance, but the 
time of descent exceeds that of ascent by Ixa^tpig), where a is the angular 
amplitude of the descent, and I is the length of the pendulum. 

158. Prove that in a resisting medium a particle can describe a circle 
of diameter a under the action of a force to a point on the circumference 
varying inversely as the fourth power of the distance, the resistance being 
proportional to r-*,J{a^-r^ when the distance is r. 

159. A particle describes an equiangular spiral in a resisting medium 
under a force F to the pole, and the rate of description of areas is uniformly 
retarded ; prove that 

where X and /i are constants, and find the law of resistance. 
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160. The resistance of a medium is ki;* ; prove that the orbit described in 
it by a particle under a central attraction ^jr^ will be an equiangular spiral if 
the velocity of projection is that in a circle at the same distance, and the 
angle of projection is cos" 1(2/*^). 

161. Two particles move in a medium the resistance of which is pro- 
portional to the velocity, under the action of their mutual attraction, which 
is any function of their distance. Prove that their centre of inertia either 
remains at rest or moves in a straight line with a velocity which diminishes 
in geometric progression as the time increases in arithmetic progression. 

162. A particle acted on by a central force and moving in a resisting 
medium in which the resistance is k (velocity)^ describes an equiangular 
spiral whose pole is the centre of force ; prove that the force is proportional 
to ^-3e-2«»-seoa^ where a is the angle of the spiral. 

163. A particle of unit mass moves in a resisting medium, of which the 
resistance at any point is B, under the action of a radial force F and a 
transversal force G. Prove with the usual notation of central orbits that 



''W+'^r-u^V'+ude)- 



164'. A particle of mass m moves in a field of force having a potential V 
in a medium in which the resistance is k times the velocity. Prove that, if 
B is the quantity of energy dissipated in time t, 

-TT H (-0 - F)= const. 

dt m ^ ' 

If the resistance is h (velocity )2, and if ds is the element of arc of the path 
of the particle, then 

-=- H {D-V) = const. 

ds m^ ' 

165. A smooth straight tube rotates in one plane with uniform angular 
velocity u about a iixed end, and a particle moves within it under a resistance 
equal to k times the square of the relative velocity. Prove that if the particle 
is projected so as to come to rest at the fixed end the relative velocity at 
a distance r from that end is 

iV2<»''-V(e^"''-2K»--l). 

166. A particle is suspended so as to oscillate in a cycloid whose vertex 
is at the lowest point, and starts at a distance a from that point measured 
along the curve. Prove that, if the medium in which it moves gives a small 
resistance k (velocity)^ per unit of mass, then before it next comes to rest 
energy equal to \lca of the original energy will have been dissipated. 

L. 15 
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167. A particle moves on a smooth cycloid whose axis is vertical and 
vertex upwards in a medium whose resistance is (2c) "^ (velocity)* per unit of 
mass, and the distance of the starting point irom the vertex is c ; prove that 
the time to the cusp is ,J{8a(ia-c)lffc}, 2a being the length of the axis. 

168. A particle of mass m moves under equal constant forces mf along 
the tangent and normal to its path, and the resistance is mfv^jk^ when the 
velocity is v. Prove that the intrinsic equation of the path is 

where u is the velocity of projection. 

169. A particle moves in a medium in which the resistance at any point 
varies as the density of the medium at the point and as the square of the 
velocity of the particle, and the particle describes an elhpse under the action 
of two forces to the foci varying inversely as the nth power of the distance ; 
find the density of the medium at any point of the path ; and show that if 
n=l and the forces are equal at equal distances the density varies as the 
acceleration with which the particle would move if constrained to describe 
the same ellipse imder the same forces but without resistance. 



CHAPTER *XI. 

MOTION OF A RIGID BODY IN TWO DIMENSIONS. 

214 In this Chapter we propose to discuss the motion of a 
rigid body in cases where every particle of the body moves parallel 
to a fixed plane, for example the plane («, y) of a frame of refer- 
ence. In such a case the x and y ot a particle of the body vary 
with the time, but the z of each particle remains constant 
throughout the motion. The motion is said to be " in two dimen- 
sions," or "in one plane." Now we saw in Article 114 that to 
determine the position of a rigid body it is requisite and sufficient 
to determine the positions of a particle of the body, of a line of 
particles passing through that particle, and of a plane of particles 
passing through that line. In the case now under discussion we 
may take the line and plane in question to be parallel to the 
plane (x, y), then the position of the plane is invariable, and the 
position of the line is determined by the angle it makes with a 
fixed line in the plane, for instance the axis of x, further the 
position of the chosen particle is determined by its coordinates x 
and y. Thus the determination of the position of the rigid body 
(moving in two dimensions) requires the determination of three 
numbers, representing the coordinates of the position of one of the 
particles, and the angle which a line of the body through that 
particle and in the plane of its motion makes with a fixed line. 

We can now see what is meant by the angular velocity of a 
rigid body moving in one plane. Suppose, in fact, that one line 
of particles in the body and parallel to the plane makes an angle 
6 at time t with a line fixed in the plane. Then this angle is 
increasing at a rate 6. Let any other line of particles be drawn 
also parallel to the plane, and let a be the angle it makes with 

15—2 
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the first line. Then a is invariable, for if it were to change the 
body would be deformed. Now the second line of particles makes 
an angle ^ + a with the fixed line, and this angle also increases at 
a rate 6. We thus see that every line of particles parallel to the 
plane turns with the same angular velocity, and this is the angular 
velocity of the rigid body. 

215. Moment of Inertia. Consider a rigid body turning 
about an axis with angular velocity a. Let m be the mass of a 
particle of a body at a distance r from the axis. Then this 
particle is describing a circle of radius r with velocity rta. Hence 
its moment of momentum about the axis is mr^o), and its kinetic 
energy is i^mr^tei^. 

It follows that the moment of momentum of the rigid body 
about the axis is 

the summation referring to all the particles, and the kinetic 
energy is 

These expressions become 

0) jijp(x^ + 2/2) dxdydz, 

and ^m" \\\p {a? + y^) dxdy dz, 

for a body of density /o at a point {x, y, z) the axis of rotation 
being the axis of z. 

The multiplier of a and Jeo" in these expressions is called the 
moment of inertia of the body about the axis. We shall see 
presently that it enters into the expressions for the kinetic energy 
and moment of momentum of a rotating body, whether the axis of 
rotation is fixed or not. 

The moment of inertia of a body about an axis depends only 
on the shape of the body, its situation with reference to the axis, 
and the distribution of density within it. 

216. Theorems concerning Moments of Inertia. I. The moment 
of inertia of a system about any axis is equal to the moment of inertia about 
a parallel axis through the centre of inertia together with the moment of 
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inertia about the original axis of the whole mass placed at the centre of 
inertia. 

Let X, y, z be the coordinates of any particle of the system, m its mass, 
X, y, z the coordinates of the centre of inertia, id, y', z! those of the particle m 
relative to the centre of inertia. 

Then x;=x + xf, y=y+y', z=z+i!,\ 

2mx' = 0, 2my'=0, 2mz' = 0.j 
Now SmiK^ = sm{x+a!'f=x^Sm + 2mx'^. 

So Smy^=y'Sm+'Smy'^. 

' Hence 2m (a;^ +y2) = s^ {^i +y 2) + (^2 ^.^2) 2»i, 

which is the theorem stated. 

II. The moment of inertia of a plane disc of any form about any axis 
perpendicular to its plane is the sum of those about any two rectangular axes 
in the plane which meet on the first axis. 

For, taking the axes to be those of z, x, y, and taking the point where they 
meet for origin, the moments of inertia about the axes of x and y are respectively 
2»M/2 and 'S,mx\ and the moment of inertia about the axis of z is 'S,m(x^+y'^). 

III. To compare the moments of inertia of a disc about difierent axes in 
its plane. 

For parallel axes we can use Theorem I. and it will therefore be sufficient 
to consider axes in different directions through the origin. Let 6 be the angle 
which any line makes with the axis x. The distance of any point {x, y) from 
this line is -xainB+ycosd, and thus the moment of inertia about the line 
is2«i(2/cosd-a7sind)2 = sin252 {mx^) + cos^ 6 2 (mf) - 2 sin 5 cos 5 'Siinxy. 

The expression for the moment of inertia about a perpendicular line 
would be 

cos^ 6 2 {mx"^) + sin^ 6 'S.my^ + 2 sin 5 cos &S, {mxy). 

The quantity 2 {mxy) is known as the product of inertia with respect to 
the axes of x and y (in two dimensions). For new axes obtained by turning 
through an angle 6 it has the value 

(cos2 ^ - sin2 5) 2 {mxy) - 2 sin cos $ {S {my')- 'S {mx')} . 

We can always choose the axes of {x, y) so that this quantity 2 {mxy) 
vanishes. When this is done the axes of x and y are called Principal axes 
of the disc. The directions of the principal axes vary with the point chosen 
as origin. 

Now suppose the axes of x and y are principal axes of the disc at the 
origin. Let A, =S {my'), be the moment of inertia with respect to the axis 
of X, and B, =S {inx'), be the moment of inertia with respect to the axis y. 
Then the moment of inertia about a line through the origin making an angle 
d with the axis ;;; is A cos^ 6+B sin' 6. 

If an ellipse whose equation is Ax'+By'=const. be supposed drawn on 
the disc, then the moment of inertia about any diameter of it is inversely 
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proportional to the square of the length of that diameter. This ellipse is 
known as the ellipse of inertia. 

IV. If two plane systems in the same plane have the same mass, the 
same centre of inertia, the same principal axes at the centre of inertia, and 
the same moments of inertia ahout these principal axes, they have the same 
moments of inertia about any axis in or perpendicular to the plane. 

For, in the first place, the two systems have by Theorem III. the same 
moments of inertia about any axis lying in the plane and passing through the 
common centre of inertia, by Theorem I. they have the same moments of 
inertia about any other axis in the plane, and by Theorem II. they have the 
same moment of inertia about any axis perpendicular to the plane. 

Such systems are described as momental equivalents. 

217. Calculations of moments of inertia. 

I. Uniform ring. Radius of gyration of a body. For a circular ring of 
mass m, and of very small section, the mass between two sections made by 

planes through the axis containing an angle d6 is ^ d6. If a is the radius 

of the ring the moment of inertia about the axis is 



fair m, 
Jo 2^ 



This might have been seen at once since every element is at distance a 
from the axis. 

In the case of a body of any shape and of mass m we can always express 
the moment of inertia about any axis in the form mk% where k represents the 
length of a line, and thus we see that i: is the radius of a. ring such that, if 
the mass of the body were condensed uniformly upon the ring, the moment 
of inertia of the ring about its axis would be the same as the moment of 
inertia of the body about the axis in question. The quantity k for any body 
and any axis is known as the radius of gyration of that body about that axis. 

II. Uniform rod. Let m be the mass of the rod, and 2a its length, r the 
distance of any section from the middle point. The mass of the element 

between the sections r and r+d/r\s — dr. Therefore, if the thickness of the 

Aa 

rod is disregarded, the moment of inertia about an axis through the middle 

point at right angles to the rod is 



/: 



-— r''dr=\mxfi. 
a^a ^ 



The radius of gyration of the rod is a/^/S. 

III. Circular disc. For a uniform circular disc, of radius a and mass «i, 
the mass per unit area is mjira^, and thus the moment of inertia about an 
axis through the centre perpendicular to the plane is 



J n-a" ' 



J r* . rdrdd, 
or ^ma^. Hence the radius of gyration about the axis of the disc is a/V2. 
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IV. Sphere. Let a be the radius of the sphere, p its density (supposed 
uniform), and let it be referred to a system of rectangular axes with 
origin at the centre. Then we require the values of such integrals as 
jjiafipdxdydz taken through the volume. From symmetry it is clear that 
the integrals obtained from this by putting y or 2 for x will have the same 
value as the one written. 

Now using polar coordinates r, 6, <(>, we know that the polar element of 
volume is r^sin ddrdOcUji, and the z of any point is rcos 6. Hence 

I / {z^pdxdydz= I j j pr^ cos^dr^ sin 6d^d6d4>, 

where the limits for r are and a, the limits for 5 are and tt, and the 

limits for are and %k. 

op o^ 

The value of the integral is p -r-f 2n- = ^-^ , where M is the mass of the 

5 5 

sphere, =^Tr pa?. 

Thus, if k is the radius of gyration of the sphere about a diameter, 

V. EUipsoid. To find the value oi mx^pdxdydz through the volume of 
an ellipsoid a?la^+y^jh^+z^lc'^=\, p being constant, we change the variables 
by putting x=a§, y=hrj, z=c(, and then we require the value of 

pa^beiiiPdid^dC 
through a range of values given by the inequality S^+ti^+(^1^1- The 
integration may therefore be regarded as taken through the volume of a 
sphere of radius unity, and thus by No. IV. the result is ^wpa?bc. Hence, 
if M is the mass of the ellipsoid, the moments of inertia about the axes are 

i-¥{62+c2), }M(c''+a'^, iM(a^+b^), 
respectively. 

Examples. 

1. Prove that a uniform rod, of mass m and length 2a, has as momental 
equivalent three particles, one of mass %m at its middle point, and one of 
mass ^m at each of its ends. 

2. Prove that the moments of inertia of a uniform rectangular disc, of 
mass m and of sides 2a, 25, about lines through its centre parallel to its edges 
are ^mb^ and ^ma^. 

3. Prove that the radius of gyration of a uniform circular disc about a 
diameter is half the radius. 

4. Prove that the moments of inertia of a uniform elliptic disc, of mass 
TO and semiaxes a and b, about these axes are ^mb^ and ^ma^, 

5. Prove that a uniform triangular disc has as momental equivalent 
three particles, each one-third of its mass, placed at the middle points of its 



6. Prove that the moment of inertia of a uniform cube about any axis 
through its centre is ^ma% where to is the mass and Za the length of a side. 
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218. Velocity and Momentum of rigid body. 




Fig. 55. 

Let G be the centre of inertia of a rigid body moving in two 
dimensions, and let u and v be resolved parts of the velocity of G 
parallel to the axes of x and y. Let P be any other particle of the 
body, r its distance from G, and of, y' its coordinates relative to G at 
time t. Then the line GF is turning with the angular velocity w 
of the rigid body, and the velocity of P relative to G is rm at right 
angles to GV ; the resolved parts of this relative velocity parallel to 
the axes are — mj/' and ma!, since the line GF makes with the axis 
of x an angle whose cosine is aj'/r and whose sine is y'/n 

Hence the resolved velocities of P parallel to the axes are 
M — 0)2/' and v + mx'. 

Let m be the mass of the particle at P. Then the linear 
momentum of the body parallel to the axis of x is 

Sm (u — ai/) = Mu, 
where M, = Sm, is the mass of the body. Similarly the linear 
momentum of the body parallel to the axis of y is Mv. Thus the 
linear momentum of the body in any direction is the same as that 
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of a particle of mass equal to the mass of the body placed at the 
centre of inertia and moving with it. (Article 100.) 

The moment of momentum of the body about an axis through 
the centre of inertia perpendicular to the plane of motion is 

Sm {so' (v + mx') — y'{u — wy')] 

= w2m (a/" + y'O = Mk^a, 

where k is the radius of gyration about the axis. 

The moment of momentum about any parallel axis is the 
moment about that axis of the momentum of the whole mass 
placed at the centre of inertia and moving with it together with 
the moment Mk^oa (Article 102). Thus the momentum of the 
rigid body is specified by the resultant and couple of a system of 
vectors localised in lines. The resultant has resolved parts Mu, 
Mv in the two chosen directions, and the moment of the couple is 
MT<?m. 

Again, the kinetic energy of the body is 

iSm \{u - ay'Y + (v + ax J} 

= ^M (u" + v^ + k^co^), 

which is the kinetic energy of the whole mass moving with the 
centre of inertia together with the kinetic energy of the rotation 
about the centre of inertia (Article 104). 

The formulae for the velocity of a point show that at each 
instant the point whose coordinates relative to G are — v/co and 
u/co has zero velocity, so that the motion of the body at the 
instant is a motion of rotation about an axis through this point 
perpendicular to the plane of motion. The point is called the 
imtantaneous centre of no velocity, or frequently "the instantaneous 
centre." The fact that the motion of the body at each instant is 
equivalent to rotation about a point is of importance in many 
geometrical investigations. 

219. Kinetic Reaction of rigid body. With the notation 
of the last Article, the point P moves relatively to (r in a 
circle of radius r with angular velocity equal to w at time t ; its 
acceleration relative to G may therefore be resolved into rd) at 
right angles to GP, and ra^ along PG. Hence the resolved parts 
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of the acceleration of P parallel to the axes are 

u — a>i/ — &)V, and v + ax' — m^y'. 




Fig. 56. 

The kinetic reactions may be reduced to a vector localised in 
a line through the centre of inertia and a couple. The vector in 
question has resolved parts parallel to the axes 

2m (m — ioy' — o)''x') = Mil, 
and 2m (v + wx' — w^yf) = Mv ; 

and the couple is the moment of the kinetic reactions about a 
line through the centre of inertia perpendicular to the plane of 
motion ; this moment is 

2m {a/ (v + ax' — <uY) — y'{u — a]/ — wV)} 

The moment of the kinetic reactions about any axis perpen- 
dicular to the plane of motion is the moment about that axis of the 
kinetic reaction of a particle of mass equal to the mass of the 
body and moving with the centre of inertia, together with the 
moment of the couple M]i?w. (Article 103.) 

The formulae for the acceleration of a point show that at each 
instant there is a point which has zero acceleration. This point 
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is called the instantaneous centre of no acceleration. It is of much 
less importance than the instantaneous centre of no velocity. 

220. Examples. 

1. Prove that at any instant the normal to the path of every particle 
passes through the instantaneous centre (of no velocity). 

[It follows that this centre can be constructed if we know the directions 
of motion of two particles.] 

2. To calculate the moment of the kinetic reactions about the instan- 
taneous centre (of no velocity). 

The coordinates of the instantaneous centre /being - v/a> and u/a referred 
to axes through the centre of inertia <? parallel to the axes of reference, the 
moment in question is 

— mv + — mu + mk^a. 
a w 

The velocity of G is ra at right angles to the line joining it to /, where 
r=IO, or we have u^+v^^r^aK 

1 ^ 
Hence the above is — T:(\mr^a)^)+'m,k^ai, 

or - j7 {i"* (^^ + ^) <"^}- 

If we take an angle 6 such that 6 = a, and write K for the moment of 
inertia about the instantaneous centre /, then ^=»i (P+r^) by I. of Art. 216, 

and the result obtained may be written -^ (JiTco^). 

When the motion is a small oscillation, or an initial motion from rest, or 
when the point / is fixed in the body this can be replaced by Kd. 

3. Prove that those particles which at any instant are at inflexions on 
their paths lie on a circle. 

[This circle is called the "circle of inflexions."] 

4. Prove that the curvature of the path of any particle which is not on 
the' circle of inflexions is a^p^jV^ where p^ is the power with respect to the 
circle of the position of the particle, a is the angular velocity of the body, 
and V is the resultant velocity of the particle. 

5. Prove that, in general, that particle which is at the instantaneous 
centre (of no velocity) is at a cusp on its path. 

221. Equations of motion of rigid body. The equations 
of motion express that the kinetic reactions and the external 
forces are equivalent systems of vectors. 

Let M be the mass of the body /i, /a the resolved accelerations 
of the centre of inertia in any two rectangular directions in the 
plane of motion, to the angular velocity of the body. 
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Let the forces acting on the body be reduced to a resultant 
force at its centre of inertia and a couple. Let P, Q be the 
resolved parts of the force in the directions in which the accelera- 
tion of the centroid was resolved, and let N be the couple. 

Then the system of vectors expressed by Mf^, Mf^, Mli?m has 
the same resolved part in any direction, and the same moment 
about any axis, as the system P, Q, N. 

In particular we have 

Mf, = P, Mf, = Q, Mt& = N, 

and the equations of motion of the body can always be written in 
this form. 

In the formation of equations of motion diversity can arise 
from the choice of directions in which to resolve, and of axes 
about which to take moments. As in the case of Dynamics of a 
Particle, the equations arrived at are differential equations, and 
no rules can be given for solving them in general. If however 
the circumstances are such that there is an equation of energy, or 
an equation of conservation of momentum, such equations are first 
integrals of the equations of motion. 

222. Continuance of motion in two dimensions. The 

question arises whether a body, which at some instant is moving 
in two dimensions parallel to a certain plane, continues to move 
parallel to that plane or will presently be found to be moving in a 
different manner. A general answer to this question cannot be 
given here, but it is clear that there is a class of cases in which 
the motion in two dimensions persists. Thus this class includes 
all the cases in which the body is symmetrical with respect to a 
plane and the forces applied to it are directed along lines lying in 
that plane, or, more generally, when the forces can be reduced to 
a single resultant in the plane of symmetry and a couple about an 
axis perpendicular to that plane. 

223. Rigid Pendulum*. A heavy body free to rotate 
about a fixed horizontal axis is known as a " compound pendulum" 

* Huygens was the first to solve the problem of the motion of the pendulum, 
and the principles which he invoked were among the considerations which ulti- 
mately led to the establishment of the Theory of Energy. 
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to distinguish it from the " simple pendulum " whose motion was 
discussed in Articles 188 — 193. 

Let be the centre of inertia of the 
body, GS the perpendicular from Q to the 
axis, 6 the angle 08 makes with the 
vertical at time t. Then the whole motion 
takes place in the vertical plane through 
G at right angles to the axis, and depends 
only on the quantity 6. F'g' 57. 

Let GS = h. Let M be the mass of the body, k its radius of 
gyration about an axis through G perpendicular to the plane of 
motion. 

The velocity of the centre of inertia is hd, and the kinetic 
energy is 

The potential energy of the body in the field of the earth's 

gravitation is 

Mgh (1 - cos 6), 

the standard position being the equilibrium position. 

Hence the equation of energy can be written 

\M{h? + k^) e^ = Mgh cos + const. 

Comparing this equation with that obtained in Article 188, we 
see that the motion is the same as that of a simple pendulum of 
length (&^ + A2)/A. 

A point in the line 8G at this distance from S is known as the 
" centre of oscillation," 8 is called the " centre of suspension." 
The distance between these centres is the " length of the simple 
equivalent pendulum." 

224. Examples. 

1. ■ Prove that if a rigid pendulum, for which S and are respectively a 
centre of suspension and the corresponding centre of oscillation, is hung up 
so that it can oscillate in the same vertical plane as before but with as 
centre of suspension, then S wiU be the centre of oscillation. 

2. A uniform rod moves with its ends on a smooth circular wire fixed in 
a vertical plane. Prove that if it subtends an angle of 120° at the centre 
the length of the simple equivalent pendulum is equal to the radius of the 
circle. 
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3. A compound pendulum consists of a rod which can turn about a 
fixed horizontal axis and a spherical bob which can slide on the rod. Prove 
that the period of oscillation will be prolonged by sliding the bob up or down 
according as the length of the equivalent simple pendulum is > or < twice 
the distance of the centre of gravity of the bob from the axis of rotation. 

4. Two rigid pendulums of masses m and m! turn about the same hori- 
zontal axis. The distances of the centres of gravity and of oscillation from 
the axis are h, h' and I, V respectively. Prove that, if the pendulums are 
fastened together in the position of equilibrium, the length of the simple 
equivalent pendulum for the compound body will be (mhl+m'h'l')l{mh+m'h'). 

225, niuBtrative Problems. It will be most convenient to exemplify 
the application of the principles that have been laid down in this chapter 
and in Chapters VII. and VIII. by partially working out some problems. 
The most important matters to be illustrated are actions between two rigid 
bodies whether smooth or rough, and the expression of the effects of the 
inertia of a rigid body by means of the moment of inertia. Other matters 
of subsidiary interest are the kinematical expression of velocities and 
accelerations in terms of a smaU number of independent geometrical quanti- 
ties, the expression of kinematical conditions, and the calculation of resultant 
stresses. Some of the problems selected for discussion are of a complicated 
character, and have been chosen in order to illustrate a number of points. 

I. Inertia of machines. We shall consider Atwood's machine. To 
avoid having to take account of the motion of the pulley in our preliminary 
notice of Atwood's machine (Article 186) we assumed the pulley to be 
perfectly smooth, or that the rope slides over it 
without frictional resistance and without setting it 
in motion. It will now be most convenient in 
order to get some idea of the way the motion of 
the pulley affects the result to suppose the pulley 
to be so rough that the particles of the rope and 
the pulley in contact move with the same velocity 
along the tangents to the pulley. 

Now let M be the mass of the pulley, a its 
radius, k its radius of gyration about its axis, d the 
angle through which it has turned up to time '• i ,-, 

Let m and m' be the masses of the bodies at- ^'\_\ '-' 

tached to the rope, and a; the distance through Fig. 48 (bis). 

which m has fallen up to time t. Then x=ad. 

Neglecting the mass of the rope, the kinetic energy is 

and the work done is (m — m') gx, 

80 that the energy equation is 

^ Jlf -J iT^ -t- ^ (m -t- m') i»^ = (»i - ot') S^iC -h const. 
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Thus the acceleration with which m descends is 

ra-m' 

It appears that the effect of the inertia of the pulley is equivalent to an 
increase of each of the masses in the simple problem (where the pulley is 
regarded as smooth) by ^Mil^laK 

II. Boiling and sliding. We take the problem presented by a uniform 
cylinder of mass M and radius a which is set rolling and sliding on a rough 
horizontal plane, the angular velocity being initially such that the points on 
the lowest generator have the greatest velocity. 




Fig. 58. 

Let V be the velocity of the axis, and m the angular velocity at time t, 
the senses being those shown in the figure. 

The system of kinetic reactions reduces to MV horizontally through the 
centre of inertia, in the sense of V, and a couple Mk^a in the sense of <a, 
where k is the radius of gyration about the axis of the cylinder. 

Taking moments about the point of contact we have 
Ma'P'-Mk^a=0. 

Now let F be the friction between the cylinder and the plane. The 
particles on the lowest generator have velocity V+aio in the sense of V, and 
therefore F has the opposite sense. 

Resolving horizontally we have 

MV=-F, 
where F is positive. Hence V is negative and a is also negative. 

The velocity V diminishes and the angular velocity w also diminishes 
according to the equation 

k^a - a F= A^<»Q - a V^, 

where Fq and ihq are the values of V and a in the beginning of the motion. 
We shall proceed with the case where FJ, < ajc^ja. Then there must come 
an instant at which V vanishes, and at this instant a has the value 
Mo— aFo/i^. At this instant the lowest point has velocity osbq- V^a^lh^ in 
the same sense as before, the friction is still finite and in the same sense as 
before, and a velocity in the opposite sense begins to be generated. 
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At any later stage of the motion let U be the velocity. Then so Ion 
aa>> U the friction F acts in the same sense, and we have 

MU=F, \ 

MaU+MBi, = 0,] 

whence U increases and m diminishes according to the equation 

aU+ Ifia = h^aif) - a Fq ■ 




Fig. 59. 

When U becomes equal to am the value of either is 
a(P(B„-aFo)/(a2+/i!2), 

and at this instant the cylinder is rolling on the plane. Thereafter 
cyUnder rolls on the plane uniformly. 

It is to be noticed that, in this problem, so long as the cylinder slips, 
friction is constantly equal to iiMg, where jj. is the coefficient of fric 
between the cylinder and the plane. 

Examples. 

1. In the problem just considered prove that the time from the begini 
of the motion until the motion becomes uniform is -= — rs "° . 

2. A homogeneous cylinder of mass M and radius a is free to turn al 
its axis which is horizontal, and a particle of mass m is placed upon it c 
to the highest generator. Prove that when the particle begins to slip, 
angle 6 which the radius through it makes with the vertical is given by 
equation 

li{(M+6m) cos 6-im}=Mam'6, 

where /a is the coefficient of friction between the particle and the cylinder. 

3. A uniform thin circular hoop of radius a spinning in a vertical pi 
about its centre with angular velocity a is gently placed on a rough plan( 
inclination u equal to the angle of friction between the hoop and the pi 
so that the sense of rotation is that for which the slipping at the poinl 
contact is down a line of greatest slope. Prove that the hoop will rem 
stationary for a time oa/g sin a before descending with acceleration ^^sin( 
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III. Kinematio condition qf rolling. Formation of equations of motion. 

A cylinder of radius 6 rolls on a cylinder of radius a, which rolls on a 
horizontal plane. 

Let m and m' be the masses, A and B the centres, V the horizontal 
velocity of m, a the angular velocity of m, 6 the angle AB makes with the 
vertical, a the angular velocity of m'. 

The condition that m rolls on the plane is V=aQ (1). 




Fig. 60. 

The velocity of B relative to A is {a+b)d at right angles to AB, and its 
velocity is therefore compounded of this velocity and V horizontally. 

The velocity of P (considered as a point of m') relative to B is ba at right 
angles to AB, in the sense of (a+b) 6. 

The velocity of P (considered as a point of m) relative to A is aa at right 
angles to AB, but in the opposite sense. 

The condition of rolling is that the particles of m and m' that are at P 
have the same velocity along the common tangent to the two circles. 

We therefore have {a+b)e+ba=-aQ. (2). 

In the diagram of accelerations (Fig. 61) we have introduced the value of 
Ffrom equation (1). 

Since B describes a circle relative to A with angular velocity 6, the accele- 
ration of B relative to A is compounded of {a+b) 6 at right angles to AB, 
and {a+b) 6^ in BA. This gives us the diagram. 

Now, to form the equations of motion, take moments about P for m', and 
about for the system. We have 

-m:b{a+b)e+m'aCibcose+m'k'^i>=-m'ghsme (3), 

and 

mh^a + rrwfia + m'aa {a+{a + b) cos 5} + m'k"'a ) 

-m'{a + b)'6{a+b + acos6)+m'{a+b)e'^as,m6=-m'g{a+b)sai6) '" ^ '' 
L. 16 
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One of the quantities a> and Q can be eliminated by means of equation 
(2), and there then remain two unknown quantities in terms of which the 
motion can be completely expressed by solving the equations (3) and (4). 

Two first integrals of these equations can be obtained, one of them being 
the equation of energy. 




Fig. 61. 

Examples. 

1. Prove that, in the problem just considered, there is an integral equa- 
tion of the form 

m,aQ{l+k^/a,^)+m' {aQ-{a + b) B cos 6 - aK^jh} =const., 

and that 6 and 6 are connected by an equation of the form 

i (a+ 6) 6'^ [(1 +F/6^) - m (cos 6 - k^jV^fl {if (1 +h^la^+m (l+F/ft")}] +ff cos 6 

= const. 

2. A uniform rod of length I rests on a fixed horizontal cylinder of radius 
a with its middle point at the top; prove that, if it is displaced in a vertical 
plane, so as to remain in contact with the cylinder, and if it rocks without 
slipping, the angle 6 it makes with the horizontal at time t is given by the 
equation i{i^i^+ «^^^) ^^ +5'» {°°^ d+BainB)- const., 

and the length of the simple equivalent pendulum for small oscillations is 

3. A homogeneous sphere rolls down a rough plane of inclination a 
Prove that the acceleration of its centre is f g^sin a, and that the ratio of the 
friction to the pressure is f tan a. 

4. A thread unwinds from a reel of radius a, the uppermost point of the 
thread being held fixed, the unwound part of the thread being vertical, and 
the axis of the reel being horizontal. Prove that the acceleration of the 
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centre of the reel is ga^l(a^+k^), where k is the radius of gyration of the reel 
about its axis, and that the tension of the thread is {l+k^Kk^+a'^)} of the 
weight of the reel. 

5. A thread passes over a smooth peg and unwinds itself from two 
cylindrical reels freely suspended from it and having their axes horizontal. 
Prove that each reel descends with uniform acceleration. 

6. A ball is at rest in a cylindrical garden roller, when the roller is seized 
and made to roll uniformly on a level walk; to find the motion of the ball, 
supposing it does not slip on 

the roller. 

Let a be the radius of the 
ball, b of the roller, e the 
angle the line of centres 
makes with the vertical, V 
the velocity of the roller. 

Prove (i) that the an- 
gular velocity of the roller is 

^/^' Pig. 62. 

(ii) that the angular 

velocity a of the ball is Vja — {b — a) Sja. 

Let k be the radius of gyration of the ball, supposed uniform, about an 
axis through its centre of inertia, m the mass of the ball. Initially all the 
impulsive forces acting on the ball pass through the point of contact, and 
therefore the moment of momentum of the ball about any axis through this 
point is zero initially. Hence obtain the equation 

mk^ag -ma{{b-a)9(,— V}=0 
for the initial values a^ of <b and ^o of 6; prove that <bq vanishes, and find the 
value of 6g. ' 

Obtain the equations of motion 

mk^d — ma (b — a) 6= mga sin 6, 

m(b - a) 6^= R — mff cos 6, 

where iJ is the pressure of the roller on the ball. Prove that the motion in 6 
is the same as that of a simple pendulum of length | (b-a), and show that 
the value of R in any position is 

mg {^coa e-^)+mV^I{b-a). 
Deduce the condition that the ball may roll quite round the interior of 
the roller. 

7. A cube containing a spherical cavity slides without friction down a 
plane of inclination a, and a homogeneous sphere rolls in the cavity. Prove 
that the angle between the normal to the plane and the radius through the 
point of contact of the sphere with the cavity is connected with the angular 
velocity a of the sphere by the equation (a—b)d=ba>, where a is the radius 
of the cavity, and b is the radius of the sphere. 

16—2 
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Further taking M and m for the masses of the cube and sphere, and x 
for the distance described by the cube in time t, obtain the equations of 
motion by resolving for the system down the plane and at right angles to it 
and taking moments for the sphere about its point of contact with the 
cavity. 

FinaUy obtain the equation 

\ {^ (M-Vm) - m cos^ 6} 6"^ + (i/'+ m) cos a sin 6gl(fl -b)= const. 

8. Prove that, when the plane of Example 7 is rough and e is the angle 
of friction between it and the cube, the value of 6 at time t is given by the 
equation 

[{2 (JZ+to) cos f - m cos 6 cos {6 - 1)} 6^] - im6^ sin e 

+ (M+ m) COS a COS (5 - e) jr/(« - 6) = 0. 

9. Motion of a circular disc rolling on a given curve under gravity. 

Let c be the radius of 
the disc, (^ the angle the /^ A 
normal at the point of I \ L^ 
contact makes with the V,_,a' 
vertical, p the radius of / \ 

curvature of the curve at ' ^ 

this point. The centre of 
the disc describes a curve 8- "S- 

parallel to the given curve and at a distance c from it, and the instantaneous 
centre of rotation of the disc is at the point of contact, so that, if a is the 
angular velocity of the disc, we have velocity of centre =C(o=(p+c)^. 

Hence obtain the equation of energy 

i (p+cf (1 +*7«') 4>^=9Kp+c) sin ,pd<j>, 

where k is the radius of gyration of the disc about its centre, and the centre 
of inertia is the centre of the disc. Investigate the corresponding equation 
when the curve is concave to the disc. 

Prove that the disc can roll inside a cycloid the radius of whose generat- 
ing circle is a and whose vertex is lowest with uniform angular velocity 

Prove that when the disc is uniform and rolls outside a cycloid, the radius 
of whose generating circle is Jc and whose vertex is highest, the motion is 
determined by the equation 

3C(^2cos4^^=5r(3 + COS^)sin2^0, 

and that the disc leaves the cycloid when cos </)=f. 

10. A uniform rod slides between a smooth vertical wall and a smooth 
horizontal plane. Assuming the rod to move in a vertical plane it is required 
to determine the motion. 
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its mass, and suppose the end A 




Let AB he the rod, 2a its length, 
moves vertically in contact 
with the wall and the end B 
horizontally in contact with 
the plane. The instantaneous 
centre I is the intersection 
of the horizontal through A 
and the vertical through B, 
and the figure OBIA is a 
rectangle, so that the centre 
of inertia O, which is the 
middle point of AB, is always 
at a distance a from 0. 

The system of kinetic 
reactions is therefore equiva- 
lent to a resultant kinetic 
reaction at G having components maO and ma9^ perpendicular to OG and 
along 60, and a couple mk^B in the sense of increase of the angle $ which the 
rod BA makes with the vertical BI. 

The forces acting on the rod are its weight at G, the horizontal pressure 
at A, and the vertical pressure at B. The lines of action of the two latter 
forces meet in /. If then we take moments about I the unknown reactions 
do not enter. 

Hence prove that the motion in 6 is the same as that of a simple pendulum 
of length fa. 

By resolving horizontally and vertically find the pressures at A and B, and 
show that the rod leaves the wall when cos5=§oosa, a being the initial 
value of 6. 

11. When the plane and the wall of Example 10 are both rough, with the 
same angle of friction e, prove that the value of 6 at time t is given by the 
equation 

a (J+cos 2e) (9 -a sin 2e4^=gam (d- 2c). 

12. A wheel whose centre of gravity is at its centre rolls down a rough 
plane of inclination a dragging a particle of mass m which slides on the plane 
and is connected with the centre of the wheel by a thread, so that the whole 
motion takes place in a vertical plane, and the thread makes an angle j3 with 
the line of greatest slope down which the particle slides. Prove that the 
system descends with uniform acceleration 

il/"sinacos((3-6)+mcos/3sin(a— «) ^ 
M {k^ + a^) cos (^ - €)+ma^ cos ^ cos c^" ' 

where a is the radius of the wheel, M its mass, k its radius of gyration about 
its axis, m the mass of the particle and e the angle of friction between it and 
the plane. 
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13. Two smooth spheres are in contact and the lower slides on a horizontal 
plane. To find the motion. 

Let M, m be the masses, a and h the radii, 6 the angle the line of centres 

makes with the ver- 
tical at time t. Sup- 
posing the whole 
system to start from 
rest, the centre of 
inertia Q descends 
vertically, for there 
is no resultant hori- 
zontal force on the 
system. Further, 
since all the forces 
acting on either 
. sphere pass through 

'^' ■ its centre, neither 

acquires any angular velocity. Let ic be the distance of the centre of the 
lower sphere (^M) from the vertical through the centre of inertia at time t, 
then the distance of O from the centre of Jf is ot {a-'rh)l{M+m), and thus 
the horizontal velocity of O is 

* - TTT— (« + 6) ^' cos 5, 

and this vanishes. 

Hence prove that the equation of energy can be put in the form 

s ( 1 - -wi— "os^ 6)6'^+ S-^ cos 6 = const. 
2\ M+m j a+b 

Find the pressure between the spheres in any position, and prove that, if 6=a 

initially, the spheres separate when 

'(^-lC^oos^6)=i 
\ M+m J 




cos0(3- 



cos^d ) = 2cosa. 




.-■78 



Fig. 66. 



IV. Stress in a rod. As an ex- 
ample of resultant stress across a 
section of a body we consider the case 
of a rigid uniform rod swinging as a 
pendulum about one end. 

If TO is the mass of the rod, 2a 
its length, 6 the angle it makes with 
the vertical at time t, we have, since 
the radius of gyration about the 
centre of inertia is aj^Z, 

f^(fi6= — ag&va 6, 
and ^a6^=ff{coa6—cosa), 

where a is the amplitude of the os- 
cillations. 

Now consider the action between 
the two parts of the rod exerted across 
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a section distant 2x from the free end. Let P be the centroid of this section. 
We may suppose the action of AP on BP reduced to a force at P and a 
couple, and we may resolve the force into a tension T in the rod, and a shear- 
ing force S at right angles to it. We call the couple G, and suppose the 
senses of T, S, and O to be those shown in the figure. The action of BP 
on AP is then reducible to a force at P having components T, S, and a 
couple G, in the opposite senses to those shown. 

Now BP is a rigid uniform rod of mass mxja, turning with angular 
velocity 6, while its centre describes a circle of radius 2a -x with the same 
angular velocity. It moves in this way under the action of the forces T and 
S, of its weight mgxja vertically downwards through its middle point, and of 
the couple G. By resolving along AB and at right angles to it, and by taking 
moments about P, we obtain the equations of motion of BP in the form 

m.-{2a-x:)e^=T-mff-cose, "* 

m-(2a-a;)6 =S -mg- sm6, 



00 

m- 
a 



x:(2a—a;)d+ -^ 6y= — G — mg - x am 6, 



and by these equations T, S, and G are completely determined. In particular 
the couple G resisting bending is 

i • /.^% N 0. • .AP.BP^ 



EXAMPLES. 

1. If any circle is drawn through the instantaneous centre of no accele- 
ration, prove that the accelerations of all other points on this circle are • 
directed to a common point. 

2. A straight rod moves in any manner in its plane. Prove that at any 
instant the directions of motion of all its particles are tangents to a parabola. 

3. A rope passes round a rough pulley which moves in any manner in 
its plane so that the rope remains tight. Prove that the directions of motion 
of all the points of the rope in contact with the pulley at any instant are 
tangents to a conic. 

4. A uniform triangular disc ABC is so supported that it can oscillate 
in its own plane (which is vertical) about the angle A. Prove that the 
length of the simple equivalent pendulum is 

i {3 (62 + c2) - a^l/ViS (62 + c2) - a^}. 

5. A vmiform triangular disc ABC is constrained to move in a vertical 
plane with its corners on a fixed circle. Prove that the motion is the same 
as that of a simple pendulum of length 

R{l-2 cos A cos B cos C)/s/(l - 8 cos A cos B cos C), 
where B is the radius of the circle circumscribing the triangle. 
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6. Two circular rings, each of radius a, are firmly joined together so 
that their planes contain an angle 2a and are placed on a rough horizontal 
plane. Prove that the length of the simple equivalent pendulum is 

Ja cos a cosec^a (1+3 cos^a). 

7. A thin uniform rod one end of v^hich can turn about a smooth hinge 
is allowed to fall from a horizontal position. Prove that, when the horizontal 
component of the pressure on the hinge is a maximum, the vertical com- 
ponent is ^ of the weight of the rod. 

8. A uniform sphere of mass M and radius a oscillates under gravity 
about a fixed horizontal tangent as axis. Given the angular velocity a> of the 
sphere in the lowest position, find the pressure on the axis in any position, 
and prove that in a position of rest the resultant pressure will be perpen- 
dicular to the radius drawn to the axis if ai^=i^gla. 

9. A uniform rectangular block of mass M stands on a railway truck 
with two faces perpendicular to the direction of motion, the lower edge of 
the front face being hinged to the floor of the tnick. If the truck is 
suddenly stopped, find its previous velocity so that the block may just turn 
over. Prove that in this case the horizontal and vertical pressures on the 
hinge vanish when the angle the plane through the hinge and the centre of 
inertia of the block makes with the horizontal has the values sin-'^ and 
sin-ij respectively, and that the total pressure is a minimum, and equal 
to IMgiJ^, when the angle is sin-i§§. 

10. The door of a railway carriage which has its hinges (supposed 
smooth) towards the engine stands open at right angles to the length of the 
train when the train starts with an acceleration /. Prove that the door closes 

in time a/("^2^) L JMaJ)' ^'*^ ^^ angular velocity ^{2af/{a'+k% 
where 2a is the breadth of the door, and k the radius of gyration about a 
vertical axis through the centre of inertia. 

11. Two bodies of masses P and Q are attached by ropes to a wheel and 
axle of mass M and radius of gyration k about its axis, the axle being 
supported in two rough sockets symmetrically placed which it just fits and 
touches along a horizontal line. Prove that when Q has ascended a height 
x its velocity V is given by the equation 

r''[Pa^M+Q) + Qb^M+P') + Qab{P+P')+Mk^(P'+Q+M)] 

= 2c,bx (P - P) [Ma+Q {a+h)], 
where P' is the mass of a body which substituted for P would keep equilibrium. 

12. A particle is placed on a rough plane lamina which is initially hori- 
zontal, and which is free to turn about a horizontal axis through its centre of 
inertia. Show that the particle will begin to slip when the plane has turned 
through an angle 

tan - 1 {jiMay(Ma^ + 9mc% 
fi being the coefficient of friction, 2a the length of the plane perpendicular to 
the axis, o the distance of the particle from that axis, and M, m the masses 
of the lamina and the particle. 
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13. A uniform sphere is placed on the highest generator of a rough 
cylinder which is fixed with its axis horizontal. Prove that, if slightly 
displaced, the sphere will roll on the cylinder until the plane through the 
centre of the sphere and the axis of the cylinder makes with the vertical 
an angle a satisfying the equation 

1 Tfi cos a - 2 sin a = 10/*, 
where n is the coefficient of friction. 

14. A system consisting of a rough uniform circular wire of mass M, 
and a straight uniform rod of mass m, whose ends can slide on the wire, 
moves in one plane under no forces, the rod subtending an angle 2a at the 
centre of the wire. Prove that if neither of the expressions 

{M+ m) sin^ a + 3^ cos* a ± /i sin a cos a (to - SM) 
is negative (ii being the coefficient of friction), and, if initially the rod has an 
angular velocity a about the centre while the wire is at rest, the rod will 
come to rest relatively to the wire after a time 

nmQ[{M-i-m) sin.'a+3Mcos.^a] 

15. A flat circular disc of radius a is projected on a rough horizontal 
table which is such that the friction on an element a is cV^ma, where Fis the 
velocity of the element and to the mass of a unit of area. Prove that, if % 
and fi)Q are the initial velocity of the centre of inertia and angular velocity of 
the disc, the corresponding velocities u, a at any subsequent time satisfy the 
equation 

(3«2 - aVy/{3Uo^ - aWf = (m^<»)/( V<»o)- 

16. A uniform circular ring moves on a rough curve under no forces, the 
curvature of the curve being everywhere less than that of the ring. The 
ring is projected from a point A of the curve, and begins to roll at a point B. 
Prove that the angle between the normals at A and B is fi~i log 2, where /* is 
the coefficient of friction. 

17. A locomotive engine of mass M has two pairs of wheels of radius a 
such that the moment of inertia of either pair with its axle about its axis of 
rotation is A. The engine exerts a couple O on the forward axle. Prove 
that, if both pairs of wheels bite at once when the engine starts, the friction 
between one of the forward wheels and the line capable of being called into 
play must not be less than \G{A-\-Ma^)ja{%A+Ma^). Prove also that, if 
the only action between an axle and its bearings is a couple varying as the 
angular velocity of the axle, the final friction called into play between either 
forward wheel and the line is Gj'ka. 

18. A homogeneous solid hemisphere of mass M and radius a with a 
smooth base, is placed with its vertex lowest on a rough horizontal plane, 
and a particle of mass m is placed on the base at a distance c from the 
centre. Prove that the hemisphere begins to roll or slide on the plane 
according as 

/i> or <25mac/{26(ilf+»n)a2+40«ic2}, 

where n is the coefficient of friction between the hemisphere and the plane. 
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19. A homogeneous sphere of radius a is initially at rest on a horizontal 
plane and the plane is made to move backwards and forwards horizontally so 
that its displacement at time < is 6 cos nt. Prove that, if /i the coefficient 
of friction <^hn^lg, the changes from rolling to sliding take place at times 
{rn - a)jn, where r is a positive integer and a is the least positive root of the 
equation cos a = l fig j^.lm?' ; prove also that the changes from sliding to rolling 
(except the first) take place at times [rir+yjjn, where y is the least positive 
root of the equation 

sin y + sin a = Ifig (y + a)l'2,h'rfi. 

20. A uniform sphere of mass M rests on a rough plank of mass M' 
which is on a rough horizontal plane ; the plank is suddenly set in motion 
along its length with velocity V. Prove that the sphere wiU first slide and 
then roll on the plank and that the whole system will come to rest after a time 
M'Vlfig {M+M') from the beginning of the motion, where /x is the coefficient 
of friction at each of the places of contact. 

21. On a smooth table rests a board of mass M, having its upper surface 
rough and the lower smooth. A sphere of mass in is projected on the upper 
surface of the board so that the direction of projection passes through the 
centre of inertia of the board ; the velocity of projection is V and the 
sphere has an angular velocity Q about a horizontal axis perpendicular to 
the plane of projection. Prove that after a time 



(F-aO)/,,(l+g + |) 



the motion will become uniform, and that the velocity of the board will 
then be 



m 
M 



(F-.v(i^i:4-^). 



22. A reel of mass M and radius a rests on a rough floor, ^ being the 
coefficient of friction. Fine thread is coiled on the reel so as to lie on a 
cylinder of radius 6 (< a) and coaxal with the reel. The free end of the 
thread is carried in a vertical line over a smooth peg at a height h above 
the centre of the reel and supports a body of mass m. Prove that if either 

/i < mhl{M- m) a or if M< m [1 - 62 (1 + a/A - a'lbh)/{a!' + ik% 
the thread will be unwound from the reel. 

23. A garden roller, in which the mass of the handle may be neglected, 
is pulled with a force P in a direction making an angle a with the horizontal 
plane on which it rests. Show that it will not roll unless 

P {sin a sin (^ + cos a cos ^ k^/(a^+k^)}< Wsin <j), 
where a, k, W are the radius, the radius of gyration about the axis, and the 
weight of the roller, and (f> is the angle of friction between it and the ground. 

24. Two rough cylinders of radii r^, r^ are put on a rough table and on 
them is placed a rough plank. Prove that, under certain conditions, the 
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system can start from rest and move so that each cylinder rolls on the table 
with the constant acceleration 

Mg sin 2a (1 + cos 2a)/{mi (1 + h^jr^) +m2 (1 + h^jr^) + 4J/' sin^Sa}, 
where wia = (yyr^r^ld, and d is the initial distance between the axes of the 
cylinders. 

25. A circular cylinder of radius a whose centre of inertia is at a distance 
6 from its axis rolls on a horizontal plane. Prove that if it oscillates its 
angular motion is given by an equation of the form 

\d'^ {h^ + a2 + i^ - 2a6 cos 6) =gh {cos 6- cos a). 

26. A curve is drawn on the convex side of a hypocycloid parallel to it, 
the distance between the curves being a, and a circular disc of radius a rolls 
on the concave side under the action of a force to the centre varying as the 
distance. Prove that the motion is isochronous for oscillations of all 
amplitudes. 

27. On the top of a fixed smooth sphere rests a fine uniform ring with 
its centre in the vertical diameter, and its diameter subtends an angle 2a at 
the centre of the sphere. Prove that, if the ring is slightly displaced, it will 
first begin to leave the sphere when its plane has turned through an angle 6 
given by the equation 

sin (5 + a) sin a = 2 cos^ a (2 - 3 cos 5). 

28. A vmiform rod lying at rest in a smooth sphere is of such length that 
it subtends a right angle at the centre. The rod is projected so that its ends 
remain on the sphere and make complete revolutions in a vertical plane. 
Prove that, if V is the initial velocity of the centre, and a the radius of the 
sphere, 

F2>^a(|V2 + iV202). 

29. Two uniform rods of equal length (ceV^) and of equal mass are 
firmly fixed at one extremity of each and are at right angles. The rods are 
placed over two smooth pegs, distant c apart, in a horizontal line and move in 
the vertical plane through the pegs. Prove that the angular motion of the 
right angle on the semicircle it describes is given by one of the equations 

02 (la* _ ac cos ^<^ + c^) + 'icg {a cos ^^ — c cos <^) = const., 

and if the motion is a small oscillation the length of the simple equivalent 

pendulum is 

§(2a2 + 3c2~3ac)(4c~a). 

30. Two equal uniform rods of mass m and length 2a are free to turn 
about their middle points which are fixed at a distance 2a apart in a horizontal 
line. The rods being horizontal a uniform sphere of mass M and radius c is 
gently placed upon them at the point where their ends meet. Prove that, 
if 9jir{a2-|-c2}2=2»i{a2_e2}2j the sphere will, as it leaves the rods, have 
half the velocity which it would have had after falling freely through the same 
height. 
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31. An elastic thread of modulus X is wound round the smooth rim of a 
homogeneous circular disc of mass m, one end being fastened to the rim, 
and the other to the top of a smooth fixed plane of inclination a to the 
horizontal, down which the disc moves in a vertical plane through a line of 
greatest ^ope, which is the line of contact of the straight portion of the 
thread with the plane. Initially the thread has its natural length I and is 
entirely wound on the rim of the disc which is at rest at the top. Prove that 
at any time t before the thread is entirely unwound the tension is 

fjmgr am a sin* {J t ^{3X/lU)}. 

32. Two equal cylinders of mass m, bound together by a light elastic 
band of tension T, roll with their axes horizontal down a rough plane of ' 
inchnation a. Show that their acceleration down the plane is 

/ 2aT \ 

S ff sin a 1 —. — I , 

"" \ mgsaxa/ 

fi being the coefficient of friction between the cylinders. 

33. A waggon runs down a road inclined at an angle a to the horizon, 
and the road is crushed uniformly by the wheels, prove that the accelera- 
tion is 

(i/'+2m)sin(a-g) 
{¥+ 2m) cos ^ + 2»i^2|aj2 9> 

the centre of inertia being midway between the wheels, M denoting the mass 
of the body of the waggon, m the mass, mJfi the moment of inertia, and a the 
radius of each pair of wheels, and being an angle depending on the nature 
of the road. 

34. A rod AB, whose density varies in any manner, is swung as a 
pendulum about a horizontal axis through A. Prove that the couple resisting 
bending is greatest at a point P determined by the condition that the centre 
of inertia of the part PB is the centre of oscillation of the pendulum. 

35. A semicircular wire A CB whose line density varies as the distance 
from the diameter AB rotates in its plane, which is vertical, with uniform 
angular velocity a about the fixed point A. Prove that the stress couple at 
the middle point C of the arc AB vanishes when AB m vertical if 

o, = V{(4-ir)5r/(6-,r)a}. 



36. A uniform rod of mass m has one extremity fastened by a pivot to 
the centre of a uniform circular disc of mass M which rolls on a horizontal 
plane, the other extremity being in contact with a smooth vertical wall at right 
angles to the plane containing the disc and the rod. Prove that the inclination 
6 of the rod to the vertical when it leaves the wall is given by the equation 

9Jlf cos^ tf+6m cos 5-4»tcos a=0, 

the system starting from rest in a position in which 6= a. 
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37. A homogeneous sphere of mass M and radius a rests on a horizontal 
plane in contact with a vertical wall, and a second homogeneous sphere of 
mass m and radius 6(<a) is placed in contact with it and the wall, the 
centres being in a vertical plane at right angles to the wall. Prove that, if 
all the surfaces are smooth, the spheres will separate when the line joining 
their centres makes with the horizontal an angle 6 given by the equation 

(a +6) {{M-m) sin'^+Sm sin 6) =4miJ{ah). 

38. A smooth circular cylinder of mass M and radius c is at rest on a 
smooth horizontal plane, and a heavy straight rail of mass m and length 2as 
IS placed so as to rest with its length in contact with the cylinder and to have 
one extremity on the ground. Prove that the inclination of the rail to the 
vertical in the ensuing motion (supposed to be in a vertical plane) is given by 
the equation 

i^''[(i+sin2 6) a^+^ij^ \ \-lme ~"' °°^ 7 y^"' ^°°^ "" °°^ ^^' 
where a is the initial value of 6. 

39. ■ The outer surface of a uniform spherical shell of mass M is rough and 
of radius a, and the inner (concentric) surface is smooth and of radius 6. 
A particle of mass m moves inside the shell while the shell rolls on a hori- 
zontal plane. Show that the angular distance 6 of the particle from the 
vertical diameter at time t is given by the equation 

i(iM+m sin^e) fl2=(f Jf+m) (cos d-cosa) {gjh), 

where a is the greatest value of 6. 

40. A circular cylinder of radius a and radius of gyration k rolls inside 
a fixed horizontal cylinder of radius b. Prove that the plane through the 
axes moves like a simple pendulum of length 

(6-a)(l+F/a2). 

When the second cylinder can turn about its axis, and when the first 
cylinder is of mass m and the moment of inertia of the second about its 
axis is MK'^, prove that the length of the equivalent simple pendulum is 
(5 — a) (l+ra)/ji, where n = a^jk^ + mb^jMK^; prove also that the pressure 
between the cylinders is proportional to the depth of the point of contact 
below a plane which is at a depth 2n6cosa/(l-l-3») below the fixed axis, , 
where 2a is the angle of oscillation. 

41. A perfectly rough inelastic sphere is dropped on the lowest generating 
line of a horizontal circular cylinder which is revolving freely about its axis, 
which is fixed, with angular velocity Q. Prove that the plane through the 
axis of the cylinder and the point of contact will move like a simple 
pendulum of length 

where a and c are the radii, K and k the radii of gyration, M and m, the 
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masses of the cylinder and sphere respectively. Prove also that the anj 
velocity of the pendulum at the lowest point is 

a a 

a-c c' mc^ ' 

42. A garden roller stands at rest on a level path with the ha 
vertical; the handle is pulled down into a horizontal position held at 
and then released. Prove that the angular motion of the handle about 
axis of the roller is given by the equation 



1 ;S, hcoa^d) "1 , 



where R is the radius of the roUer, K its radius of gyration about its i 
M its mass, and m is the mass of the handle, k the distance of its cent] 
gravity from the axis, and I the length of the simple equivalent pendului 
the handle when the roller is held fixed. 

43. A uniform circular hoop of radius a is so constrained that it 
only move by rolling in a horizontal plane on a fixed horizontal line, ar 
particle whose mass is 1/X of that of the hoop can slide on the hoop witl 
friction. Prove that, if initially the hoop is at rest, and the partial 
projected along it from the point furthest from the fixed line with velocif 
then the angle turned through by the hoop in time t will be 

(y«/c(-sini/^)/(2X + l), 
where ■^ is the angle the diameter through the particle has turned throug 
the same interval. Prove also that 

44. A uniform rod swings in a vertical plane hanging by two c( 
attached to its ends and to points A, B in a horizontal line, AB being e( 
to the length of the rod, and the cords not being crossed. Prove that, if 
cords attached to A and B are of lengths a and a+\ respectively, where 
small, the angular velocity of the cord attached to A when inclined to 
vertical at an angle 6 is greater than it would be if X were zero by 

X J{gl2a?) (cos 6 — cos a)^ (tan^ 5 - ^ sec tf sec a) 
approximately, a being the value of in a position of rest and not bi 
nearly equal to a right angle. 

45. A uniform rod which is free to turn about a point fixed in it touo 
at a distance c from the fixed point, the rough edge of a disc of mass 
radius a, and radius of gyration h about its centre. The system beinf 
rest on a smooth horizontal plane, an angular velocity Q is suddenly comi 
nicated to the rod so that the disc also is set in motion. Prove that in 
subsequent motion the distance r of the point of contact from the fi 
point satisfies the equation 

{MK^ +mr^) (1 + jI V) ^'^ = {^^^ + mc^) {¥+a? + r^- c^) Q?, 
where MK^ is the moment of inertia of the rod about the fixed point and 
edge is rough enough to prevent slipping. 
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46. A uniform rod has its lower end on a smooth table and is released 
from rest in any position. Show that the velocity of its centre on arriving 
at the table is ij{^gh), where h is the height through which the centre has 
fallen, and that at the instant when the centre reaches the table the pressure 
on the table is one quarter of the weight' of the rod. 

47. If a particle is moving in a circular tube held at rest on a smooth 
horizontal plane, and the tube is let go, the centre of the tube will describe a 
trochoid. 

48. A uniform sphere of mass m is rolling on the horizontal upper 
surface of a wedge of mass M whose under surface slides without friction on 
a fixed plane inclined at an angle a to the horizontal. Assuming the system 
to move from rest, and the whole motion to be in a vertical plane, prove that, 
if at time t the wedge has slipped a length x along the plane, and the sphere 
has rolled a length s along the surface of the wedge, then 

. 7 (M+m)s\aa ^„ 

a;=-fsseca = -„-rr^— T= — ^ „ . qf: 

' 2 7J/+(7-5oos2a)OT^ 

49. A wheel can turn freely about a horizontal axis, and a fly of mass 
Ml is at rest at the lowest point ; if the fly suddenly starts oflf to walk along 
the rim of the wheel with constant velocity V relative to the rim, show that 
he cannot ever get to the highest point of the rim unless V is at least as 
great as 

where a is the radius of the wheel, and MK^ its moment of inertia about its 



50. A hollow thin cylinder of radius a and mass M is maintained at rest 
in a horizontal position on a rough plane of inclination a, and an insect of 
mass m is at rest in the cylinder on the line of contact with the plane. The 
insect starts to crawl up the cylinder with velocity V, and the cylinder is 
released at the same instant. Prove that if the relative velocity is maintained 
and the cylinder rolls uphill, then it will come to instantaneous rest when 
the angle the radius through the insect makes with the vertical is given by 
the equation 

V^ {1 - cos {6 - a)} + ag (cos a — cos 5) = (1 + M\m) ag {6 - a) sin a. 

51. A rigid square ABCD of four uniform rods each of length 2a lies on 
a smooth horizontal table and can turn freely about one angular point A 
which is fixed. An insect whose mass is equal to that of either rod starts 
from the corner B to crawl along the rod BC with uniform velocity F relative 
to the rod. Prove that in any time t before the insect reaches C the angle 
turned through by the square is 



\/S'"""'(\/A?)' 



CHAPTER XII. 



MISCELLANEOUS METHODS AND APPLICATIONS. 

226. We propose in this Chapter to bring together a number 
of methods and theories relating to general classes of problems 
which can be solved by the principles laid down in previous 
Chapters. One of the great difficulties of our subject is the 
integration of the differential equations of motion of a system of 
bodies, but there are a number of cases in which all the informa- 
tion desired can be obtained without any integration. Such cases 
include impulsive motions, and initial motions. There are other 
cases in which the method of integration is known. Such cases 
include small oscillations, and problems in which the principles 
of energy and momentum supply all the first integrals of the 
equations of motion. We shall consider such cases here. Another 
general problem on which much light can be thrown by the 
theory of momentum is presented in the motion of a string or 
chain, and this problem at the same time forms an introduction to 
the dynamics of systems capable of continuous deformation. We 
shall devote some space to it at the end of the Chapter. 

IMPULSES. 

227. Nature of impulsive action between bodies in 
contact. When two bodies collide, at first their surfaces come 
into contact at a point of each, but a little observation shows that, 
before separation, they must be in contact over a finite area ; for 
example, if one body is smeared over with soot, the other, after 
separation, will show a sooty patch. It is clear therefore that 
during the impact the bodies undergo deformation. There are 
numberless cases in which the deformation is permanent, there 
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are others in which the recovery of form is practically complete. 
Now it is clear that if the bodies are rigid no deformation can 
take place, and accordingly we shall be unable to give an account 
of the circumstances if we treat the bodies as rigid. On the other 
hand, the problem of calculating the deformation from the elastic 
properties of the bodies is generally beyond our power. Further, 
we shall find that one inevitable result of every impulsive action 
between parts of a system is a loss of kinetic energy in the system, 
and this apparent loss of energy can frequently be calculated. 
Considering the bodies as elastic we might expect to find the 
energy transformed partly into potential energy of strain, and 
partly into kinetic energy of relative motions of the parts of the 
bodies. Now there is one particular case in which the calculation 
can be made by means of the Theory of Elasticity, the case of the 
longitudinal impact of thin elastic bars, and in that case it is 
found that the apparent loss of energy as calculated depends on 
the masses of the bars in a way quite different to that which is 
experimentally found to hold good. It appears to follow that, 
even if we could in every case calculate from the Theory of 
Elasticity the deformations of impinging bodies, we should never- 
theless not be in a position to give a complete account of the 
nature of the action that takes place in impact, and we are led 
to expect, in impulsive changes of motion, a transformation of 
energy into some other form than kinetic and potential energies 
of the bodies and their parts, regarded as continuous. Nor 
have we far to seek for the form of energy that is developed in 
compensation for the apparent loss. It is a fact of observation 
that when one body strikes against another the temperature 
of both is raised, and it has been abundantly proved that the 
production of thermal effects of this kind is of the nature of 
just such a transformation of energy as we have described. We 
must thex-efore expect that in impulsive changes of motion some 
mechanical energy will be transformed into heat. In order to 
formulate in a simple and general manner the mechanical effects 
produced in two bodies by collision it is necessary to have recourse 
to special experiments and subsidiary hypotheses. 

228. Newton's experimental Investigation. Newton 
made an elaborate series of experiments* on the impact of 
* Principia, Lib. i., Axiomata sive Leges Motus. 

L. n 
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spheres. The experiments were conducted with the aid of the 

ballistic balance (Article 93), and the spheres came into contact 

when moving in the line joining their centres. He found that the 

relative velocity of the spheres after impact was oppositely directed 

to that before impact, and that its amount was diminished in a 

ratio depending only on the materials. 

To express this result, let u and u' be the velocities of the two 

bodies in the line of centres and in the same sense before impact, 

V and v' their velocities in the same line and in the same sense 

after impact, then 

v — v' = — e(u — u') (1) 

where e is a positive fractional coefficient depending on the 

materials of the two bodies, and independent of their masses 

and velocities. 

If m and m' are the masses of the bodies, we have by the 

Principle of the Conservation of Linear Momentum (Article 111) 

mv + mV = mu + m'u' (2). 

Equations (1) and (2) determine the velocities after impact and 

we find 

(m — em') u + m'(l + e) u' 

v = ^ — ; — 7-^ , 

m+m 

, _ (m' — em) m' + m (1 + e) m 

The impulsive pressure exerted by m on m is m (it — v), in the 
sense opposite to that of m, and this is 

(1 + e) mirC {u — u')/(m + m'). 

The hypothesis adopted by Poisson and others as to the action 
between two bodies in collision is founded on the result last 
obtained. Poisson imagined that when the bodies come into 
contact they begin to be compressed, that the compression con- 
tinues to increase until the end of a certain interval, called 
the "period of compression," and that at the end of this in- 
terval the two bodies have the same velocity along the common 
normal to the surfaces in contact. Further, he imagined that 
after the period of compression the bodies begin to recover their 
form and continue to do so until they cease to be in contact. 
The interval in which the recovery takes place is called the 
"period of restitution." Poisson supposed that the pressure 
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between the bodies at any instant during restitution is less than 
that at the corresponding instant during compression in such a 
way that the impulse of the pressure exerted during restitution is 
the product of e and the impulse of the pressure exerted during 
compression. On this hypothesis the impulse of the pressure 
exerted between the two bodies while in contact is greater than 
it would be if e were zero in the ratio 1 + e : 1. Poisson* supposed 
this hypothetical account of the motion to apply equally whether 
the impact is direct or not, and whether the bodies are smooth or 
rough provided they are not sufficiently rough to prevent sliding. 

229. Coefficient of restitution. The number e is called 
the " coefficient of restitution." For very hard elastic solids, such 
as glass and ivory, e is little different from unity ; for very soft 
materials, such as wool or putty, it approaches zero. The con- 
nexion between e and the elasticity of the impinging bodies has 
led to its being sometimes called the " coefficient of elasticity," but 
we avoid this phrase because it has a different and very definite 
meaning in the Theory of Elasticity. For a like reason we 
avoid the phrase " coefficient of resilience " which has also been 
sometimes used. Materials for which e is zero or unity may be 
regarded as ideal limits to which some bodies approach. We shall 
speak of such materials as being " without restitution " and " of 
perfect restitution " respectively, ordinary materials we shall speak 
of as having " imperfect restitution." It is, of course, to be under- 
stood that any such phrase refers to an action between two bodies 
of the same or different materials. The coefficient e depends on 
both the materials just as the coefficient of friction between two 
bodies depends on the materials and degree of polish of both. 

230. Oblique impact 
of smooth spheres. Let 

two smooth uniform spheres, 
of masses m, m', impinge. 

Let JJ, F be the resolved 
velocities of m in the line of 
centres and at right angles 
thereto before impact, [/"', F' 
corresponding velocities of 
m', and let u, v and lo', v' be 




Fig. 67. 



* Traite de MSeanique, t. n., pp. 273 et seq. Second Edition, Paris 1833. 

17—2 
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corresponding velocities for m and m after impact. Let Mo, v^ and 
Mo', V be the velocities that would replace u, v and ii, v' if e 
were zero. 

Now if e were zero there would be no restitution or the bodies 
would have the same velocities in the line of centres immediately 
after the impulse, we should therefore have 

Mo' = Mo. 

The equation of conservation of linear momentum of the 
system in the line of centres is in this case 

(m + m!) Mo = mU+ m'JJ', 

and the impulsive pressure, i2o, between the bodies is given by 
the equation 

iJj = m ( C/" — Mo) 

the sense of i?o being opposite to that of U. 

Now suppose that e is not zero, but the impulsive pressure 
between the bodies is R^ (1 + e). We have the equations 

mu + m'v! = mU + m'U, 

m{U-u)=^^,(l+e)(U-U'), 
m. + m ' ' 

which may be written 

V-u U-u' U-U', , 

r- = = — ; — 7 (1 + e) ; 

m — m m + mf ^ ' 

whence 

u-u=-e(JJ-V'), 
exactly as in direct impact. 

Thus, at any rate for the case of smooth spheres, Poisson's 
hjrpothesis is equivalent to the following generalisation of Newton's 
experimental result : — 

The relative velocities, after and before impact, of the points of 
two impinging bodies that come into contact, resolved along the 
common normal to their surfaces at these points, are in the ratio 
— e : 1, where e is the coefficient of restitution. 

In what follows we shall refer to the statement just made as 
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the " generalised Newton's rule," and we shall apply it instead of 
Poisson's hypothesis. We shall show later on that its equivalence 
with this hypothesis is not limited to the cases of smooth bodies or 
of spheres. 

231. Elastic systems. The method followed in applying this rule is to 
treat the impact as instantaneous, and the impinging bodies as rigid both 
before and after it. This method is adequate for the discussion of many- 
questions. It cannot however be applied to the transmission of stress in 
elastic systems capable of large deformations. In such systems no internal 
stress is developed except after a finite deformation has taken place, so that 
at the beginning of a motion impulsively produced some. part of the system 
yields at once, and starts to move with a finite velocity ; after a finite time a 
finite strain is produced, and is opposed by a finite elastic stress, this stress 
continuing as long as there is any strain. This statement may conveniently 
be summed up in the proposition : — An elastic system cannot support an 
impulse. It is now clear that the method founded on Newton's result is of 
the nature of a compromise, the whole time of the action in which the 
elasticity of the bpdies is concerned being treated as infinitesimal. An 
example of the statement that an elastic system cannot support an impulse 
will be found in the action of elastic strings attached to rigid bodies whose 
motion is altered suddenly. There is no impulsive tension in such a string, 
and the motion of the body immediately after the impulse is exactly the 
same as if the string were not attached to it (cf. Article 258). On the other 
hand, an inelastic string is conceived as capable of supporting an impulsive 
tension. 

232. Impact of smooth spheres. We return to the problem 
presented by the collision of 
two smooth uniform spheres, 
and we shall show how to ap- 
ply the generalised Newton's 
rule and the equations of 
momentum to determine the 
whole motion, and shall es- 
timate the loss of kinetic 
energy. The notation is the 
same as that in Article 230. 

The generalised Newton's Rule gives the equation 

u-ii: = -e{U-U'). 
The equation of conservation of momentum parallel to the line 
of centres is 

mil, + m V = mU+m' U', 




Fig. 67 (fits). 
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The reaction between the spheres, being localised in the 
common normal, has no resolved part at right angles thereto, and 
thus the momentum of each sphere at right angles to the line of 
centres is unaltered by the impact. This gives us 
v=V, and v'= V. 
Now we may solve the first two equations for u and «', and we 
shall obtain 

im-m'e)U + m'(l+e)U' \ 
m + TO 
,_ (m'-me) V + m(l + e) U 
m + m' 

Thus the motion after impact is determined. 
The impulsive pressure on m is 

m(U-u)= '^,(l + e)(U-U') 

in the sense opposite to that of U, and there is an equal impulsive 
pressure on m' in the opposite sense. Let the magnitude of this 
pressure be denoted by R. 

To find the kinetic energy lost, we have 
kinetic energy before impact — kinetic energy after impact 
= im(V'^ + V) + imf ( U'^ + F'O - {Jm («' + V) + \m' (u'^ + v'')} 
= l{m(U''-u^) + m'(U'^-u'')} 
= iR(U + u-U'-u'), 
since m(U — u) = m' (u' — U') = R. 

Hence the kinetic energy lost is ^R(U— IT) (1 — e) 

^ m + m 
It is to be noted that the expression 

^R(U+u)-^R(U' + u') 

for the change of kinetic energy produced by the impulse is in 
accordance with that obtained in the general case of a system of 
bodies in Article 155. The impulse in the present case is an 
internal one but it contributes something to the change of kinetic 
energy, on the other hand the internal impulsive actions between 
parts of the spheres contribute nothing to the change of kinetic 
energy, and we shall be able to prove later on that this is always 
the case for a rigid body. 
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233. Deduction of Newton's Rule from a particular 
assumption. Without assuming any law of restitution we may- 
throw the expression for the kinetic energy lost in impact into a 
form depending only on the relative velocities along the line of 
centres before and after impact. With the notation of the last 
Article, we have 

mm' m' m m + m' 

and the kinetic energy lost is 

^ m + m"-^ ' ^ ' ^ 

Hence, if W and W denote the relative velocities resolved parallel to 
the line of centres before and after impact, the kinetic energy lost is 

or in words it is the product of one quarter of the harmonic mean 
of the masses and the difference of the squares of these relative 
velocities. 

The same result may be obtained from general principles. 

Since the motion of the centre of inertia of the spheres is 
unaltered by the impact, and since the motions of the spheres at 
right angles to the line of centres are also unaltered, we only 
require the velocities of the spheres relative to the centre of inertia 
resolved along the line of centres, the kinetic energy being that of 
the whole mass moving with the centre of inertia together with 
that of the relative motion (Article 104). 

Now the velocity of m, relative to the centre of inertia, resolved 
along the line of centres, is m'W l{m+m') and the velocity of m 
relative to the centre of inertia, resolved along the same line, is 

— ?wTr/(m + m'). 

Just after the impact the velocities of m and m relative to the 
centre of inertia, resolved in the same direction, are respectively 
m'W'/(m + mf) and - mTf '/(m + m'). 

Hence the kinetic energy lost is 

^ \m-\-m j ■* \m+m / 

^ \m-Vm I ^ \m+mf I 
leading to the same result as before. 
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It follows that the statement W' = — eW, which is the 
generalised Newton's rule, is equivalent to the statement that 
the kinetic energy lost is proportional to the square of the 
relative velocity of approach, and, if this could be assumed, the 
generalised Newton's rule could be deduced. This rule would 
thus be obtained from an hypothesis as to the amount of energy 
dissipated instead of an hypothesis as to the impulsive pressure. 

234. General theory of impulsive changes of motion. 

So far we have been confining our attention to the impulsive action 
between impinging bodies, but there are many other changes of 
motion which take place so rapidly that it is convenient to regard 
them as impulsively produced. The general method of treatiog 
such changes of motion has been indicated in Articles 82 and 113 ; 
it depends simply on repeated applications of the statement that 
for every particle in a connected system, and for each rigid body in 
such a system, the changes of momentum are a system of vectors 
equivalent to the impulses that produce them. We shall illustrate 
the application of this statement in a number of problems. 

235. Illustrative problems. 

I. Two equal smooth balls, whose centres are A and B, lie nearly in 
contact on a smooth table, and a third ball of equal size and mass impinges 
directly on A, so that the line joining its centre C to A makes with the line AB 
an angle CAB, =Tr-6. Prove that, if sine>{l-e)l(l+e), the ball A will 
start off in a direction making with AB an angle tan~^ {2 tan 6/(1— e)}, e being 
the coefficient of restitution for either pair of balls. 

Let V be the velocity of C before striking A ; since the impact is direct, 
V is localised in CA. Let w be its velocity after striking A ; the direction 
of w is that of V. Let u' be the velocity of A immediately after G strikes it, u its 
velocity just after A strikes B, v the velocity of B after A strikes it, then the 
direction of u' makes an angle 6 with AB. Suppose that the direction of u 
makes an angle i^ with AB. The direction of via AB. 

We have the equations of momentum 

V=u'+w, u'cos6='ucob4)+v, u'smd=uam(ji, 
and the equations given by Newton's Rule 

u'-io=eV, ucos(l} — v= —eu' co»6; 
whence 2w=V{l-e), 2u'=Y{l+e), 2«cos^ = (l-e)i4'cos 5, 

and tand)=-r . 

^ \ — e 
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^v 



Fig. 68. 

Thus A moves off as stated provided there is no second impact between 
A and C. The condition for this is ucos ((f>-6)>w, 

1 —e 
or i (1 -«) 1^' cos' 6+u' sin^ e>- — u', 

which leads to sinfl>(l-e)/(l+e). 

II. A particle is, projected mth velocity V from the foot of a smooth fixed 
plane of inclination 6 in a direction making an angle a with the horizon {a>6). 
Find the condition that it may strike the plane n times striking it at right angles 
at the nth impact, e being the coefficient of restitution between the plane and the 
particle. 

Since the velocity parallel to the plane is unaltered by impact, the motion 
of the particle parallel to the plane is determined by the same equation as if 
there were no impacts, thus at the end of any interval t from the beginning 
of the motion the velocity parallel to the plane is Fcos (a — 6)—gt sin 6. 

Let <i, <2) ••• *« lifi the times of flight before the first impact, between the 
first and second, and so on. Then t^ is given by 

Vt^sm {a- 6) -\gt^ COB 6=0, 

and thus ti=^Vw\{a-6)lg cos 6. The velocity perpendicular to the plane 
at time <, is Vsm.{a-6)-gtiCos6 or - Fsin(a-fl). Immediately after the 
impact the velocity at right angles to the plane becomes eVsai{a—6) away 
from the plane. We thus find that t^=et-^, t^=et^,.... 

.. l-e''27sin(a-^) . ,, . , , „ ^i, , • 

Hence t,+to,+...+t~=- ^— s — - is the interval from the begm- 

'■ ^ \-e gcos6 ° 

ning of the motion till the nth impact. By supposition, at the end of 
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this interval the velocity parallel to the plane vanishes, or this interval is 
Fcos (a - 6)lg sin 6. The required condition is therefore 

tan tf = 2 tan (a - 5) (1 - e»)/(l - e). 

III. A smooth sphere of mass m, is tied to a fixed point by an ineaitensible 
thread, and another sphere of mass m! impinges directly on it with velocity v in 
a direction making an actUe angle a with the thread. Find the velocity with 
which m begins to move. 

The impulse between the spheres acts in the line of centres so that the 

direction of motion of m' is unaltered. 
Let its velocity after impact be v'. 

There is an impulsive tension in the 
thread and the sphere m is constrained 
to describe a circle about the fixed end. 
It therefore starts to move at right 
angles to the thread. Let v, be its 
velocity. 

Eesolving for the system at right 
angles to the thread we have the equa- 
tion of momentum 

mu 4- mV sin a = m'v sin a. 




Kg. 69. 



By the generalised Newton's Kule we have 



Whence 



V —us,Yaa= —ev. 

m' sin a (1 + e) 
u = ; — , \ , V. 



IV. Two particles A, B of equal mass are connected by a rigid rod of 
negligible mass, and a third equal particle C is tied to a point P of the rod at 
distances a, b from the two ends. C is projected with velocity u perpendicula/r 
to AB. Find the velocity of C immediately after the string becomes tight. 

Let V be the velocity of C immediately after the string becomes tight. 



'C 



Av-hia 



kv+aa 



Fig. 70. 



235, 236] EXAMPLES OF IMPULSES. 267 

Since the impulse on C is along the string its direction of motion is unaltered. 
The velocity with which P starts to move is v along the string. 

Let a be the angular velocity with which the rod begins to turn. The 
velocity of A is compounded of the velocity of P and the velocity of A 
relative to P. Thus A starts with velocity v+aa. So B starts with velocity 
v-ba>. 

The equation of linear momentum parallel to the string is 
mv+m(v + aa>)+m (v-ba)=mu, 
m being the mass of either particle. 

The equation of moment of momentum about P is 
ma{v+aa) — 'mb{v — ba) = 0, 
giving a = (b — a)v/{a^ + b^). 



Eliminating a we find 



a^+b^ 
1 a' + b^ 



'2a^+b^ + ab 
236. Examples. 

[In these examples e is the coefficient of restitution between two bodies.] 

1. The sides of a rectangular billiard table are of lengths a and b. If a 
ball is projected from a point on one of the sides of length b to strike all 
four sides in succession and continually retrace its path, show that the angle 
of projection 6 with the side is given by ae cot6 = c+ec', where c and c' are 
the parts into which the side is divided at the point of projection. 

2. Prove that in order to produce the greatest deviation in the direction 
of a smooth billiard ball of diameter a by impact on another equal ball at 
rest, the former must be projected in a direction making an angle 






with the line (of length c) joining the two centres. 

3. A particle is projected from a point at the foot of one of two smooth 
parallel vertical walls so that after three reflexions it may return to the 
point of projection, and the last impact is direct. Prove that ^+e^+e=l, 
and that the vertical heights of the three points of impact are in the ratios 

e^: 1-e^: 1. 

4. A particle is projected from the foot of an inclined plane and returns 
to the point of projection after several rebounds, one of which is at right 
angles to the plane ; prove that, if it takes r more leaps in coming down than 
in going up, the inclination B of the plane and the angle of projection a are 
connected by the equation 

cot e cot (a - (9) = 2 {V(l - eO - (1 - «'")}/{e'" (1 - «)}• 
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5. A particle is projected from the foot of a plane of inclination y in a 
direction making an angle /S with the normal to the plane, in a plane through 
this normal making an angle a with the line of greatest slope on the inclined 
plane. Prove that, for the particle to be on the horizontal through the point 
of projection when it meets the plane for the ?ith time, the angles a, /3, y must 
satisfy the equation 

(1 - e") tan y = (1 - e) cos a tan /3. 

6. Three equal spheres are projected simultaneously from the corners of 
an equilateral triangle with equal velocities towards the centre of the triangle, 
and meet near the centre. Prove that they return to the corners with 
velocities diminished in the ratio e : 1. 

7. A smooth uniform hemisphere of mass M is sliding with velocity V 
on a plane with which its base is in contact ; a sphere of smaller mass m is 
dropped vertically and strikes the hemisphere on the side towards which it is 
moving so that the line joining their centres makes an angle 7r/4 with the 
vertical. Show that, if the coefficient of restitution between the plane and 
the hemisphere is zero, and that between the sphere and the hemisphere is e, 
the height through which the sphere must have fallen if the hemisphere is 
stopped dead is 

2g {1 + efm^' 

8. A particle of mass M is moving on a smooth horizontal table with 
uniform speed in a circle, being attached to the centre by an inextenaible 
thread, and strikes another particle of mass m at rest. Show that, if the two 
particles adhere, "the tension of the thread is diminished in the ratio 

M/(M+m). 

If there is restitution between the particles and the second one is describ- 
ing the same circle as the first, prove that the tensions T and t in the two 
threads after impact are connected with their values before impact by the 
equation 

T+t= T,+t,-(l - ^) y{mT,)-J{Mt,)fl{M^m). 

9. A bucket and a counterpoise, of equal mass M, connected by a chain 
of negligible mass passing over a smooth pulley, just balance each other, and 
a ball, of mass m, is dropped into the centre of the bucket from a height h 
above it ; find the time that elapses before the ball ceases to rebound, and 
show that the whole distance descended by the bucket during this interval is 

imehl{{2M+m) (1 - ef}. 

10. Three equal particles are attached to the ends and middle point of a 
rod of negligible mass, and one of the end ones is struck by a blow so that it 
starts to move at right angles to the rod. Prove that the velocities of the 
particles at starting are in the ratios, 5:2:1. 

11. An impulsive attraction acts between the centres of two spheres 
which are approaching each other so as to generate kinetic energy E. If v is 
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their relative velocity before the impulse, and 6, ff the angles which the 
directions of the relative velocity, before and after, make with the line of 
centres, prove that 



3in^=sin5'^(l+g), 



sm( 
where M is the harmonic mean of the masses. 

12. Two small bodies of equal mass are attached to the ends of a rod of 
negligible mass; the rod is turning uniformly about its centre, which is 
supported, so that each of the bodies is describing a horizontal circle, when 
one of the bodies is struck by a vertical blow equal in magnitude to twice its 
momentum. Prove that the direction of motion of each of the bodies is in- 
stantaneously deflected through half a right angle. 

*237. Impulsive motion of rigid bodies. The theory already 
explained in this Chapter and the theory of the momentum of a 
rigid body considered in Article 218 are sufficient for the discussion 
of the impulsive motion of rigid bodies in two dimensions. 

For each body we have three equations of impulsive motion 
expressing that the change of momentum of the body is equivalent 
to the impulses exerted upon it. 

The momentum of the body was shown to be equivalent to 
a single vector localised in a line through the centre of inertia, 
and equal to the momentum of the mass of the body moving with 
the centre of inertia, and a couple of amount equal to the product 
of the angular velocity of the body and the moment of inertia 
about an axis through the centre of inertia perpendicular to the 
plane of motion. 

Let m be the mass of the body TJ, V the resolved velocities of 
the centre of inertia in two rectangular directions in the plane of 
motion, and O the angular velocity before impact ; let w, v be the 
resolved velocities of the centre of inertia in the same two directions 
after impact, and to the angular velocity ; also let k be the radius 
of gyration of the body about an axis through the centre of inertia 
perpendicular to the plane. 

Then the change of momentum of the system can be expressed 
as a vector localised in a line through the centre of inertia, whose 
resolved parts in the two specified directions are m{u-U) and 
m{v—V); and a couple, in the plane of motion, of moment 
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The impulses exerted on the body can be expressed as a single 
impulse at any origin and an impulsive couple. 

The equations of impulsive motion express the equivalence of 
the two systems of vectors. 

Thus if the impulses are reduced to an impulse at the centre of 
inertia, whose resolved parts in the specified directions are X and 
Y, and a couple N, we can take the equations of motion to be 

m{u-V) = X, m{v-V)=^Y, m¥{a>-D,)=N. 

More generally, the resolved part, in any direction of the vector 
whose resolved parts, in the specified directions, are m (u— U) 
and m {v — V) is equal to the resolved part, in the same direction, 
of the vector whose resolved parts, in the specified directions, are 
X and Y; and the moment about any axis of the vector system 
determined by m (u - U), m{v— V), ml? (to — XI), is equal to the 
moment about the same axis of the vector system determined by 
X, Y, N. 

*238. Kinetic energy produced by impulses applied to 
rig:id body. Suppose the body to move in one plane. Let m be 
the mass of the body, U, V resolved velocities of its centre of 
inertia parallel to the axes of reference, and fl its angular velocity 
just before the impulses act, u, v, a corresponding quantities just 
after. 

Let Xi, Yi be the resolved parts parallel to the axes of the 
impulse applied to the body at any point whose coordinates relative 
to the centre of inertia are Xj, y^. 

The equations of impulsive motion are 

m{u-U) = tX, 1 

m{v-V) = tY, I 

m¥ (ft) - fl) = 2 (a;F - yX). J 
Multiply these equations in order by 

i(M+t7), i(i;+F), i(« + n), 

and let T be the kinetic energy of the body after the impulses, T^ 
that before. Then we have 

T-T, = t\{X{u-oiy+U-ay)-\-Y{v-\-a>x + V+ax)]. 
The right-hand member of this equation is the sum of the 



237-240] RIGID BODIES UNDER IMPULSES. 271 

products of the external impulses and the arithmetic means of the 
velocities of their points of application resolved in their directions 
before and after. 

Now the theorem of Article 155 asserts that the change of 
kinetic energy is equal to the value of the like sum for all the 
impulses internal and external. It follows that the internal 
impulses between the parts of a rigid body, which undergoes 
a sudden change of motion, contribute nothing to this sum. 

*239. Examples. 

1. A uniform rod at rest is struck at one end by an impulse at right 
angles to its length. Prove that, if the rod is free, it begins to turn about 
the point of it which is distant one-third of its length from the other end, 
and that the kinetic energy generated is greater than it would be if the other 
end were fixed in the ratio 4 : 3. 

2. A free rigid body is rotating about an axis through its centre of inertia 
for which the radius of gyration is h when a parallel axis at a distance c 
becomes fixed. Prove that the angular velocity of the body is suddenly 
diminished in the ratio P : c^-\-}?. 

3. An elliptic disc is rotating in its plane about one end P of a diameter 
PP', when P' is suddenly fixed. Find the impulse at P and the angular 
velocity about it, and prove that, if the eccentricity exceeds v'f , the diameter 
PP' may be so chosen that the disc is reduced to rest. 

4. A uniform rod of length 2a and mass m is constrained to move with 
its ends on two smooth fixed straight wires at right angles to each other, and 
is set in motion by an impulse of magnitude reiV. Prove that the kinetic 
energy generated is fraF^^^^''^ where ^ is the perpendicular from the inter- 
section of the fixed wires on a line parallel to the line of the impulse and 
such that the centre of inertia is midway between the two parallels. 

*240. Bigid bodies with restitution. Let two rigid bodies moving in 
the same plane come into contact at a point P and suppose the bodies to be 
smooth at P. Let R be the impulsive pressure between the bodies at P. 
The direction of R is the common normal at P to the two surfaces. Let the 
axis of X be taken in this direction, the axis of y being any fixed line in a 
perpendicular direction. 

Let m and m' be the masses of the bodies, U, V, Q the velocity system of 
m before impact, u, v, a> corresponding quantities after impact, and let 
accented letters denote similar quantities for m'. Also let x, y be the co- 
ordinates of the centre of inertia of m and a;', y[ those of «i' at the instant 
of impact, and let ^, i; be coordinates of P at the same instant. Also suppose 
that, as acting on m, the sense of R is the negative sense of the axis of x. 
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The velocity of P, considered as a point of m, has components 
n-a{ri-y), F+ Q (I - a;) before impact, and 
w - 0) (ij - y), « + 0) (I - ^) after impact. 
The velocity of P, considered as a point of m', has components 
U' - a' (i) -y'), F'+O' (5 -^) before impact, and 
v!- to {if -•)/), v'+a {^-af) after impact. 
The equation provided by the generalised Newton's Rule is accordingly 
u-.c{r,-y)-u' + m'{r,'-y')=-e{U-Q{r,-y)-U'+Q.'{'q-y% 

The equations of motion of the two bodies by resolving parallel to the 

axis of X are 

m{u-U)=-R, m'{u'-n')=R. 

The equations of motion by resolving parallel to the axis of y are 

m{v-V)=Q, to'(«'-F')=0. 

The equations of moments about axes through the centres of inertia per- 
pendicular to the plane of motion are 

otF (a. - fl) = iJ (i) - y), m'h'^ (a'-Q')=-B{ri- f), 

where k and Id are the radii of gyration of the bodies about the axes in 
question. 

On substituting for m, m', m, <o' in the equation containing e, we find 

and this equation shows that the impulsive pressure with any value of « is 
(I +e) times what it would be if e were zero. 

The result of this Article can be expressed in the statement that the 
generalised Newton's rule and the rule derived from Poisson's hypothesis 
are equivalent for any two smooth bodies moving in one plane. 

*241. Impulsive action between rough bodies. The impulsive action 
between two rough bodies which come into contact, when there is sliding at 
the point of contact, is assumed to be expressible by means of an impulsive 
pressure of the kind we have met with in the case of smooth bodies, and 
an impulsive friction tending to resist sliding, the friction and the pressure 
having a constant ratio, the coefficient of friction. We shall suppose the 
geometrical condition as regards the relative velocity to be the same as in 
the case of smooth bodies, viz. the generalised Newton's rule. 

In the case of bodies rough enough to prevent sliding, the elastic action 
cannot be so simple as in the case considered by Poisson, and accidental 
circumstances probably play an important part. 

We shall now show that when there is sliding at the points that come 
into contact the rule deduced from Poisson's hypothesis is equivalent to the 
generalised Newton's rule, for the impulsive action between rough bodies. 
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Writing P for the impulsive friction at the point of contact, and taking 
the same notation as in the last Article, we have the equations of impulsive 
motion 

m{u-U)=-B,m{v-V)=-F,\ 

mlfl{fi>- a)= - {^-x) F+{r,-y) B) ^^^' 

and 

m'{u'-U')=R, m'{v'-V')^F,\ ^„. 

m'k'^{a'-Q') = {i-a/)F-(,,-^)Ri ^^> 

Also we have the equation of sliding friction 

^=f^ (3), 

and the equation provided by the generalised Newton's Rule 

U-a>ir,-2,)-u' + a,'in-f)=-e{U-Q{,,-2/)-U' + Q'{r,-1/')}...{i). 

From these equations we obtain, by elimination of u, u', v, v', a, a, F, an 
equation for R, viz. 

^K+i)+^«''-^)-''«--»+^'{(.-y')-.(l-')}] 

=(l+e)[i7-a(,-y)-cr'+a'(,_y)], 

showing that R contains (1 + e) as a factor and is otherwise independent of e, 
and thus proving the equivalence of the two rules. 

Further we can show that, when there is sufficient friction to prevent 
sliding, the rules are hot in general equivalent. 

We shall assume the generalised Newton's rule as a basis of discussion. 
We have not in this case any relation between F and B, but equations (1), 
(2), (4) still hold, with the additional equation of no sliding 

v + a,{^-x)=v' + tt,'{^-«/) (5). 

From equations (1), (2), (4), (5) we can form two equations for R and 
F, viz. 

= V+a{^-x)-V'-Q'(^-x'). 

It is clear that the solution of these equations will give an expression for R 
consisting of two terms, one of them having (1 +e) as a factor and the other 
not containing that factor. 

-^242. Examples. 

[In these examples e is the coefficient of restitution between two bodies.] 
1. From the rule deduced from Poisson's hypothesis obtain the general- 
ised Newton's rule for smooth bodies, and for bodies with sliding friction. 
L. 18 
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2. Prove that when the common normal at the points that come into 
contact passes through the centres of inertia of the impinging bodies the 
rules are equivalent even if the bodies are rough enough to prevent sliding. 

[This includes the case of the impact of rough spheres.] 

3. A uniform sphere of radius a and mass m moving without rotation 
impinges directly on a smooth imiform cube of side 2a and mass m', the line 
of motion of the sphere being at a distance b from the centre of inertia of 
the cube. Prove that, if e=0, the kinetic energy lost in the impact is to 
that of the sphere before impact in the ratio 

1 :l + (m/m')(l+f62/a2). 

4. A uniform rod, falling without rotation, strikes a smooth horizontal 
plane. Prove that, for all values of e, the angular velocity of the rod im- 
mediately after impact is a maximum if the rod before impact makes with 
the horizontal an angle cos"' l/\/3. 

5. A sphere whose centre of inertia coincides with its centre of figure is 
moving in a vertical plane and rotating about an axis perpendicular to that 
plane when it strikes against a horizontal plane which is sufficiently rough 
to prevent sliding. Prove that, for all values of e, the sphere will rebound 
at an angle greater or less than if there were no friction according as the 
lowest point of it at the instant of impact is moving forward or backward. 

6. A disc of any form of mass m, moving in its plane without rotation 
and with velocity Fat right angles to a fixed plane, strikes the plane so that 
the distances of the centre of inertia from the point of impact and from the 
plane are r and p. Prove that, if the plane is sufficiently rough to prevent 
sliding, the impulsive pressure is 

where k is the radius of gyration of the disc about its centre of inertia. 

7. A ball spinning about a vertical axis moves on a smooth table, and 
impinges directly on a vertical cushion. Prove that, if 6 is the angle of 
reflexion, the kinetic energy is diminished in the ratio 

10+14 tan^fl : 10e-2+49tan25, 
the cushion being sufficiently rough to prevent sliding. 

8. A circular disc of mass M and radius c impinges on a rod of mass m 
and length 2a which is free to turn about a pivot at its centre, and the point 
of impact is distant h from the pivot. Prove that, if the direction of motion 
of the centre of the sphere makes angles a and /3 with the rod before and 
after collision, then 

2 {ZMh^+ma^) tan 0=3 {ZMI^ - enuifi) tan a, 
the edges in contact being sufficiently rough to prevent sliding. 

9. A uniform sphere is let drop upon a uniform smooth hoop which is 
free to turn in its own vertical plane about its highest point, the centre of 
the sphere moving in the plane of the hoop. Prove that, for the sphere 
to rebound horizontally, it must strike the hoop at an angular distance 
tan-iV(2e/3) from the highest point. 
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*243. Impulsive motion of connected systems. In illus- 
tration of the application of the equations of impulsive motion to 
systems of rigid bodies with invariable connexions we take the 
following problems. In the first it will be observed that we do 
not need to introduce explicitly the reactions between the connected 
bodies. The second illustrates the choice of equations ; for, although 
some of the unknown reactions must be introduced, it is unnecessary 
to form equations for each body separately, 

I. Three uniform rods of masses proportional to their lengths are freely 
jointed together and laid out straight, and one of the end rods is struck at the 
free end at right angles to its length. It is required to find how they begin to 
move. 

Let 2as, 26, 2c be the lengths of the rods, the last being struck, and let 



/M+x+2y+z 



iii+a+j/ 



PA 



z/c 



i" 



vA 



x/a 



Fig. 71. 

xja, yjh, z/c be the angular velocities with which they begin to move, u the 
velocity of the centre of inertia of the first. Then the system of velocities 
is as shown in the figure. Let P be the impulse applied at the end A, and 
KU, Kb, KC the masses of the rods. 

We take moments about C for the rod CD, about B for the rods BC, CD, 
and about A for the three rods, and we resolve for the whole system at right 
angles to the rods. We thus obtain the equations 
i(,-^x=0, 

c [c («+«+ 2y-l-2) - i C0]+ 6 [(2c+ 5) («+a;+2/) - i «>y] 

+ a[(2c + 26+a)M-^o«;]=0, 

Kc{u+x+'2y+z)+Kb{u+x+y) + Kau=P. 

Subtracting the second and third we get, on dividing by c, 
c(M+a;+2y+f2)+26(M+a?+2^)+2oM=0, 
and, on simplifying this and the second by using the first, we get 
ic(a+46+2c)+2^(3c+36)+zc=0, 

and (26+o)«+5y=0. 

18—2 
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Hence we have 



\h~h -(26+ o) 2ffl6+3ac+262+46c 

P 

~K(^a6+ac+|6c+j62)- 

II. A rhombus formed of four equal uniform rods freely jointed at the 
comers is set in motion hy an impulse applied to one rod at right angles to it. 
Tofmd how the rhombus begins to move. 

Let 2a be the length of each side of the rhombus ABCD, a the angle 




Fig. 72. 

BAB, X the distance of the point struck from the middle point of the side 
AB containing it, P the impulse, m the mass of each rod. 

The centre of inertia is the point of intersection of the lines joining the 
middle points of opposite sides. Since the figure is always a parallelogram, 
opposite sides have the same angular velocities, and the lines joining the 
middle points of opposite sides are of constant length 2a and turn with 
the angular velocities of the sides to which they are parallel. Let these 
angular velocities be a> and <»', and let v be the velocity of the centre of 
inertia. Then the velocities of the centres of inertia of the rods and their 
angular velocities are as shown. 

Now let the impulsive reaction of the hinge at C be resolved into S in BC 
and R at right angles to BC, and the impulsive reaction of the hinge at B 
into *S", R' in the same directions. These impulses act in opposite senses on 
the two rods which meet at a hinge. The figure shows the senses in which 
we take them to act on the rod CB. 

We form . two equations of motion by resolving for the system in the 
direction of the impulse and by taking moments about the centre of inertia. 



-'1 
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We thus obtain 

4mn)=F, \ 

I ma^ {a+<a') = P{x+a cos a). J 

Again, we can form three equations containing R and R' by resolving for 
CD at right angles to BC, and taking moments for BG and AD about B and 
A respectively. We thus obtain 

m (v cos a- a<o')= R+R', ] 
m [{v-aa>) a coa a- ^a^a>']= -2aR, 
m Kv+aa) as cos a - JaV] = - 2aR', 

from which, on elimination of R and R', we get 

«co8a=f cto)'. 

Hence v=\Plm, (o=^Pa;/ma\ a =fF cos a/ma. 

*244. Examples. 

1. Two equal rods AB, ^1(7 freely jointed at A are at rest with the angle 
BAG a right angle, and AG ia struck at G by an impulse in a direction 
parallel to AB. Prove that the velocities of the centres of inertia of AB 
and AG in the direction of AB are in the ratio 2 : 7. 

2. Two equal uniform rods freely hinged at a common end are laid out 
straight, and one end of one of them is stmck by an impulse at right angles 
to their length. Prove that the kinetic energy generated is greater than it 
would be if the rods were firmly fastened together so as to form a single rigid 
body in the ratio 7 : 4. 

3. Four equal uniform rods are freely hinged together so as to form a 
rhombus of side 2a with one diagonal vertical, and the system falling in a 
vertical plane with velocity V strikes against a fixed horizontal plane. 
Taking a to be the angle which each rod makes with the vertical and assum- 
ing no restitution, prove that (i) the impulsive action between the two upper 
rods is directed horizontally, (ii) the angular velocity of each rod after the 
impulse is f (F/a) sin a/(l +3 sin^ a), (iii) the impulsive action between the two 
upper rods is to the momentum of the system before impact in the ratio 

sin a (3 cos^ a ~ 1) : 8 cos a (1+ 3 sin" a), 
(iv) the impulsive action at either of the hinges in the horizontal diagonal 
makes with the horizontal an angle tan""i{(3 cos^ a ~ 1) cot a}. 

4. In Example 3, prove that, if the coefficient of restitution between the 
rhombus and the ground is e, the angular velocity of each rod after the 
impulse is f (1 +e) ( V/a) sin a/(l +3 sin^ a). 

5. A square framework ABGD is formed of uniform rods freely jointed 
at B, G, and D, the ends at A being in contact but free. Prove that, if AB 
is struck by a blow at A in direction DA, the initial velocity of A is 79 times 
that of D. 
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6. A rectangle formed of four uniform rods, of lengths 2a and 26 and 
masses m and ml, freely hinged together, is rotating in its plane about its 
centre with angular velocity n when a point in one of the sides of length 2a 
becomes suddenly fixed. Prove that the angular velocity of the sides of 
length 26 instantly becomes J«(3»i+«i')/(3m.+2m'), and find the angular 
velocity of the sides of length 2a. 



Initial Motions. 

245. Nature of the problems. We suppose that a system 
is held in some definite position in a field of force, and that at a 
particular instant some one of the constraints ceases to be applied, 
then the system begins to move, each particle of it with a certain 
acceleration. Our first object in such a case is to determine the 
accelerations with which the parts of the system begin to move. 
When the accelerations have been found there is generally no 
difficulty in determining the initial values of the reactions of 
supports, or internal actions between dififerent bodies of the system ; 
and the determination of the unknown reactions is our second 
object. 

Again, we may enquire as to approximate expressions for the 
coordinates of a particle in terms of the time elapsed since the 
instant when the constraint was removed. For motions starting 
from rest, a knowledge of the accelerations alone determines the 
initial tangents to the paths of the particles, and gives values for 
the displacements of the particles after a short time which are 
correct to the second order of small quantities, the time being of 
the first order. If the approximation could be continued beyond 
the second order we could state the curvature of the path of each 
of the particles. Thus a convenient way of referring to problems 
of this character is to regard as their object the determination of 
initial curvatures. 

Finally we may remark that the problem of determining the 
curvature of the path of a particle whose velocity is not zero 
offers no difficulty when the velocity and acceleration are known, 
since the resolved acceleration along the normal to the path is 
the product of the square of the resultant velocity and the 
curvature. This remark enables us easily to determine the initial 
curvature of the path of a particle when its motion is changed 
impulsively. 
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246. Method for initial accelerations. It is always 
possible to determine expressions for the accelerations of all the 
points of a connected system in terms of a small number of 
independent accelerations, and there is always the same number 
of equations of motion free from unknown reactions, so that all 
the accelerations can be found. The expression of the initial 
accelerations in the manner proposed is facilitated by observing 
(1) that the velocity of every particle initially vanishes, (2) that 
every composition and resolution may be effected by taking the 
position of the system to be that from which it starts. The 
method laid down will be better understood after the study of an 
example. We purposely choose one of a somewhat complicated 
character in order to illustrate the points mentioned. 

247. Ulustrative Problem. Four equal rings A,B,C,D are at equal 
distances on a smooth fixed horizontal rod, and three other equal and simUar 
rings P, Q, R are attached hy pairs of equal inextensihle threads to the pairs of 
rings {A, B), (B, G), (C, D). The system is held so that all the threads initially 
make the same angle a with the horizontal, and is let go. It is required to find 
the acceleration of each ring. 

From the symmetry of the system the accelerations of A, D are equal and 




Fig. 73. 

opposite, so are those of B, C, and those of F, B. 
is vertical. 



Also the acceleration of Q 



Let/,/' be the accelerations of A, B along the smooth horizontal rod. 

Now relative to ^, P describes a circle, and thus the acceleration of P 
relative to A is made up of a tangential acceleration /j at right angles to AP, 
and a normal acceleration proportional to the square of the angular velocity 
of AP. Since the initial angular velocity vanishes, we have, as the relative 
acceleration, /j at right angles to AP, Again, since the threads AP, BP are 
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equal, the particle P is always vertically under the middle point of AB and 
thus its horizontal acceleration is \ (/+/')• 

Hence i (/+/) =/-/i sin a, 

giving /i sin a = i (/-/)■ 

Again, the horizontal acceleration of Q vanishes, and we have therefore 
the acceleration /2 of Q relative to B given by the equation 

/a sin a =/'. 

Thus the accelerations of the particles are expressed in terms of /and/' ; 
in particular the vertical accelerations of P and Q are ^ (/-/') cot a and 
/' cot a downwards. 

Now let m be the mass of each particle and F^, T^, T^ the tensions in 
the threads as shown in the figure. Then resolving horizontally for A, P, 
and B we have 

mf=TiCoaa, ^{f+f') = {T^-T^)coaa, mf = {Ts-T^) cos a ...(1); 
and resolving vertically for P and Q we have • 

i»* (/-/') cot a= - (Ti+T^) sina+mg, mf cot a= - 2T3 !iina+mg...{2). 
From the set of equations (1) we have 

riCOSa = m/, T^coaa = m(^f+^f'), T3C0Sa = m^{/+f'); 
and from (2), on substituting for T^, T^, T^, we have 

(/-/') cota+(5/+/')tana=2s', / cot a +3 (/+/') tan 0=5-; 

/ /_ g sin 2a 

4 — cos 2a ~ cos 2a ~ 12 - 11 cos 2a + co822a' 

248. Initial curvature. As an example of initial curvatures when the 
motion does not start from rest we take the following problem: 

Two particles of masses m, m' connected hy an inextensible thread of length I 
are placed on a smooth table with the thread straight, and are pr(yected at right 
angles to the thread in opposite senses. To fmd the initial curvatures of their 
paths. 

Let u, V be the initial velocities of the particles, and a the initial angular 

velocity of the thread, then 
/f>" u+v=l(a. 

Let (? be the centre of inertia 
of ihe two particles. Then G 
moves uniformly on the table 
with velocity 

{mu — m'v)l{m + m'). 

Fig_ 74. The acceleration of G vanishes, 

and the acceleration of m relative 

to G is that of a particle describing a circle of radius m'l/{m,+m') with angular 

velocity a; thus the acceleration of »i along the thread is m'lm^/{m+in'), and 
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this is the acceleration of m along the normal to its path. Hence, if p is the 
initial radius of curvature of the path of m, 



'■ ^ m'l /u+v\^ 
'~m+m' \ I ) ' 



P 

giving l/p=m' {u+vfj{{m+m') lu^}. 

In like manner the initial curvature of the path of m' is 
m{u+ vfl{{m + m!) lv% 

249. Examples. 

1. Two bodies A and B of equal weight are suspended from the chains 
of an Atwood's machine ; A is rigid, while B consists of a vessel fuU of 
water in which is a cork attached to the bottom by a string. Supposing 
the string to be destroyed in any manner, determine the sense in which A 
begins to move. 

2. A particle is supported by equal threads inclined at the same angle a 
• to the horizontal. One thread being cut, prove that the tension in the 

remaining thread is suddenly changed in the ratio 2 sin'' a : 1. 

3. Particles of equal mass are attached to the points of trisection C, B 
of a thread ACDB of length Zl, and the system is suspended by its ends from 
points A, B distant ? (1+2 sin a) apart in a horizontal line. Prove that, if 
the portion DB of the thread is cut, the tension of AC \& instantly changed 
in the ratio 2cos^o : I +003^0, and that the initial direction of motion of D 
is inclined to the vertical at an angle (^ such that 

cot <^ =tan a +2 cot a. 

4. Three small equal rings rest on a smooth vertical circular wire at the 
corners of an equilateral triangle with one side vertical, the uppermost being 
connected with the other two by inextensible threads. Prove that, if the 
vertical thread is cut through, the tension in the other thread is instantly 
diminished in the ratio 3 : 4. 

5. A set of in equal particles are attached at equal intervals to a thread, 
and the ends of the thread are attached to equal small smooth rings which 
can slide on a horizontal rod. The rings are initially held in such a position 
that the lowest part of the thread is horizontal, and the highest parts make 
equal angles y with the horizontal, and the rings are let go. Prove that in 
the initial motion (i) the acceleration of each particle is vertical, (ii) the 
tension in the lowest part of the thread is to what it was in equiUbrium in 
the ratio m! : m,ncoi?y+m', where m is the mass of a particle and m' the 
mass of a ring. 

6. Three particles A,B, C of equal masses are attached at the ends and 
middle point of a thread so that AB=BG=a, and the particles are moving 
at right angles to the thread, which is straight, with the same velocities, 
when B impinges directly on an obstacle. Prove that, if there is perfect 
restitution, the radii of curvature of the paths which A and C begin to 
describe are equal to J a. 



282 MISCELLANEOUS METHODS AND APPLICATIONS. [CHAP. XII. 

7. Two particles, of masses M and nM, are attached respectively to a 
point of a thread distant a from one end and to that end, and the other end 
is fixed to a point on a smooth table on which the particles rest, the thread 
being in two straight pieces containing an obtuse angle jr — a. Prove that, if 
the particle nM is projected on the table at right angles to the thread, the 
initial radius of curvature of its path is a (1 +w sin a cos a). 

8. Two particles P, § of equal mass, are connected by a thread of length 
I which passes through a small hole in a smooth table ; P being at a distance 
c from the hole and § hanging vertically, P is projected on the table at right 
angles to the thread with velocity v ; prove that the initial radius of curvature 
of P% path is 2cv^/(v^+cg). Prove also that, if Q is projected horizontally 
with velocity v, the initial radius of curvature of Q'a path is 

2vm-c)/{ff(l-c)"i>^}. 

*260. Initial motions of Rigrid bodies and connected 
systems. No new method is required for the solution of problems 
concerning rigid bodies of the same kind as those considered in 
Articles 247 and 248 ; the only point to be attended to that did 
not occur in those Articles is that the system of kinetic reactions for 
a rigid body reduce to a couple together with the kinetic reaction 
of a particle of mass equal to that of the body and moving with 
the centre of inertia. It is however worth while to remark that 
the expression for the moment of the kinetic reaction of a rigid 
body about the instantaneous centre at an instant when the 
velocity vanishes is the product of the angular acceleration and 
the moment of inertia of the body about an axis through the 
instantaneous centre perpendicular to the plane of motion [Ex- 
ample 2 of Article 220], and thus the equation of moments about 
the instantaneous centre takes, in initial motions from rest, a very 
simple form. Further it is worth while to notice that the kinetic 
reactions can always be expressed in terms of a finite number of 
geometrical quantities which are unconnected by any geometrical 
equations. This can usually be effected in a simple manner by 
help of the principles of relative motion laid down in Article 40, 
and the methods are of the same character as that adopted in 
Article 247. It may however happen that such methods are 
difficult of application, and when this is so we may begin by 
writing down the geometrical relations that hold between the 
coordinates of the points in any position. If we differentiate these 
relations twice with respect to the time, and, in the results 
obtained, substitute for every first differential coefficient of a 
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geometrical quantity the value 0, and for every geometrical 
quantity the value that it has in the initial position, we shall 
obtain the relations between the initial accelerations of the various 
geometrical quantities involved. Thus if x, y are the coordinates 
of any particle whose acceleration is required, and B,^,... are a 
series of geometrical quantities which define the position of the 
system, there will be certain values ^oj ^o. ••• for these quantities 
in the initial position. Now the geometrical equations provide 
the means of expressing the x and y of the particle in any 
position in terms of the values oi 6, cj),... for that position. Let 
« =f{d,^, ...) be the form of one of the equations we can obtain. 
On differentiating we have 



Reducing, as explained, we obtain 

where Xo, do ... denote the initial values of x, 6, ..., and (^), 
(^ J ,. . . denote the values of ^ , ^ , . . . when 6=6o, ^ = ^„, ... ■ 

Now this process can be carried further, and arranged as a 
process of approximation for expressing the values ot x,y, ... as 
series in ascending powers of the time. We have in fact as a first 
approximation x = ^x^f, y = ^yat^. 

It will be easier to understand how this process is carried out 
after studying its application to a particular problem, and it will at 
the same time be seen how simplifications may at times suggest 
themselves. The problem chosen is intentionally complicated. 

The method here sketched is of course applicable to systems of 
particles with invariable connexions as well as to rigid bodies with 
such connexions. 
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*251. Illustrative problem. Two uniform rods AB, BC of miuaes TOj, 
wij and lengths a, h are freely hinged at B, and AB can turn about A in a 
vertical plane. The system starts from rest in a position in which AB is hori- 
zontal and BC vertical. To discuss the initial curvatwe of the path of any 
point of BC. 

Let AB make an angle 6 with the horizontal, and BC an angle with the 




Fig. 75. 

vertical at time t. Since B describes a circle of radius a about A, and since 
the centre of inertia of BC describes a circle of radius \h relative to B, the 
system of kinetic reactions will be as shown in the diagram. 

By taking moments about B for BC, and about A for the system, we 
obtain the two equations 
™2 ( J6^ +5^6^) ^ - m^6 ^6 sin {0+<p)- mjosfl* J6 cos (5 + 0) = - ^rn^gb sin tj), 
m^(^a^+^a^)'e +m^a6 {a+^b sin (e+4>)}+m^e^^b cos (fl+0) 

— m 2^ b^(^-m2{ib + a ain {6+ ij>)}^bc^—m2a COS {6+ (j>)^b^^ 
=imigacos6+m^g(a coa6+^b sin^). 

Adding the equations, and dividing out conuuon factors, we have 

(kmi+m2)a6— ^^bipaiu {6 +<j))- ^2^^^ COS {6+ <j>) 

=5'oosfl(Jmi+m2) (1), 

and the first equation is 

^^-la£ sin (6 +<!>)- laS^ cos {e +(!>)= -ig sin <f> (2). 

In the initial position 0=0, = 0, 9=0, = 0, and we have 

00- U, Oo-^m^+em^ a- 
In any position we have, by Maclaurin's theorem, 

e=W^H0ot^+..., 0=|0„<2+J0„<3+.... 

also 6=eot+ieot^ + ..., 0= 00* +i0oJ2+.... 

Now, taking equation (2), we see that if 00 were finite, would be of order 
t\ and 6 of order t% so that the terms would be respectively of orders 1, 2, 2, 
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3. This shows that (^„ must be zero. Again, if c/jq'" is finite the equation 
can be reduced, by picking out the terms of order 2, to 

^^"^^ *» 26 "o 26 \2mi + 6m^ a) ' 

Again, taking equation (1) and observing that cos 5 = 1 - ^ + ^-j — ... we see 

that the lowest power of t in this series is the fourth, and then it appears from 
equation (1) that the lowest pow6r of < in ^ is the fourth, so that the series 
for 6 begins 

^=iV + ^V<''+.... 

Going back now to equation (2) it is clear that ^ contains no term in t^ 
but there is a term in <*. In fact, picking out the terms in «* in equation (2) 
we have 

Now, in the figure, taking as origin the initial position of B, and taking 
the axes of x and y horizontal and vertical, we can write for the coordinates 
of a point of BC distant r from B, 

x= -a(l-cos5) + rsin(^, y=asin5+J'cos<^; 
expanding these we have approximately 

giving a,= -lt^6^+'^^t^<i>r = YQe,'t'(^-^), _ 



correct as far as <*. Hence the initial path of the point is approximately a 
parabola 

and the radius of curvature of the path is 2ab/{3r- 26) unless r='^b. 

If however r=^b, in order to get an approximate equation to the path 
we must expand to a higher order. We find 

^-iO<Po 6!-mj + 2m2 6 480 ' 

correct as far as t% and thus the initial path is given by the approximate 

equation 

{y-:^bf=e0abx(l + 2mjm{). 
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*252. Examples. 

1. A uniform rod of length 2a and mass m is symmetrically supported 
in a horizontal position by two inextensible cords attached to its ends each of 
length I and making an angle a with the vertical. Prove that if one cord 
is cut the tension in the other immediately becomes m5rcosa/(l+3oos*a) 
and that the ratio of the initial angular accelerations of the cord and rod is 
J (ajl) tan a sec a. 

2. Two equal uniform rods are freely jointed at common ends, the other 
end of the first is fixed so that the rods can turn about it, and the other end 
of the second is held at the same level as the fixed end of the first, so that 
the rods make equal angles u with the horizontal, and this end is let go. 
Prove that the initial angular accelerations of the rods are in the ratio 

6-3 cos 2a : 9cos2a-8. 

3. A uniform triangular disc is supported horizontally by three equal 
vertical cords attached to its corners. Prove that, if one cord is cut, the 
tension of each of the others is instantly halved. 

4. Three equal uniform rods are freely jointed at B and G so as to form 
a quadrilateral ABCD, and the ends A and D can slide on a smooth horizontal 
rod. The system is initially held (by means of horizontal forces applied at 
A and D) in a symmetrical position with BG lowest and horizontal, and with 
AB and GD equally incUned at an angle a to the horizontal. Prove that, 
when the ends A and D are released, the pressures at A and D are changed 
in the ratio l+sin^a : 5 — 3sin2a. 

5. A uniform rod of length 2a is placed at an inclination a to the hori- 
zontal in contact with a smooth peg at its middle point. Prove that the 
initial radius ef curvature of the path of a particle distant r from the middle 
point is {a^jr) tan a. 

6. Two equal uniform rods AB, BG each of length a are freely jointed 
at B and can turn freely about A. Prove that, if the system is released from 
a horizontal position the initial radius of curvature of the path of C is fa. 



Small Oscillations. 

253. We have to consider the small motion of a system 
which is slightly displaced from a position of equilibrium. We 
confine our attention to cases where any position of the system is 
determined by assigning the value of a single geometrical quan- 
tity ^, as in the case of the simple circular pendulum (Article 189). 
We can always choose to vanish in the position of equilibrium ; 
for, if it has been chosen in any other way so that its value in the 
position of equilibrium is d„, then 6 — 6^ can be used instead of 6. 
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Now the velocity of each particle of the system can be ex- 
pressed in terms of 6 and 6, and the kinetic energy T is thus of 
the form \A6^ where A may depend upon 6, but does not vanish 

with e. 

Also the potential energy V vanishes with 6, if the standard 

position is the position of equilibrium. Thus F is a function of 6 

which may be expanded* in powers of 6 and the series contains 

no term independent of 6. Again, the principle of virtual work 

dV 
shows that 53- vanishes with 6, or that the term of the first order 

017 

is missing from the series for V. Thus V can be expressed as a 
series beginning with the term in ff', and more generally we may 
say that, when 6 is sufficiently small, 

where (7 is a function of 6 which is finite when 6 = 0. 
The equation of energy accordingly is 

and on differentiating we have 

Omitting small quantities of an order higher than the first we 
have 

Ae->rCe=o, 

where A and G have their values for ^ = 0. Thus, if these two 
quantities have the same sign, the motion in 6 is simple harmonic 
with period 27r ^(A/G). 

Now A must be positive since otherwise the expression ^A6^ 
could not represent an amount of kinetic energy. Hence there are 
oscillations in a real period if G is positive. 

The value G (for ^ = 0) is the value of ^^ for ^ = 0, and thus 

the conditions for a real period of oscillation are the same as the 
conditions that V may have a minimum value in the position of 
equilibrium. 

* The possibility of the expansion is assumed. The function'. V is in fact 
supposed known for any value of 6, and is assumed to be a function capable of 
expansion in Maclaurin's series in powers of $. We do not require to consider any 
other case. 
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Exactly as in Article 65 we can see that, if the period is real, 
the motion can be indefinitely small ; otherwise it soon becomes 
so large that we cannot simplify our equations by neglecting ^. 
In the former case the equilibrium is stable and in the latter 
unstable. 

The process adopted shows that we might have reduced the 
expression for T by substituting zero for 6 m A, and the expres- 
sion for V might have been taken to be simply the term of the 
series which contains 6^. These simplifications might have been 
made before differentiating the energy equation. Thus if we 
express the kinetic energy correctly to the second order of small 
quantities in the form ^J.^^,and the potential energy also correctly 
to the second order of small quantities in the form ^06^, the 
period of the small oscillations is 2Tri\/(A/C). In the case of a 
simple pendulum of mass m and length I, A is ml' and G is mgl, 

so that 

AIG=l/g. 

In any other case we may compare the motion with that of a 
simple pendulum and then the quantity gA/G is the length of a 
simple pendulum which oscillates in the same time as the system. 
It is called the length of the simple equivalent pendulum, for the 
small oscillations of the system. 

254. Examples. 

1. Two rings of masses m, m! connected by a rigid rod of negligible mass 
are free to slide on a smooth vertical circular wire of radius a, the rod sub- 
tending an angle a at the centre. Prove that the length of the simple equiva- 
lent pendulum for the small oscillations of the system is 

{m-^nC) alJirrfi + m'^ + Imml cos a). 

2. One end of an inextensible thread is attached to a fixed point A, and 
the thread passes over a small pulley B fixed at the same height as A and at 
a distance 2a from it and supports a body of mass P. A ring of mass M can 
slide on the thread and the system is in equilibrium with M between A and 
B. Prove that the time of a small oscillation is 

4n- ,J{aMP {MJr P)jg (4P2 - M^f}. 

3. A particle is suspended from two fixed points at the same level by 
equal elastic threads of natural length a, and hangs in equilibrium at a depth 
A with each thread of length I. Prove that, if it is slightly displaced, parallel 
to the line joining the fixed ends of the threads, the length of the simple 
equivalent pendulum for the small oscillation is 
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4. Prove that, if the fixed points in Example 3 are at a distance 2c apart 
and the particle is displaced vertically, the length of the simple equivalent 
pendulum is 

hl^{l-a)i{l^-c^a). 

5. A pulley of negligible mass is hung from a fixed point by an elastic cord 
of modulus X and natural length a, and an inextensible cord passing over the 
pulley carries at its ends bodies of masses M and m. Prove that the time of a 
small oscillation in which the pulley moves vertically is in J{Mmal{M+'m,) X}. 

*255. Rigid bodies and connected systems. In the 

application of the method of Article 253 to problems of oscillations 
of rigid bodies and connected systems usually the most important 
matter to attend to is that the potential energy V must be 
expressed correctly to the second order of the small quantity 9. 

If we formed the equation of motion by a direct process it 
would be necessary in it to retain only the first power of 6. 

Now there are cases in which the equations of motion of a 
single rigid body can be readily obtained in a form free from 
unknown reactions by taking moments about the instantaneous 
centre, but in case this method is adopted there is again a matter 
to attend to, in that the equation obtained becomes nugatory if 
moments are taken about the instantaneous centre in the position 
of equilibrium. This position is, of course, occupied by the instan- 
taneous centre at a single instant during the period, viz. : at the 
instant when 6 =Q, and at any other instant during the period 
the instantaneous centre is in a slightly different position. The 
method which is now effective is to form the equation of moments 
about the instantaneous centre in a displaced position. In the 
application of this method it is worth while to remark that the 
moment of the kinetic reactions about the instantaneous centre 
is expressed, correctly to the first order of small quantities, by the 
product of the angular acceleration and the moment of inertia of 
the body about an axis through the instantaneous centre perpen- 
dicular to the plane of motion. [Example 2 of Article 220.] 

We shall illustrate the application of the method just described 
and of that described in Article 253 by solving some problems. 

*256. Illustrative problems. 

I. A uniform rod can slide viith its ends on two smooth straight vnres 
eqvally inclined to the horizontal and fixed in a vertical plane. To find the 
oscillation about the horizontal position. 

19 
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Let OA, OB be the two wires, a the angle which each of them makes with 
the horizontal, AB the horizontal position of equilibrium of the rod. A'B' a 




Fig. 76. 

displaced position, 6 the angle between AB and A'B'. Then 6 is the angular 
velocity, and 6 the angular acceleration of the rod. The instantaneous centre 
in any position is the point of intersection of perpendiculars to OA, OB 
drawn from the ends of the rod. We denote by 7, /' the positions of the 
instantaneous centre corresponding to AB and A'B', and by O, Q' the corre- 
sponding positions of the centre of inertia. 

The moment of the kinetic reaction about /' is m (k^+TG''') 0, where m is 
the mass of the rod and k its radius of gyration about its centre of inertia. 
With sufficient approximation we may put 10 for TO'. 

The forces acting on the rod are pressures at its ends, whose lines of 
action pass through J', and its weight. Now OF is a diameter of a circle of 
which A'B is a chord subtending an angle 7r-2o at the circumference, and 
thus Of is of constant length and 11' is therefore ultimately at right angles 
to 01 and horizontal. Also 00' being ultimately at right angles to IG is 
horizontal, and thus the moment of the weight about I' is - mg {!!' — GO'). 
Hence we have the equation of moments 

m{k^+IO^)'e=- mg {IF - GO'). 
Now let 2a be the length of the rod. We find 

//' = BB' sec a = IB6 sec a=a6 cosec a sec a, 
G0'=lOe=aecota, 
and the equation becomes 

ma? (J + cot^ a)6= - mga6 (sec a cosec a - cot a). 
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where the right-hand member is - mga6 tan o, and this equation shows that 
the motion in 6 is the same as for small oscillations of a simple pendulum 
of length 

acota(J-l-oot2a). 

II. A uniform rod is supported at its ends by two equal vertical cords 
suspended from fixed points. To find the small oscillations when the middle 
point moves vertically and the rod, remaining horizontal, turns round its middle 
point. 

Let 2a be the length of the rod, 
I the length of either cord, z the dis- 
tance through which the middle point 
has risen at time t, 6 the angle through 
which the rod has turned in the same 
time. The depth of either end A or 
B below the corresponding point of 
sxipport is l — z, and the distance 
AM or BN of an end from the vertical 
plane through the points of support is 
2a sin J 6. Hence we have 

(?-z)2-t-4a2sin2p = Z2; 
this equation shows that when z and 
8 are small z=^{a?ll)6^ to the second 
order, and i;=0 to the first order. 

Now, if m is the mass of the rod, 
the kinetic energy in any position is 




Fig. 77. 



and the potential energy is 



\m{i? + la^^), 



mgz, 



the lowest position being the standard position. 

Hence in the small oscillations the kinetic energy is, with sufficient 
approximation. 



and the potential energy is, with sufficient approximation, 

^mg{a'^ll)6K 

The motion in 6 is therefore the same as for small oscillations of a simple 
pendulum of length \l. 

*257. Examples. 

1. A uniform rod of length 2a; rests in a smooth bowl in the form of a 
surface of revolution whose axis is vertical, so that the ends are at points 
where the radius of curvature of the meridian curve is p and the normal 
makes an angle a with the vertical. Prove that the length of the simple 

19—2 
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equivalent peudulum for oscillations in the vertical plane through the equi- 
librium position of the rod is 

Jpa cos a (1 + 2 cos^ a)/(a—p sin' a), 
provided this expression is positive. 

2. A uniform rod of length 2a passes through a smooth ring fixed at a 
height 6 above the vertex of a smooth bowl in the form of a surface of revolu- 
tion whose axis is vertical, and rests in a vertical position. Prove that, if c is 
the radius of curvature of the meridian curve at the vertex, the length of the 
simple equivalent pendulum for small oscillations is 

ic{a^ + 3{a-bf}l{b^-ac), 
provided this expression is positive. 

3. A uniform rod of length 2a is supported symmetrically by two cords 
each of length I attached to its ends and to two fixed points at the same level 
distant 2 {a + 1 cob a) apart. Prove that the length of the simple equivalent 
pendvdum for small oscillations in the vertical plane through the cords is 

J a? sin a (1 4- 3 sin^ a)l{a + 1 cos' a). 

4. A number of equal uniform rods each of length 2a are freely jointed 
at a common end and arranged at equal intervals like the ribs of an umbrella, 
and this cone of rods is placed in equihbrium over a smooth sphere so that 
the angle of the cone is 2a. Prove that for small vertical oscillations of the 
joint the length of the simple equivalent pendulum is 

Jflscosa(l-f 3cos2a)/(T-t-2cos2a). 

5. Prove that the length of the simple equivalent pendulum for small 
oscillations of the handle of a garden roller rolling on a horizontal walk is 

where a is the radius of the roller, M the mass of the roller alone, h its radius 
of gyration about its axis, h the distance of the centre of inertia of the 
handle from the axis of the roller, and I the length of the simple equivalent 
pendulum for the oscillations of the handle when the roller is held fixed. 

6. Four equal uniform rods are freely jointed so as to have a common 
extremity, and four other like rods are similarly jointed ; the free ends of the 
rods are then jointed in pairs so as to form eight edges of an octahedron. 
One of the joints where four rods meet is fixed and the other is attached to 
it by an elastic thread, so that in equilibrium the octahedron is regular and 
the thread vertical. Prove that the length of the simple equivalent pendulum 
for small vertical oscillations of the lowest point is % {l-l^, where I and 4 
are the equilibriimi length and the natural length of the thread. 
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Principles of Energy and Momentum. 

258. We have remarked that there are numerous cases in 
which the principles of energy and momentum supply all the first 
integrals of the equations of motion of a system, and thus suffice 
to determine the velocities of the parts of the system in any 
position. Applications of this method have already been made in 
parabolic motion, elliptic motion, the problem of two bodies, and 
other cases. 

To illustrate further take the following problem : 

Two particles A and B placed on a smooth horizontal table are connected 
by an elastic string of negligible mass. When the string is straight, and of 
its natural length, one of the particles is struck by a blow in the line of the 
string and away from the other particle j determine the subsequent motion. 

Let m be the mass of the particle struck, m! that of the other, V the 
velocity with which m begins to move. There is no tension in the string 
until it is extended, and thus at first m' has no velocity. 

The centre of inertia moves on the table with uniform velocity u, 
=mV/(m+m'), in the line of the string. Let a; be the increase in the 
length of the string at time t, then the velocities of the particles are 

m'A mx 

mH ; — ,, u , — ,. 

m+m m+m 

Hence the kinetic energy ia g(m + m')u^+^ , a;^ ; 

the potential energy is ^-x^ so long as x is positive, a being th6 natural 
length of the string, and X the modulus of elasticity. 
Thus the energy equation is 

1 »i^ .„ , 1 m.m' ., , 1 X „ 1 „„ 
; F2 + - ,X^+-z: - x^=^mV\ 

2 m+m' 2 m + m' 2 a 2 

showing that the motion in x is simple harmonic motion of period 

Stt ,J[mm'a/{m + m') X}, 
so long as x remains positive. Whenever the string is unstretched we have 
x= + V. When x vanishes the string has its greatest length 
a+ V J{mm'al{m+m')\}. 

We can thus describe the whole motion :— m moves off with velocity V 
which gradually diminishes, and m! moves in the same direction from rest 
with gradually increasing velocity; the String begins to extend, and continues 
to do so until it attains its greatest length; this happens at the end of a 
quarter of the period of the simple harmonic motion, and at this instant the 
particles have equal velocities u. The velocity of m continues to diminish 
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until it is reduced to V{in-m')/(m+m'), and the velocity of m' continues to 
increase until it has the value 2m V/{m+m'), these values are attained at the 
same instant ; in the meantime the string contracts to its natural length a, 
which it attains at the instant in question, and this happens at the end of 
half a period from the beginning of the motion. The particles then move 
with the velocities they have attained until m' overtakes m, when a collision 
takes place. The subsequent motion depends on the coefficient of restitution 
between the two particles ; if this is unity, the relative motion is reversed. 
In any case the description of the subsequent motion involves nothing new. 

259. Examples. 

1. A shot of mass to is fired from a gun of mass M placed on a smooth 
horizontal plane and elevated at an angle a. Prove that, if the muzzle velocity 
of the shot is V, the range is 

2F2 (1 +m/M) tan a 
g l + (l+TO/i0^tan2a" 

2. A smooth wedge of mass M whose base angles are a and |3 is placed 
on a smooth table, and two particles of masses m and m' move on the faces 
being connected by an inextensible thread which passes over a smooth pulley 
at the summit. Prove that the wedge moves with acceleration 

(m sin a ^ m' sin j3) (m cos a + m' cos ^) 
^ (m+m') {M+ »i + m') - (m cos a + to' cos fi)'^ ' 

3. Two bodies of masses TOj, m^ are connected by a spring of such 
strength that when to, is held fixed TOj makes n complete vibrations per 
second. Prove that, if TOj is held, TOj will make nij{mjm^, and that, if both 
are free, they will make ni^{{m,i+m^/'mj} vibrations per second, the vibrations 
in aU cases being in the line of the spring. 

4. Three equal particles are attached at equal intervals to an inextensible 
thread, and when the thread is straight, the two end ones are projected with 
equal velocities in the same sense at right angles to the thread. Prove that, 
if there are no external forces, the velocity of each of the end particles at the 
instant when they impinge is ^^3 of their initial velocity. 

5. A particle is attached by an elastic thread of natural length a to a 
point of a smooth plank which is free to slide on a horizontal table, and the 
thread is stretched to a length a+c in a horizontal line passing over the 
centre of inertia of the plank and the system is let go from rest. Prove that, 
if the plank and particle have equal masses, and the modulus of elasticity of 
the thread is equal to the weight of the particle, the velocity of the particle 
relative to the plank when the thread has its natural length is that due to 
falling through a height c^ja. 

6. A spherical shell of radius a and mass to contains a particle of the 
same mass which is attached to the highest point by an elastic thread of 
natural length a stretched to length a+c and also attached to the lowest 
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point by an inextensible thread, and the shell rests on a horizontal plane. 
Suddenly the lower thread breaks, the particle jumps up to the highest point 
of the shell and adheres there, and it is observed that the shell jumps up 
through a height h. Prove that the modulus of elasticity of the upper 
thread is 

2»i5'fl!(a+c+4A)/c2. 

Explain what external forces produce momentum in the system as 
a whole. 

7. Three equal particles are connected by an inextensible thread of length 
a+bao that the middle one is at distances a and h from the other two. The 
middle one is held fixed and the other two describe circles about it with the 
same uniform angular velocity so that the two portions of the thread are 
always in a straight line. Prove that, if the middle particle is set free, the 
tensions in the two parts of the thread are altered in the ratios 2a + 6 : 3a 
and 26+a : 36, there being no external forces. 

8. Two equal particles are connected by an inextensible thread of length 
I ; one of them 4 is on a smooth table and the other is just over the edge, 
the thread being straight and at right angles to the edge. Find the velocities 
of the particles immediately after they have become free of the table, and 
prove (i) that in the subsequent motion the tension of the thread is always 
half the weight of either particle, and (ii) that the initial radius of curvature 
of the path oi A immediately after it leaves the table is -^^51. 

*260. Stability of steady motions. The principles we are 
now illustrating may frequently be applied to problems concerning 
the stability of steady motions of which we had an example in 
Article 65. We shall illustrate the method by considering the 
steady motion of a spherical pendulum. 

Let be the angle the radius vector from the centre of the 
sphere to the particle makes with the downwards vertical at time 
t, a the radius of the sphere, <j> 
the angle contained between the 
plane through the particle and the 
vertical diameter and a fixed plane 
through the same diameter. 

The energy equation is 

^ma^ (ti^ + siri'0(f)') + mga (1 - cos 0) 

= const. 

and the equation of momentum 
about the vertical diameter is 

ma' sin^ 0^ = const. Fig. 78. 
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We wish to discover the condition that motion in a horizontal 
circle, 0=a, with angular velocity to may be possible. We have 

sin^ 6^ = sin^ am, 
so that the energy equation may be written 

^"^ V "^ ^ii?T/ - 5' cos e = const. 
Differentiating with respect to the time we obtain the equa- 
tion 

g_,.«i'^!l|^ + S!sin0=O (1). 

sin' a a 

Now the steady motion is possible if co is so adjusted that 
^ = when 0=a. This gives us the condition 

a(o' = g sec a. 
(Cf. Example 1, Article 204.) 

If the particle is projected from a point for which is nearly 
equal to a, in a nearly horizontal direction, with an angular 
momentum ma^a sin^ a about the vertical diameter, then either it 
tends to remain always very near the circle 9= a, or to depart 
widely from it. Supposing it to remain near the circle, we may 
put 6=a + x> expand the terms of equation (1), and reject powers 
of X above the first. We thus find 

q 1+3 cos^ a „ 
'^ ^ a cos a 

showing that the particle oscillates about the state of steady 
motion in a period equal to that of a simple pendulum of length 

a cos a/(l + 3 cos^ a). 

*261. Examples. 

1. Prove that the steady motion with angular velocity <» of a conical 
pendulum of length I is stable, and that, if a small disturbance is made, 
oscillations take place in time 

2. A particle describes a horizontal circle of radius r in a smooth parabo- 
loid of revolution whose axis is vertical and vertex downwards. Prove that, 
if it is slightly disturbed, its period of oscillation is 

,rsf{{r'+4aF)l2ga}, 

where 4a is the latus rectum. 
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3. A small ring can slide on a smooth circular wire of radius a which 
rotates uniformly about a vertical diameter. Prove that, if in the position 
of relative equilibrium the radius through the ring makes an angle a with 
the vertical, the period of small oscillations about the state of steady motion 
is the same as for a simple pendulum of length 

a sec aifi-\-a sin a)\{c + a sin' a). 

4. An elastic circular ring of mass m and modulus of elasticity X rotates 
uniformly in its own plane about its centre under no external forces. Prove 
that, if a is the radius in steady motion, and I is the radius when the ring is 
unstrained, the period of the small oscillations about the state of steady 
motion is 

V{27rfomA(4a-3Z)}. 

*262. Illustrative problem. In further illustration of the principles of 
Energy and Momentum consider the following problem : 

A uniform rod and a particle are connected hy an ineictensible thread 
attached to one end of the rod, the system is laid out straight, and the 
particle is projected at right angles to the thread. To f/tid the motion when 
there are no forces. 

Let 2a! be the length of the rod, I the length of the thread, p^ the angle 
the thread makes with the line of the rod produced at time t. Consider first 



Fig. 79. 

the motion of the particle P relative to the centre of inertia M of the rod 
AB. 

Let 6 be the angle which AB makes at time t with its initial direction. 
Then the velocity of B relative to M is aO at right angles to AB, and, since 
BP makes an angle 6+x '^'^^ * li°® ^^&di. in the plane of motion, the velocity 
of P relative to B is. I {6+ x) perpendicular to BP. The velocity of P relative 
to M is the resultant of these two velocities. Its resolved parts along and 
pei-pendicular to AB are accordingly 

-l{9-'rx)smx and a5 + Z(^ + x) cos^. 
Now the centre of inertia O is always at the point dividing MP in the 
ratio of the masses of the particle and the rod, and, if these masses are p 
and m respectively, the velocity of M relative to O has components 

--^;(^+Y)siny and ---^{ad"+i(e+x) cos^} 
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along and perpendicular to AB, and the velocity of P relative to O has 
components 

in the same directions. 

Hence the moment of momentum in the motion relative to O is 

Jma2fl+ -^[(a + « cosx) {afl + ? (fl + x) cosx} + ^ sin^ {^ (fl + x) sin x}], 

or ima^4+-^^ [(a + ^ cos x) a4+{l+a cosx) I (B + x)] J 

also twice the kinetic energy in the motion relative to G is 

ima^S^ + ^-la'e^ + P {e+x7+2cdd {0 + x) cos xl 

Now the centre of inertia moves with uniform velocity in a straight line ; 
and thus the kinetic energy of the whole mass placed at the centre of inertia 
and moving with it is constant, and the moment about any fixed axis of the 
momentum of the whole mass placed at the centre of inertia and moving 
with it is also constant. Also the kinetic energy of the system and its 
moment of momentum about any fixed axis are constants. Hence the 
moment of momentum in the motion relative to G and the kinetic energy 
in the same relative motion are constants. 

Let V be the velocity with which the particle was initially projected at 
right angles to the thread; then the initial values of the moment of 
momentum and kinetic energy in the motion relative to O are 

(a+l)Vmpj{m,+p), and ^Vhnp/{m+p). 
Hence throughout the motion we have the equations 



i(i+m,lp)a^0 +afl(a + Zcosx)+?(fl+x)(^ + «co8x) = (oH-Z) V, 
}{!+ mjp) a2fl2 + a^e^ + l^{e + xf + ialB {6 + x)cosx=V^. 



•} 



*263. Kinematical Note. It is sometimes convenient in calculating 
the velocities of points in a connected system to use the coordinates of a 
point referred to axes which do not retain the same direction. Thus in the 
problem of Article 262 we might have obtained the velocity of P relative to 
M by taking as axes lines through M along and perpendicular to AB. When 
we wish to calculate the velocity of a point in this way we have to attend 
to the fact that the component velocities parallel to the moving axes are 
not the differential coefficients (with respect to the time) of the coordinates 
referred to the same axes. 

Consider the motion of a particle P whose coordinates at time t are xf, y' 
referred to rectangular axes rotating in their own plane about the origin ; 
let (^ be the angle which the axis of a/ makes with a fixed axis of x in the 
plane at time t, and x, y the coordinates of the particle referred to fixed 
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rectangular axes of x and y. Also let u, v be component velocities of the 
particle parallel to the axes of a/ and y'. 




Fig. 80. 

We have , x=a/ oosif)-^ sxa<f>, ,y=y'cos(^+^'sin<^, 
whence A=(d/ — y'j>) cos </> — (y* + x'^) sin ((>,] 

y^({/+a/<i)) cos(li + (x'-y'^) siniji.J 
Also i = Mcos(^— ■wsin0, j'=i;cos<^4-Msin0. 

Hence we find u=x'-y'<p, v—f-^-ai^. 

Now, if we write a for <^, a is the angular velocity of the moving axes, 
and the resolved parts parallel to the moving axes of the velocity of the 
particle whose coordinates are of, y' are 

of — ay' and y'+aaf. 

We may prove in precisely the same way that, if a, j3 are the resolved 
parts of the acceleration of P parallel to the axes of .i-', y', then 
a=M-(B« and j3=v+(bm. 

In the problem of Article 262, taking axes through M along and perpen- 
dicular to AB, the angular velocity of the moving axes is 6, and the co- 
ordinates of P are a + l cos x and I sin x- From these the component velocities 
of P relative to M otherwise obtained in that Article might be deduced. 

*264. Examples. 

1. Two equal circular rings each of radius a and radius of gyration k 
about its centre are freely pivoted together at a point of their circumferences 
so that their planes are parallel, and the rings are so thin they may be 
regarded as in the same plane. The system being at rest on a smooth table 
with the pivot in the line of centres, the pivot is struck by a blow perpen- 
dicular to the line of centres so that it moves off with velocity V. Prove 
that the angle 6 which either radius through the pivot makes with its initial 
direction at any subsequent time is given by the equation 
P(/i;2+o2sin2tf)(92=F2a2. 
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2. A uniform straight tube of length 2a contains a particle of equal 
mass, and, the particle being at the middle point, the tube is started to 
rotate about that point with angular velocity <o. Prove that, if there are no 
external forces, the velocity of the particle relative to the tube when it leaves 
it is ao>;^f . 

3. Two horizontal threads are attached to a circular cylinder of negligible 
mass whose axis is vertical, are coiled in opposite directions round it, and carry 
equal particles which are initially at rest on two smooth horizontal planes. 
One of the particles is struck at right angles to its thread so that it starts 
off with velocity V .and its thread begins to unwind from the cylinder. 
Prove that, if the initial length of the straight portion of the thread 
attached to the particle struck is c, its length r at time t is given by the 
equation 

the cyhnder being free to turn about its axis. 

4. A thread is attached to a rigid cylinder of radius a and moment of 
inertia / about its axis, and carries a particle of mass m which is free to 
move on a smooth plane perpendicular to the axis, while the cylinder is free 
to rotate about the axis. The particle is projected on the plane at right 
angles to the thread with velocity V so that the thread tends to wind up 
round the cylinder. Prove that the length r of the straight portion at any 
subsequent time is given by the equation 

(I+ma^) rV2 = {/+m (r^ + a^-c^)} aW, 
where c is the initial value of r, and deduce that 

r^-c^=2aVt+ VHhnl{M+m), 
where M=I/a^. 

5. A cone of vertical angle 2a is free to turn about its axis, and a smooth 
groove is cut in its surface so as to make with the generators an angle )3. 
A particle of mass m moves in the groove, and starts at a distance c from 
the vertex. Prove that, if at any subsequent time the particle is at a 
distance r from the vertex and the cone has turned through an angle 6, 
r and are connected by the equation 

(/+mc2sin2a)e2*'''"''~'^=(/+»i»-2sin2a), 

where I is the moment of inertia of the cone about its axis. 

6. An elliptic tube of latus rectum 21, eccentricity e, and moment of 
inertia / about its major axis, is rotating freely about its major axis, which 
is fixed, with angular velocity O, and contains a particle of mass m which is 
attracted to one focus by a force /i»i/(distance)2 and is initially at rest at the 
end of the major axis nearest the centre of force. Prove that, if the particle 
is slightly displaced, and if iie(\+ef<l^a\ it will come to rest relatively to 
the tube at an end of the nearer latus rectum, provided 
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7. Four equal uniform [rods freely hinged together so as to form a 
rhombus of side 2a rotate about one diagonal which is fixed in a vertical 
position, the highest point being fixed and the lowest being free to slide on 
the diagonal. Find the angular velocity in the steady motion in which each 
rod makes an angle a with the vertical, and prove that the period of the 
small oscillations about this state of steady motion is the same as for a 
simple pendulum of length |acosa(l + 3sin2a)/(l + 3cos2a). 



Motion of a String or Chain. 

265. Suppose in the first place that a uniform inextensible 
chain is in rectilinear motion in such a way that every particle 
moves along the line of the chain. Then, if V is the velocity of 
any particle, the condition of inextensibility requires that every 
particle moves with the same velocity V; and since this condition 
holds at all times every particle moves with the same acceleration. 
In such cases any part of the string which is in continuous recti- 
linear motion moves like a particle at its centre of inertia under 
the action of the resultant of the forces acting on the part, every 
particle having the velocity and acceleration of the centre of 
inertia. The special interest presented by problems of this kind 
attaches to the magnitude of the tension at a place where the 
character of the motion changes discontinuously. 

The principle to be adopted in such cases is that the increase 
of momentum of any system in any time is equal to the impulse 
of the resultant force acting on the system during that time (cf 
Article 113). Taking, as the system, a small element of the 
chain whose motion is changing discontinuously, this element 
passes in a very short interval from one state of motion to another, 
and the product of the interval and the resultant of the tensions 
on the ends is equal to the momentum generated in the element. 
The method of application of this principle will be made clearer 
by means of an example. 

266. Illustrative Problems. 

I. A chain is coiled at the edge of a table vnth one end just hanging over. 
To find the motion. 

At any time t let a; be the length which has fallen over the edge, ^ the 
tension at the edge in the falling portion. There is no tension in the part 
coiled up. Let m be the mass per unit length of the chain. 
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In time dt a portion nuidt is set in motion with velocity .r. We therefore 
have Tdt = rnxdt . x, 

or T=mSfl. 

The equation of motion of the falling portion is therefore 

mxx = mxg — mi^. 
Writing v for x, this is 

=^di^''=9^' 

or T- (xV) = Zgx\ 

Integrating, and observing that v and x vanish together, we have 

giving the velocity of the falling portion when its length is x. 
The time until the length is x is 



/'^ dx _ /Qx 
V(I^~V7' 



We note that in this and similar problems energy is dissipated in the im- 
pulsive action at the place where the discontinuous change of motion occurs. 

II. A chain, one end of which is held fixed, is initially held with the other 
end close to the fixed end, and the other end is then let go. To find the motion. 

Let 2Z be the length of the chain, m the mass per unit length, l+x the 
length of the part that has come to rest at time t, T the tension 
/^ „ at its lower end. 

The free end has fallen through 2a! under gravity, so that 
ix = yt\ 
and the faJhng portion is free from tension. 

An element, of mass mgtdt, passes from motion with velocity 
gt to rest in an interval dt, so that the momentum destroyed by 
the impulse Tdt is mgH^dt. 

Hence T = mgH\ 

Pig. 81. Thus the motion and the tension at any time are determined. 



B>: 



p 



267. Constrained motion of a chain under gravity. For 

a chain moving in a tube or in a groove on a surface, the condition 
of inextensibility has the same form as before, i.e. every particle of 
the chain has the same velocity along the tangent to the chain at 
the point occupied by the particle. 

Let m be the mass per unit length of the chain, T the 
tension at any particle distant s from a chosen particle, v 
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the velocity, (/> the angle between the vertical and the normal at 
any point, M the pressure on the curve per unit length, /jtR the 




Fig. 82. 

friction also per unit length, and suppose that the sense of v is 

that in which s increases. The equations of motion of an element 

are found by resolving along the tangent and normal, in the forms 

rndsi) = mgds sin <j> + (T + dT) cos {d^) - T—fiRds, 

mds - = mgds cos d) + (T+ dT) sin d^ — Rds, 
P 

and these are 



mv = mg sin (f> + 



dT 
ds 



■fj,R 



•(1). 



.(2), 



v^ T 
m— = mg cos <j>-\ R 

P P 

where p is the radius of curvature of the curve of the chain at the 
point distant s from the chosen particle. 

In the case of a chain with free ends, and on a smooth curve, 
the first equation (with fiR omitted) can be integrated, and the 
integral is the equation of energy. When v is found from this 
equation we can find the tension at any point by substituting in 
equation (1), and then equation (2) determines the pressure. 

268. Examples. 

1. A uniform chain of length a is laid out straight on a smooth table at 
right angles to the edge, and one end is put just over the edge. Prove that, 
if the edge of the table is rounded off so that the part of the chain which 
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has run off at any time is vertical, the velocity of the chain as the last 
element leaves the table is ^/{ag). 

2. A uniform chain of length I and weight W is suspended by one end 
and the other end is at a height h above a smooth table. Prove that, if the 
upper end is let go, the pressure on the table as the coil is formed increases 
from 2A W/l to {2k+Zl) W/l. 

3. A uniform chain AB is held with its lower end fixed at B and its 
upper end A at a, vertical distance above B equal to the length of the chain. 
The end A is released, and at the instant when it passes B the end B is also 
released. Prove that the chain becomes straight after an interval equal to 
three-quarters of that in which A fell to B. 

4. Two uniform chains whose masses per unit of length are % and m^ 
are joined by a thread passing over a fixed smooth pulley. Initially the 
chains are held up in coils and they are released simultaneously without 
causing any finite impulse in the thread. Prove that, until one of the chains 
has become entirely uncoiled, the thread slips over the pulley with uniform 
acceleration 

g (V»ii ~ V»i2)/( V*"! + ^'"2)1 
and that the portions of the chains which have become straight increase 
during the interval with uniform accelerations 

Zg^Jm^K^nii+^m^) and Zg^m^K^m^+^m^). 

5. A uniform chain of length I and weight W is placed on a line of 
greatest slope of a smooth plane of inclination a to the horizontal so that 
it just reaches to the bottom of the plane where there is a small smooth 
pulley over which it can run off. Prove that when a length x has run 
off the tension at the bottom of the plane is 

W{l-ama.)a:{l-x:)/P. 

6. A uniform chain is held with its highest point on the highest generator 
of a smooth horizontal circular cylinder, and lies on the cylinder in a vertical 
plane, subtending an angle ;8 at the centre of the circular section on which it 
lies. Prove that, when the chain is let go, the lower end is the first part of 
it to leave the cylinder, and that this happens when the radius drawn through 
the upper end makes with the vertical an angle given by the equation 

^/3 cos {<f)+ff) = sin ^ + sin - sin {(f> + 0). 

*269. Chain moving freely in one plane. Let s be the 

length of the chain measured from a chosen particle to any 
particle P,s + ds the length up to a neighbouring particle P', u 
the component velocity of the particle P along the tangent to the 
chain in the sense in which s increases, v the component velocity of 
the same particle along the normal inwards, ^ the angle the tangent 
at P makes with a line fixed in the plane, p the radius of curva- 
ture of the curve of the chain at P. Then there are two conditions 
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of inextensibility. In the first place the velocity of P' has com- 
ponents 

u + ir-ds, v + ^ as, 
OS ds 

along the tangent and normal at P', and these lines make angles 
~ ds with the tangent and normal at P. Now the velocity of P' 



u+du 




Fig. 83. 

relative to P must ultimately be at right angles to PP', and 
therefore we have 



du 



ds) cos (IJ ds) -u-(v+ll ds) sin (|^ ds) = 0, 

or 1^-^ = (1). 

ds p 

Again, since PP' is a constant length and turns in the plane 

with angular velocity -^ , the velocity of P' relative to P resolved 

at right angles to PP' is ultimately ds-~ , and thus we have 

' + fs^')'''''(^Ts'^') + {'' + Ys^)'^^i^')-'"='^U' 

dv u d<f> ^„. 

^"^ dS^P^di ^^^• 

The equations (1) and (2) are the kinematic conditions of inexten- 
sibility of the chain. 

To form the equations of motion of the chain under any forces 
we have to observe that u, v, ^ are functions of two independent 
variables s and t, and that the centre of inertia of every element of 
the chain moves under the action of the resultant of the tensions 
at its ends and of the bodily forces exerted upon it. 

L. 20 
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Let m be the mass per unit of length, and T the tension at any 
point, S and N the tangential and normal components of the 
bodily force per unit mass in the senses of u and v. 

For the motion of the element between s and s+ds resolve 
parallel to the line from which ^ is measured. We have 

nids —(ucosd>-v sin (j)) = (Scos<j) — N' sin <f)) mds 
ot 

80, 



- Tcos </) + (T+dT) cos U + ^ ds) 



Performing the differentiations, and replacing d<j)/ds by 1/p, we 
may equate coefficients of sin </> and cos <f> on the two sides of the 
equation, since the line from which <^ is measured is any line in 
the plane of motion. We thus have 



.(3). 



(dv ^ d<i>\ ^T 

These are the equations of motion of the element by resolution 
parallel to the lines which are the tangent and normal at one end 
of it at time t. 

It is to be noticed that the left-hand members of these equa- 
tions might have been written down in accordance with the result 
of Article 263. 

*270. Invariable form. Interesting cases of the motion of a chain 
arise in which the shape of the curve formed by the chain is invariable, but 
the chain moves along the curve. In discussing such cases it conduces to 
clearness to imagine the chain to be enclosed in a rigid tube, of the shape in 
question, and to move along the tube while the tube moves in its plane. The 
velocity of any point of the tube is then determined as the velocity of a 
point of a rigid body moving in two dimensions, and the velocity of any 
element of the chain will be found by compounding a certain velocity w 
relative to the tube with the velocity of any point of the tube. The direction 
of w is that of the tangent to the tube at the point, and its magnitude is 
variable from point to point in accordance with the kinematic conditions of 
inextensibility. 

Taking now the special case of a uniform chain moving under gravity, 
we show that the chain can move steadily in the form of a common catenary, 
the curve retaining its position as well as its form. The velocity w is in this 
case the velocity of an element of the chain, and, with the notation of 
Article 269, we have 

u = w, v = 0. 
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The equations (1) and (2) of that Article then give us 

8w_ w _d(j) 

ds ' p~"87' 
so that the chain moves uniformly along itself. 

The equations of motion (3) of the same Article are satisfied by 

T= mgc sec </> + mw^, 
provided the form of the curve is the catenary s = c tan <^. 

^271. Examples. 

1. Prove that any curve which is a form of equilibrium for a uniform 
chain under conservative forces is a form which the chain can retain when 
moving uniformly along itself under the same forces and that the tension is 
greater in the steady motion than in equilibrium by mv^, where m is the 
mass per unit length of the chain, and w is the velocity with which the chain 
moves along itself. 

2. A uniform chain moves over two smooth parallel rails distant 2a apart 
at the same level and is transferred from a coil at a distance h vertically below 
one rail to a coil at a distance h-\-h vertically below the other. Prove that 
the portion between the rails can be a common catenary provided the velocity 
of the chain along itself is >J{gh). 

3. A uniform chain moves in a plane under no forces in such a way that 
the curve of the chain retains an invariable form which rotates about a fixed 
point in the plane with uniform angular velocity a>, while the chain advances 
relatively to the curve with uniform velocity V. Prove that the general {p, r) 
equation of the curve must be of the form 

(^ + 2F/Q))»-2=cip + 6, 
where a and 6 are constants. 

4. A uniform chain falls in a vertical plane under gravity. Prove that 
the square of the angular velocity of the tangent at any element is 



1^ / r _ d^T\ 



the notation being that of Article 269. 

5. A uniform chain hangs in equilibrium over a smooth pulley with one 
end fixed to the extremity of the vertical diameter and portions hanging 
vertically on both sides. Prove that if the end is set free the distance y of 
the lowest point from the horizontal diameter during the first part of the 
motion satisfies the equation 

where I is the length of the chain and 2c is the circmnference of the circle. 

6. A uniform chain of length 2Z and mass 2Lfi has its ends attached to 
two points A, C and passes over a smooth peg B between A and C and in 
the same horizontal line with them, the points A, B, C being so close together 

20—2 
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that the parts of the chain between them may be considered vertical. Elastic 
threads of natural lengths I and V and moduluses X and X' are fastened to 
points P and F of the chain on opposite sides of B and their other ends are 
fixed to points and 0' vertically below P and P. The system oscillates so 
that the threads are always stretched and the points P and P' are never for 
any finite time at rest. Prove that the time of a complete oscillation is 
277 ^{LU'^KW +X'l- ixgU')}. 

7. A fine elliptic tube is constrained to rotate with uniform angular 
velocity a about its major axis which is vertical, and contains a uniform 
chain whose length is equal to a quadrant of the ellipse. Prove that, if 
a>^=Agll, where I is the latus rectum of the ellipse, the chain will be in 
stable relative equilibrium with one end at the lowest point. 

8. A rough helical tube of pitch a and radius a is placed with its axis 
vertical, and a uniform chain is placed within it, the coefficient of friction 
between the tube and the chain being tan a cos e. Prove that when the 
chain has fallen a vertical distance ma its velocity is s/(*,9'secasinh2;it), 
where /i is determined by the equation 

cot \ c tanh /i = tanh (;it sin e+^m cos a sin 2f ). 

*272. Initial Motion. When the chaia starts from rest in 
a position which is not one of equilibrium the initial velocities are 
zero, and the equations of motion are simplified by the omission of 
d<j)/dt. At the same time the kinematic conditions are altered in 
form. Since 

dt [pj ~ dsdt ' 

this quantity is initially zero, and we may therefore differentiate 
equation (1) of Article 269, and write our result 

d^u _\dv 

dsdt p dt ' 

Writing equations (3) of the same Article in the form 

aw^^ 1 ar 

dt mds 

% = ^^--' 
ot m p 

differentiating the first with respect to s, multiplying the second 
by Ijp, and subtracting, we obtain an equation 



ds \m ds) m p^ ds p ' 
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This equation serves to determine the initial tension at any 
point of the chain. To determine the arbitrary constants which 
enter into the solution of the equation we have to use the condi- 
tions which hold at the ends, or at other special points, of the 
chain. Thus if one end of the chain is guided to move on a given 
curve the acceleration of the extreme particle must be directed 
along the tangent to the curve. Cases arise in which this method 
cannot be applied ; thus, in the case of a heavy chain with an end 
moveable on a smooth straight wire not perpendicular to the 
tangent at the end, the equation of motion of an element at the 
end, found by resolving along the wire, cannot be satisfied if the 
acceleration of the element is finite (not infinite) and the tension 
is finite (not zero). The conclusion in such cases must be that 
the chain becomes slack at the end, and it may become slack 
throughout. In such cases it is usually convenient to suppose the 
end of the chain attached to a ring which can slide on the wire, 
and to take the mass of the ring, at first, to be finite : when the 
problem has been solved with this condition we can pass to the 
case above described by supposing the mass of the ring to be 
diminished without limit. 

*273. Impulsive Motion. The equations of impulsive mo- 
tion when the chain is suddenly set in motion follow at once by 
the method of Article 269. We have only to regard S and N as 
the resolved parts of an impulse reckoned per unit of mass applied 
to an element, and T as impulsive tension. The equations are 

dT ^ 

ds 

T 

mv = — h mN. 
P 

The kinematic conditions are the same as for a chain in con- 
tinuous motion, viz.: equations (1) and (2) of Article 269. 

In case no impulses are applied to the chain except at its ends, 
S and N vanish, and we can eliminate u and v, obtaining an 
equation for T in the form 

9s \m dsj mp' 

The solution of this equation subject to the given terminal 
conditions gives the impulsive tension at any point of the chain. 
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*274. Examples. 

1. In the initial motion of a chain under gravity prove that the tension 
satisfies the equation 

1 ('i ^\ _ — =0 

2. A uniform chain hangs \mder gravity with its ends attached to two 
rings which are free to slide on a smooth horizontal bar. Prove that, if the 
rings are initially held so that the tangents to the chain just below them 
make equal angles y with the horizontal, and are let go, the tension at the 
lowest point is changed in the ratio 'iM' : iM'-\-Mooi^y, where M is the 
mass of the chain, and M' that of either ring. [Cf. Example 5, p. 281.] 

3. If the ends of the chain of Example 2 are held fixed, and the chain 
is severed at its vertex, prove that the tension at a point where the tangent 
makes an angle </> with the horizontal immediately becomes 

\Mgi^ sec <p cos y/(cos y +y sin y). 

4. Impulsive tensions T^, Tf^ are applied at the ends of a piece of chain 
of mass M hanging in the form of a common catenary with terminal tangents 
inclined to the horizontal at angles « and 0. Prove that the kinetic energy 
generated is 

1 tana-tang f{TaCos a-Tpcoafiy ,,rr->.- rr 2 ■ o A 

2 -^ Y ^^ ^-^ +(7'a^smacosa- 7/3^ sm g cos 0) > . 



EXAMPLES. 

1. A ball is projected vertically with velocity »^ from a point in a rigid 
horizontal plane, and when its velocity is v^ a second ball is projected from 
the same point with velocity v^ ; assuming the restitution in each impact to 
be perfect, prove (i) that the time between successive impacts of the two 
balls is v^lg, (ii) that the heights at which they take place are alternately 
(3vi-j)2)(»i+D2)% and {^i+v^{v^-v^l?,g, (iii) that the velocities of the 
balls at the impacts are equal and opposite and alternately ^{v^ — v^ and 

2. Two equal balls of radius a are in contact and are struck simultaneously 
by a ball of radius c moving in the direction of their common tangent ; prove 
that, if all the balls are of the same material, the impinging ball will be 
reduced to rest if the coefficient of restitution is 

ic2((H-c)Va3(2a+c). 

3. Two equal balls lie in contact on a table. A third equal ball impinges 
on them, its centre moving along a line nearly coinciding with a horizontal 
common tangent. Assuming that the periods of the impacts do not overlap, 
prove that the ratio of the velocities which either ball will receive according 
as it is struck first or second is 4 : 3 - e, where e is the coefficient of resti- 
tution. 
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4. Two spheres of equal radius and of masses \jm and Xj"* are lying in 
contact on a smooth horizontal plane. A third sphere of the same radius 
and of mass m falls freely with its centre in the vertical plane containing 
the centres of the other two so as to strike them simultaneously. Assuming 
that there is no restitution in any of the impacts prove that the velocity 
produced in the sphere of mass X^m, is 

f^/a (1+2X2)/(H- 4X1 + 4X2+12X1X2), 
where v is the velocity of the falling sphere just before impact. 

5. From one corner 4 of a rectangular billiard table a ball is projected 
in a direction making an angle a with the side AB ; it strikes first the side 
BC, then AB, then DC, then BO again, and then returns to A. Prove that, 
if eis the coefficient of restitution, AB : AD^e^ cot a : l+e^. 

6. Three smooth billiard balls of perfect restitution, each of radius d, 
rest on a smooth table, their centres forming a triangle ABC; prove that, 
if the ball A is to cannon off B on to C, the angle of impact at B must lie 
between 

B--^n-ta,n 1 ^-j—. — = and ^+8-i7r-tan-i „ , .\Z %,- , 

where 8=am-^4d/a. 

7. Two bodies of masses m, m', (m>m'), are connected by a string 
passing over a smooth pulley, the coefficient of restitution between the 
greater and the plane being unity and that between the smaller and the 
obstacle zero. They start from rest at the same distance a above a fixed 
horizontal plane, and, when m impinges on the plane, m' strikes against a 
fixed obstacle. Show that the two bodies are again in a position of in- 
stantaneous rest when m is at a height m^a/(m + m')^ above the plane. 

8. Show that it is possible to project a small elastic ball inside a regular 
polygon of « sides so as to describe a regular polygon of the same number 
of sides, and prove that the ratio of the sides of the two polygons is 

where e is the coefficient of restitution. 

9. A ball is projected with velocity F from a point of a plane inclined 
at an angle a to the horizontal, the direction of projection is at right angles to 
the plane, and the coefficient of restitution between the ball and the plane 
is e. Prove that, before ceasing to bound, it will have described a length 
2 V sin a/ff cos" a (1 - e)" along the plane. 

10. A hollow elliptic cylinder stands on a horizontal plane with its axis 
vertical. From the focus of a horizontal section a particle is projected in a 
horizontal direction with velocity v. Prove that if it returns to the point of 
projection the height of the section above the table is infiga^jrih^, where m, n 
are any integers and 2as is the major axis, the coefficient of restitution in 
each impact being unity. 
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11. A particle is projected inside a smooth tube of equal mass which is 
closed at both ends and lies on a smooth table. Prove that the distance 
travelled through by the tube when the particle has made (n+1) impacts is 
a(l-e")/(e"-e" + i) or a(l-e"'*"i)/(e"-e" + i) according as n is odd or even, 
2a being the length of the tube, and e the coefficient of restitution for each 
impact. 

12. In a row of n equal spheres, the coefficient of restitution between 
any two of which is e, one of the terminal spheres impinges directly on its 
neighbour. Prove that their final velocities are in the ratios 

a : a^ : a/32 : ,,^3 ; ... o^n-a . ^n-i^ 

where a=i (1 -e) and ^=J(H-e). 

13. Two unequal particles are attached to a thread which passes over a 
smooth pulley. Initially the smaller is in contact with a fixed horizontal 
plane, and the other at a height h above the plane. Prove that, if the co- 
efficient of restitution for each impact is e, and if e is a root of any equation 
of the form e''-2e-|-l=0 with n integral, the system will come to rest after 
a time 2h{l + e}/v(}.-e), where v is the velocity of the particle of greater 
mass immediately before its first impact on the plane. 

14. Two equal spheres are in contact, and are attached by equal threads 
to two other equal spheres at rest. The lines of the threads pass through 
the centres of the spheres to which they are attached and make angles of 30° 
with that common tangent to the first two at their point of contact which 
lies in the plane of the four centres. A fifth equal sphere running along 
this common tangent strikes the first two symmetrically so that the threads 
become tight. Prove that the velocity of the impinging sphere is diminished 
in the ratio 7— 12e : 19, where « is the coefficient of restitution. 

15. Two balls of masses M, m and of equal radii, connected by an 
inextensible thread, lie on a smooth table with the thread straight, and a- 
ball of the same radius and of mass to' moving parallel to the thread with 
velocity v strikes the ball m so that the line of centres (m', to) makes an 
acute angle a with the line of centres {M, to). Prove that, if e is the co- 
efficient of restitution between m and m', M starts with velocity 

■!;toto' (1 -t-e) cos^ a/{Mm' sin^a-t-TO {M+m+m')}. 

16. Two balls are attached by inextensible threads to fixed points, and 
one of them, of mass m describing a circle with velocity 11 impinges on the 
other of mass to' at rest, so that the line of centres makes an angle a with 
the thread attached to m and the threads cross each other at right angles. 
Prove that to' will start to describe a circle with velocity 

mu sin a cos a(l -|-e)/(TO cos^o-I-to' sin^a), 
where e is the coefficient of restitution between the balls. 
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17. A particle, describing an ellipse about a focus, strikes a fixed plane 
through the focus at right angles to the major axis. Prove that, if the 
coefficient of restitution is equal to the eccentricity, the major axis of the 
new orbit is half that of the old. 

18. Prove that the impulse necessary to make a particle of unit mass, 
moving in an equiangular spiral of angle a under the' action of a force to the 
pole, describe a circle under the action of the same force, is 

2V(/^^)sing±0, 

r being the distance from the pole, and F the force at the moment of impact. 

19. A particle is describing an ellipse of eccentricity e about a focus and 
when its radius vector is half the latus rectum it receives a blow which makes 
it move towards the other focus with a momentum equal to that of the blow. 
Find the position of the axis of the new orbit and show that its eccentricity 
is^(e-i-e). 

20. A particle of mass m is projected from a point P with velocity Kand 
moves under a force to a fixed point S varying inversely as the square of the 
distance. Pi" is the chord through the other focus of the path. When the 
particle reaches F' the kinetic energy is increased by ^mV^R/{ia-R) by a 
tangential impulse, R being the distance SP and 2a! the major axis of the 
orbit. Prove that the new path is independent of the direction of projection. 

21. A comet describing a parabola of latus rectum 21 before it has 
reached the apse collides at a point of its orbit distant R from the Sun 
with another comet of equal mass falling from rest at an infinite distance 
directly towards the Sun, and the two comets coalesce. Prove that the 
subsequent orbit is an ellipse of major axis 2a, given by {l-llRy=2Rja. 

22. A particle is describing an ellipse about a centre of force in one focus 
S, and when it is at the end E of the further latus rectum it receives a blow 
in direction SE which makes it move at right angles to SE. Find the 
momentum generated by the blow, and prove that the particle will proceed 
to describe an ellipse of eccentricity V{2e^/(1 +«^)}. 

23. A particle is describing an ellipse about a focus S, and when it is at 
one end of the latus rectum it receives a blow which makes it describe a 
confocal hyperbola. Prove that the direction of the blow makes with the 
tangent to the ellipse an angle cot~'e, where e is the eccentricity of the 
ellipse. 



24. A shell of mass M is moving with velocity V. An internal explosion 

generates an amount E of energy and thereby breaks the shell into two 

fragments whose masses are in the ratio mj : m^. The fragments continue 

to move in the original line of motion of the shell. Prove that their 

velocities are 

V+ ^{2m^Elm^M), V- ^{imiElm^M ). 
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25. Weights P and W equilibrate on a wheel and axle of negligible mass. 
A weight W is attached to P and after the lapse of one second another weight 
W is attached to the ascending weight W. Prove that, after the lapse of 

another second, the velocity of the ascending weight 2 TF is 

gh{2a-h)l{cfi+ah + il^), 
a being the radius of the wheel, and 6 the radius of the axle. 

26. A particle of mass m is attached by inextensible threads to particles 
of masses m' and m". The particles are placed on a smooth table with the 
threads in two perpendicular straight lines, and the particle m is struck by a 
blow in the direction of the bisector of the angle between the threads so that 
both threads are jerked. Prove that the initial velocities of m! and m" are 
in the ratio m+m" : m+m'. 

27. A particle of mass M is projected with velocity F in a direction 
making an angle 8 with the horizontal, being attached to the point of pro- 
jection by an inextensible thread of length V^ oosed' BjZg. Prove that the 
impulsive tension when the thread becomes tight is MV coa^ 6 cosec 6, and 
that immediately after the change of motion the tension is Mg{l-2am*d). 

28. Three particles A, B, C of equal mass are placed on a smooth plane 
inclined at an angle a to the horizontal, and B, C are connected with A by 
threads of length h sec a which make equal angles a with the line of greatest 
slope through A on opposite sides of it. If A is struck by a blow along the 
line of greatest slope so as to start to move downwards with velocity V, find 
when the threads become tight, and prove that the velocity of A immediately 
afterwards is 

F/(3 - 2 sin^a) + igh sin a/ V. 

29. Four equal particles are attached at the corners of a rhombus formed 
of four threads each of length a, and the system is moving on a horizontal 
plane with uniform velocity v, in the direction of the longer diagonal AC 
when the end A of that diagonal is suddenly fixed. Prove that the sides of 
the rhombus begin to turn with angular velocity 2Msina/as(l -|-2sin^a), 
where 2a is the acute angle of the rhombus. 

30. A set of 2»-l particles connected by inextensible threads are sus- 
pended from two fixed points in a horizontal line so as to hang symmetrically, 
their weights being such that each of the two lowest threads makes an angle 
a with the horizontal and each of the threads makes an angle a with the 
one below it. Prove that, if the lowest particle (mass to) is struck by a 
vertical impulse P, the horizontal component of the initial velocity of any 
particle will vary inversely as its mass, and the vertical component of the 
velocity of the cth from the lowest will be 

5 y- {(2/1- 2r- 1) sin a-l-2 cos a cot >ia -sin (2r-|- 1) a}. 
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31. Three particles of equal mass are attached at equal intervals to a 
rigid rod of negligible mass, and the system being at rest one of the extreme 
particles is struck by a blow at right angles to the rod. Prove that the 
kinetic energy imparted to the system when the other extreme particle is 
fixed and the rod turns about it is less than that which arises when the 
system is free in the ratio 24 : 25. 

32. Two equal rigid rods AB, EC of negligible masses carry equal 
particles attached at .4, C and the middle points of the rods, and, the rods 
being freely hinged at B and laid out straight, the end A is struck with an 
impulse at right angles to the rods. Prove that the velocities of the particles 
are in the ratios 9:2:2:1. 

33. Four particles of equal masses are tied at equal intervals to a thread, 
and the system i.s placed on a smooth table so as to form part 6f a regular 
polygon whose angles are each n-a. Prove that if an impulse is applied 
to one of the end particles in the direction of the thread attached to it 
the kinetic energy generated is greater than it would be if the particles 
were constrained to move in a circular groove and the impulse were 
applied tangentially in the ratio cos^a+4sin2a : cos2a+2sin2a. 



34. A rod of length 2as is held in a position inclined at an angle a to 
the vertical, and is then let fall on a smooth horizontal plane (no restitution). 
Prove that the end of the rod which strikes the plane will leave it im- 
mediately after impact if the height through which the rod falls is greater 
than 

^a sec a oosec^a (1 + 3 sin^a)^. 

35. A particle of mass m impinges directly on a smooth uniform spheroid 
of mass M and semiaxes a, h at rest, no energy being lost in the impact. 
Show that, if 

1 < Mini < 6 - 10a6/(a2 + V^), 

the point of impact may be so chosen that the particle is reduced to rest. 

36. A circular cylinder rocks between two parallel rails whose distance 
apart is less than the diameter of the cylinder. Prove that the greatest 
heights of the axis above its equilibrium position diminish in geometrical 
progression. 

37. Any number of equal uniform rods are jointed together so as to have 
a common extremity and placed symmetrically so as to be generators of a 
cone of vertical angle 2a, and the system falling with velocity V strikes sym- 
metrically a smooth fixed sphere of radius c (no restitution). Prove that the 
angular velocity with which each rod begins to turn is 

V{o cos a ~ as sva?a)l{^a^ sin^a+c'^ cot^a- oc sin 2a). 
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38. The corners A, B of a. uniform rectangular disc ABCD are free to 
slide on two smooth fixed rigid wires OA, OB at right angles to each other 
in a vertical plane and equally inclined to the vertical. The disc being in a 
position of equilibrium with AB horizontal, find the velocity produced by an 
impulse applied along the lowest edge CD. 

Prove that, if AB^'ia, BC= 4a, then AB will just rise to coincidence 
with a wire if the impulse is such as would impart to a mass equal to that 
of the disc a velocity SVW (4-2 v/2)}. 

39. A uniform rigid semicircular wire is rotating in its own plane about 
a hinge at one end, and is suddenly brought to rest by an impulse applied 
at the other end along the tangent at that end. Prove that the impulsive 
stress couple is greatest at a point whose angular distance from the hinge is 
(j}, where <^ tan ^0 = 1. 

40. A heavy ring of radius a rolls with its plane vertical down a plane 
of inclination a on which lie a series of pointed obstacles which are equal 
and at equal distances from each other, and which are sufficiently high to 
prevent the ring from ever touching the plane. Prove that, if the ring starts 
from rest in a position in which it is in contact with two obstacles, and if 
there is no slipping, its angular velocity <u as it leaves the (m + l)th obstacle 
is given by 

aa^ = 2ff sin a sin y cos*y (1 - cos*''y)/(l - cos*y), 

where 2y is the angle subtended at the centre by two adjacent obstacles 
when the ring touches both. 

41. A circular disc, with n spikes projecting from it in its plane at equal 
angular intervals, is projected with its plane vertical so as to strike a rough 
horizontal plane (zero restitution) so that the line joining the point of contact 
to the centre makes an angle n/n with the vertical. Show that, if at the 
instant the velocity of the centre is V and the angixlar velocity is a, the 
niunber of its spikes which strike the plane is the greatest integer in the 
value of TO given by the equation 

(1 - 2a^K - 2 sin^Tr/ji)"' {K^(o + aV) = 2K^{ag) sin ,r/2n, 
where a is the radius of the circle on which the ends of the spikes lie, k is 
the radius of gyration about the end of a spike and the radius of the disc is 
less than a cos n/n. 

42. A uniform ball moving without rotation with velocity V strikes the 
ground at an angle a with the vertical, and subsequently meets a bat whose 
plane is vertical and perpendicular to the plane of the ball's motion, and 
which is kept moving in the vertical plane of the ball's motion with a uniform 
velocity in a direction making a given angle with the horizontal. Prove that 
after striking the bat the ball will descend if the vertical velocity of the bat 
is greater than 

|Fcosa(e+f tana), 
gravity being neglected, and e being the coefficient of restitution between the 
ball and the ground ; the bat and the ground are supposed to be sufficiently 
rough to prevent sUding. 
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43. A sphere of radius a rolling on a rough table with velocity V comes 
to a slit of breadth h perpendicular to its path. Prove that, if there is no 
restitution, the condition that it should cross the slit without jumping is 

72 > ^Uga (1 _ cos a) sin^a (14^ 10 sin2a)/(7 - 10 sin^a)^, 

where 6 = 2asina and 175'acosa> V^ + iOga. 

44. A sphere centre with its centre of gravity at a point O distant c 
from is dropped vertically upon a plane of inclination a to the horizontal 
so that O is above and GO is normal to the plane. Prove that, if the 
plane is rough enough to prevent sliding, the kinetic energy lost in the impact 
is to that of the sphere before impact in the ratio 

(l-e2)cos2a + ((c2sin2a)/{K2 + (a+c)2} : 1, 
where k is the radius of gyration of the sphere about an axis through G at 
right angles to GO. 



45. A circular disc of mass M, radius a, and moment of inertia MK^ 
about its centre, spinning with angular velocity J2 impinges normally on a 
rough rod of mass m. Prove that the angular velocity immediately after 
impact is {M+m)K'^Ql{{M-\-m)K^+ma''^}, there being no restitution. 

46. Two rough circular discs of masses M^yM^, radii d^, a^, and radii of 
gyration k-y, k^ about their centres, spinning about their centres with angidar 
velocities Qj, Qj impinge directly, the relative velocity of the centres before 
impact being V. Prove that, if there is no restitution, the kinetic energy 
lost in impact is 

1 F^ 1 (aiOi + aaQa)' 

2 l/Mi + ljM^ '^ 2 l/Mi (1 +a,7^i2) + IjM^ (l + a^^/k^^) " 

47. A truck of mass M-^ which has % pairs of wheels, each pair having an 
axle, the mass of the axle and pair of wheels being mj, the radius of gyration 
of the axle and pair of wheels about the axis of the axle being kj^, and the 
radius of either wheel being a^, impinges directly on another truck running 
on the same metals and for which the corresponding quantities are J/j, n^, 
m^, k2, a^- Prove that, if 

JVi = ifi + raimi*i2/ai2 and N2=M2-^n^jc^la^, 
the impulse between them is #jiV2F{l + e)/(iVi + i\72), where F is the relative 
velocity before impact and e is the coefficient of restitution. 

48. Assuming that in the impact of the two trucks the force of restitution 
in any state of strain of a buffer is times that during compression, prove 
that the relative velocity after impact is reversed in sense and is in magnitude 
^j3 times that before. Further, if the forces of compression for the two 
buffers are the products of E^, E^ and the contractions of the buffers and the 
forces of restitution are the products of E-fi, E^ and the contractions, the 
periods of compression and restitution are T and T/Vft where 

the notation N^, N^ being the same as in Example 47. 
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49. A sphere of mass m falls vertically and impinges with velocity V 
against a board of mass if which is moving with velocity CT on a horizontal 
plane. The upper face of the board is rough and the lower face smooth, and 
the coefficient of restitution is e. Prove that, if the coefficient of friction 
exceeds 2MUI{1M+2m) (1 +e) V, the kinetic energy lost in the impact is 

^ (1 - e2) F2 +mMU^I{7M+ 2to). 

50. A ball is let fall upon a hoop, of which the mass is l/n of that of 
the ball, and which is suspended from a point in its circumference, about 
which it can turn freely in a vertical plane ; prove that, if e is the coefficient 
of restitution, and a the inclination to the vertical of the radius passing 
through the point at which the ball strikes the hoop, the ball rebounds in a 
direction making with the horizontal an angle tan " ' {(1 + J «) tan a - e cot a}. 

51. A homogeneous sphere is allowed to fall on one end of a uniform 
horizontal beam balanced on a horizontal axis through its centre of inertia. 
Prove that the sphere will not rebound unless the mass of the beam is at 
least three times as great aa that of the ball, the coefficient of restitution 
being unity. 

52. A plank of length 2a is turning about a horizontal axis through 
its centre of gravity and a particle strikes the rising half, rebounds, and 
strikes the other half, the coefficient of restitution being unity. Prove that, 
if the motion indefinitely repeats itself, the inclination of the plank to the 
horizontal must never exceed a where I {ir + 2a) ta,n a = ma!', I being the 
moment of inertia of the plank about its axis, and m the mass of the particle. 

53. A wedge of mass M and angle a with a smooth face and a rough face 
is placed with the smooth face on a table and a uniform sphere of mass m is 
dropped upon it symmetrically. Prove that, if there is no restitution, the 
kinetic energy is diminished by the impact in the ratio 

(M+m) sin2 a : M+ m sin^ a + f {M+m). 

54. Two equal rigid uniform discs, each in the shape of an equilateral 
triangle, rest with two edges in contact. They are struck at the same instant 
with equal blows P in opposite directions bisecting the common edge and one 
other edge of each, so that they are pressed together and begin to slide one 
over the other. Find the velocity v of the point of application of either 
blow resolved in its direction, and prove that, if /t is the coefficient of friction, 
the kinetic energy generated in the system is (1 - iiiJZ) Pv,' assuming no 
restitution. 

55. A smooth oval disc is rotating with angular velocity m on a smooth 
horizontal plane about its centre of inertia which is fixed, when it strikes a 
smooth rod of mass m at the middle point of the rod. Prove that the new 
angular velocity is {I - mep') a/{I+mp^), where I is the moment of inertia of 
the disc about an axis through its centre perpendicular to its plane, p the 
perpendicular from the centre of inertia to the normal at the point of contact, 
and e the coefficient of restitution. 
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56. A small smooth ring of mass m slides on the side AB of a square 
ABCD formed of four rigidly connected rods. An impulse R is applied to C 
in direction DC. Prove that the initial velocity of the ring is 

Racl{mc^ + {M-\-m,)lc\ 
where 2a is the length of a side, c is the distance of the ring from the middle 
point oi AB, M is the mass of the square and k its radius of gyration about 
its centre. 

57. A uniform rod of length 2a moving in a vertical plane falls on a 
horizontal smooth plane so as to make with it an angle 6 at the instant of 
impact, and there is perfect restitution. Prove that, if at the instant of 
impact, the rod is turning about any point in the vertical line through that 
point of the rod which is distant a(l+Jsec^fl) from the lower end, the 
angular velocity a and the vertical component of the velocity of the centre 
of inertia will be immediately reversed, and further that if 3dcoa0 = a<o^/ff 
the subsequent impacts on the plane will take place at equal intervals of time 
25/0). 

58. A smooth uniform cube of side 2a and radius of gyration k about an 
axis through its centre is free to turn about an axis which is horizontal and 
passes through the centres of two opposite faces, and the cube is at rest with 
two faces horizontal. An equal cube falls without rotation and with velocity 
V, and strikes the upper face of the first cube along a line parallel to the 
fixed axis and at a distance c from the vertical plane through it. Prove that, 
if e is the coefficient of restitution and u the angle which the lower face of 
the falling cube makes with the horizontal, the angular velocity imparted to 
the first cube is c F (1 + e)/(c2+ AH a^-a^ sin 2a). 



59. Two uniform rods AB, BC of masses m, m! lie on a smooth table 
inclined to each other at an angle a ; they are jointed at B, and the end A 
turns on a pivot fixed to the table. If AB is struck at the middle by a blow 
P perpendicular to AB the kinetic energy of the resulting motion is 

^■PV(i™ + 4»»' - 3m' cos2 a). 
If there is a smooth peg touching BG at its middle point on the proper 
side to give constraint the kinetic energy is 

^I^l{^m + 4m' - 1 m! cos^a). 

60. Two uniform rods AB, BG hinged together at B are moving about 
the middle point of ^iCas instantaneous centre of rotation, with no motion 
relative to each other, when a point in one of the rods is suddenly fixed, 
ABG being at the moment a right angle. Prove that, if after impact the 
relative njotion of the rods is initially zero, the point must be the hinge. 

61. Two lengths 2a and 26 are cut from the same uniform rod of mass M 
and freely jointed at one end of each. The rods being at rest in a straight 
line, an impulse MV is applied at the free end of a. Prove that the kinetic 
energy when h is free is to that when the further end of 6 is fixed in 
the ratio (4a + 36) (3a + 46)/12 (a + 6)2. 
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62. An eqiiilateral triangle formed of three equal uniform rods hinged at 
their ends is held in a vertical plane with one side horizontal and the opposite 
corner downwards. Prove that, if after falling through any height the 
middle point of the highest rod is suddenly stopped, the impulsive stresses at 
the upper and lower hinges will be in the ratio «/13 : 1. 

63. A rectangle, sides 2a and 26, formed of four uniform rods of the 
same material and section, smoothly hinged at the ends, is moving without 
rotation on a smooth horizontal plane, when a side of length 2a impinges on 
a small rough peg (zero restitution). Prove that for that side to acquire the 
greatest possible angular velocity, the point of impact must be at a distance 

a {(3b + a) I {3b + 3a)} from its centre. Prove also that the rectangle cannot 
begin to rotate as a rigid body unless the direction of motion before impact 
makes with the impinging side an angle greater than 

_ J a (36 +a)^(36 + 3a / 
*''° 6(26+3a) ^ ■ 

64. A rhombus formed of four similar uniform rods freely hinged at the 
angular points is rotating on a smooth horizontal plane about its centre when 
one corner is suddenly fixed. Prove that the relative angular velocities of 
the rods just before and just after the impulse are in the ratio 5 — 3 cos a : 2, 
where a is the angle of the rhombus at the corner fixed. 

65. A rhombus formed of four equal uniform rods each of length 2a 
freely jointed at common extremities is moving with velocity win the direction 
of one of its diagonals of length 4a cos a, when the middle point of one of 
the front sides is suddenly fixed. Prove that the initial angular velocity of 
that side is zero, and that of the adjacent sides is f (vja) sin a. 

66. Eight equal uniform rods AB, BC, ... EK freely jointed at their 
extremities are placed on a table in the form of a square with two rods in 
each side, the ends A, K being in contact but free. Prove that if the end A 
is set in motion with a given velocity in a direction making an angle 6 with 
AB, then K will start in a direction making an angle ^ with AB, where 

3409 tan = 433 tan fl. 

67. Twelve equal rods each of length 2a are so jointed together that 
they can be the edges of a cube, and the framework moves symmetrically 
through a configuration in which each rod makes an angle 6 with the vertical ; 
prove that, if u is velocity of the centre of inertia, the kinetic energy is 
^Mda^^+u"^), where if is the mass of the framework, and that, if the frame 
strikes the ground when u=V and ^'=0, then u is reduced to 

F/(l + ,/7Cosec2 5). 

68. An indefinite number of equal uniform rods are loosely jointed 
together and are in a straight line and at rest when a blow P is struck at the 
free end of the extreme rod in a direction perpendicular to its length. Prove 
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that the impulsive force exerted at the hinge at the further end of the m"" 
rod is 

(_)np22»sin2'':^. 

69. A set of (2n.+ l) equal rods OA, OB, OC, ... each of mass m and 
length 2a are freely jointed at 0, and lie in one plane so that any two neigh- 
bouring rods are inclined at an angle a, =2n-/(2m + l); an impulse P acts 
along OA and mi, mg, ... are the initial angular velocities communicated to the 
rods on each side of OA in order. Prove that 

0)1 cosec a = (»2 cosec 2a = , . . = I M/a, 
where u, =|P/{(2}i- 1) m}, is the initial velocity of OA. 



70. Four small smooth rings of equal mass are atta,ched at equal 
intervals to a thread and rest on a circular wire in a vertical plane. The 
radius of the wire is one-third of the length of the thread, and the rings are 
at the four upper corners of a regular hexagon inscribed in the ciri3le, the two 
lower rings being at the ends of the horizontal diameter. Prove that, if the 
thread is cut between one of the extreme particles and one of the middle 
ones the tension in the horizontal part is suddenly diminished in the 
ratio 5 : 9. 

71. Particles of masses m and m' are fastened to the ends of a thread 
which rests in a vertical plane on the surface of a smooth horizontal circular 
cylinder of mass M which can slide on a horizontal plane. The system is 
initially held at rest so that the radii of the circular section through the 
particles make with the vertical angles a and /3. Prove that when the system 
is released the tension of the thread immediately becomes 

, M{aiiia + sin g) -|- (m sin a + m' sin 0) {1 - cos (u -HjS)} 
^ {m+ m') {M+m sin^ a + m' sin^ /3) - mm' (cos a-coa^)^' 

72. A particle P, of mass M, rests in equilibrium on a smooth horizontal 
table being attached to three particles of masses m, m', m" by cords which 
pass over smooth pulleys at points A, B, C at the edge of the table. Prove 
that, if the cord supporting m" is cut, M will begin to move in a direction 
making with CP an angle 

_ , ^ (to ~ m') {(to -I- my - m"^} 
4Mm,m'm"^ + {m+m')ii^ ' 

where n^ = 2m'^m"^ + 2m"^m^ + l.m^nC'^ - to* - to'* - m"*. 

73. Two particles A,Boi masses to, to' are connected by a thread which 
passes through a smooth ring C at the top of a smooth plane of inclination a 
to the horizontal. Initially AG{=a) is along a line of greatest slope, and 
BC is vertical. Prove that, if A is projected at right angles to AC with 
velocity v, B will begin to ascend or descend according as 

m'jm< or >sin a -!-■»%«. 

L. 21 
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74. A sphere of mass m hangs by a chain of length h and negligible mass 
to one end of a rigid horizontal arm of length e, which is free to rotate about 
a fixed vertical axis passing through its other end. The arm is seized and 
made to rotate with angular velocity O. Prove that the tension of the chain 
immediately becomes to(5'+qV/6), and that the plane through the chain and 
the radius from the centre of the sphere to the point of attachment starts to 
rotate with angular velocity ^Q about the radius. 

75. A thread ABG is fixed at A and has particles of masses m, m' 
attached to it at B and C, and the system is held in a vertical plane so that 
AB and BO make acute angles a and a+j3 with the vertical. Prove that, 
when B and C are let go, the initial tension of .45 is 

m{m+m') ff cos al{m+m,' sin^ (3) . 

76. A circular wire of mass M is held at rest in a vertical plane, on a 
smooth table, and a particle of mass m rests against it being supported by 
an inextensible thread which passes over the wire and is secured to a fixed 
point in the plane of the wire at the same level as the highest point of the 
wire. Prove that if the wire is set free the pressure of the particle upon it 
is immediately diminished by an amount m^gsm^aKM+imain^^a), where a 
is the angular distance of the ring from the highest point of the wire. 

77. Four particles A, B, C, B of equal mass connected by equal threads 
are placed on a smooth plane of inclination a(<j7r) to the horizontal, so 
that ^C is a line of greatest slope and AB, AD make angles a with AC on 
opposite sides of it. If the uppermost particle A is held, and the particles 
B and D are released, prove that the tension in each of the lower threads is 
instantly diminished in the ratio 

(l-2sin2a)/(l+2sin2a). 

78. A bead of mass m' can slide on a thread one end of which is fixed 
while the other end carries a particle of mass m. Initially m is held at the 
level of the fixed end, and the two parts of the thread make equal angles a 
with the vertical. Prove that, if the particle m, is released, the initial tension 
in the thread is irndgoaa a^m'+im cos^a), and the initial acceleration of the 
bead m' is 

g (m' + 2m, cos^ a)l(m' + 4m cos^ a). 

79. One end of a thread PQ is fixed to a point P on a smooth horizontal 
plane, and the other end Q is attached to a small smooth ring of mass m 
which rests on the plane; another thread passes through the ring and is 
fixed at one end to a point Ji of the plane while its other end S carries a 
particle of mass M. Initially the angle PQR is obtuse and equal to /3, and 
the angle RQS is right; the particle M is projected parallel to QR with 
velocity V. Prove that the initial tension in FQ is 

Mm F2 (sin ^ - cos 0)/a {m+M+M sin 2/3), 
where a is the length of QS. 
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80. There is a system of n moveable pulleys mj, wij, ... m„ and n corre- 
sponding counterpoises of masses fij^, n^, ... /»„. Each pulley and its counter- 
poise are suspended by a cord passing over the preceding pulley. The 
highest cord (connecting m^ and /ij) passes over a fixed pulley, and no cord 
passes over the lowest pulley m„. The suffixes indicate the order in which 
the pulleys are slung. The pulleys are simultaneously set free. Prove that, 
if ^j, T2, ,,, T„ are the tensions in the cords, 

further, if the mass of each pulley (m) is to the mass of each counterpoise (fi) 
as 5 : 3, prove that the downward acceleration of the ^"' moveable pulley is 



81. Two equal particles connected by an inextensible thread lie on a 
smooth table with the thread straight; prove that, if one of them is pro- 
jected on the table at right angles to the thread, the initial radius of cuiTature 
of its path is twice the length of the thread. 

82. A small ring of mass m rests on a smooth straight wire, and another 
particle of mass m' is connected with it by a thread of length a. Prove that, 
if m' is projected in a direction at right angles to the wire from a point on it 
at a distance a from m, the initial radius of curvature of the path is 

a{m+m')jm. 

83. An inextensible thread passes through two smooth rings A, B ona, 
smooth table ; particles of masses p and q are attached to the ends, and a 
particle of mass m is attached to a point between A and B. Prove that, if 
m is projected horizontally at right angles to the thread, the initial curvature 
of its path is (pjOA ~ qlOB)/(p+q+m), 

84. A particle of mass m on a smooth table is joined to a particle of 
mass m' hanging just over the edge by a thread of length a at right angles 
to the edge. Prove that, if the system starts from rest, the radius of curva- 
ture of the path of m immediately after it leaves the table is 

{m + m'f {m 4- m')^ + 2»i'2 ' 

85. Two particles A, B are connected by afine string; A rests on a rough 
horizontal table (coefficient of friction =|i) and B hangs vertically at a 
distance I below the edge of the table. If A is on the point of motion, and 
B is projected horizontally with velocity u, show that A will begin to move 
with an acceleration iiU^/{{ii + 1) Q, and that the initial radius of curvature of 
B's path will be (11+ 1) I. 

21—2 
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86 Three particles A, B, C are connected by two threads AB, AG and 
placed in a line on a smooth table. The extreme particles are projected at 
right angles to the thread with velocities u, v. Prove that, if m, p, q are the 
masses, and a, h the lengths of the threads, the initial curvatures of the 
paths of B and C are 

{q+m)u^la + q v^lh • , {pJrm)v^lb+pu^la 
(p + j+m)M2 {p + q + 'm)v^ 

87. A particle of mass m. is attached to one end of a thread which passes 
thi-ough a bead of mass M and the other end is secured to a point on a 
smooth horizontal table on which whole rests. Initially the two portions of 
the thread are straight and contain an obtuse angle a, the portion between w, 
and M being of length a, and m is projected at right angles to this portion. 
Prove that the initial radius of curvature of the path of m is 
a (1 + 4mil^~i cos^^a). 



88. Into the top of a smooth fixed sphere of radius a is fitted a smooth 
vertical rod. A uniform rod of length 26 rests on the sphere with its upper 
end constrained to remain on the vertical rod, the centre of gravity being at 
a distance c from the point of contact. Prove that if the constraint is 
removed the pressure on the sphere is instantaneously diminished in the ratio 

6(6-c) :(52+3c2). 

89. Two equal uniform rods each of length 2a are freely hinged at one 
extremity and their other extremities are connected by an inextensible thread 
of length il. The system rests on two smooth pegs distant c apart in a 
horizontal line. Prove that, if the thread is severed, the initial angular 
acceleration of either rod is 

(8a2c - 1^) gl(% aV + Z2a*c^ll^ - 8a^cl). 

90. Six equal uniform rods each of mass m are freely jointed and are 
kept in the form of a regular hexagon by a thread joining two opposite 
corners. The hexagon is in a vertical plane with one rod fixed and horizontal 
and a particle of mass p is attached to the middle point of the lowest rod. 
The thread is then destroyed. Prove that p descends with initial acceleration 

{9m+Sp) gl{10m+3p). 

91. A uniform circular disc is supported in a vertical plane by two cords 
attached to the ends of a horizontal diameter, each making an angle a with 
the horizontal. One of the cords being cut, prove that the tension of the 
other is suddenly diminished in the ratio ^aia^a : l + 2sm^a. 

92. A uniform circular disc is symmetrically suspended by two elastic 
cords of natural length c inclined at an angle a to the vertical and attached 
to the highest point of the disc. Prove that, if one of the cords is cut, the 
initial radius of curvature of the path of the centre of the disc is 

3 cos ab (b — c)l{o sin 4a — b sin 2a), 
where b is the equilibrium length of each cord. 



EXAMPLES. 325 

93. A uniform equilateral triangular board is suspended by three equal 
cords from the corners of a similar triangle in a horizontal plane ; prove that, 
if one of the cords is cut, the tensions in the remaining two are instantly 
diminished in the ratio Ssiu^a : 2 + 4sin2a, where a is the angle which the 
plane through the two cords makes with the horizontal. 

94. A thin uniform rectangular board hinged along a line in itself 
parallel to one side is opened out to any angle and placed on a smooth 
horizontal plane so that the cross section of the board made by a vertical 
plane perpendicular to the hinge is a triangle ABG, of which the side AB is 
in the horizontal plane, and the angle C in the hinge. Prove that C starts to 
move in a direction making with the vertical an angle whose tangent is 
^ tan A tan B tan ^(A — B), and find its initial vertical and horizontal 
accelerations. 

95. A circular ring hangs in a vertical plane on two pegs in a horizontal 
line subtending an angle 2a at the centre. One peg is suddenly removed. 
Find the pressure on the remaining peg when it is (1) smooth, (2) rough, and 
prove that these pressures are in the ratio 1 : ^/(l+itan^a). 

96. Four uniform rods two of length 2a and two of length 26 whose 
masses are proportional to their lengths are freely jointed so as to form a 
parallelogram. One of the rods of length 2a is free to turn about a pivot at 
a distance c from its middle point, and is initially held in a horizontal 
position so that the figure is a rectangle, and is let go. Prove that the 
initial angular acceleration of each of the horizontal rods is 

go (a+6)/{c2 (a+6)+a2(Ja + 6)}. 

97. A sphere resting on a rough horizontal plane is divided into an in- 
definitely great number of solid segments by planes through a common 
diameter and is kept in shape with this diameter vertical by means of a band 
round the horizontal great circle. Prove that, if the band is cut the pressure 
on the plane is instantly diminished by the fraction 45n-^/2048 of itself. 

98. Two uniform rods AB, BG of masses m, m! alid lengths 2a, 26 are 
freely jointed at B. The end ..1 is fixed and the system is supported by a 
string attached to (7 in a position in which AB, BG make angles a and /3 with 
the vertical. Prove that, if the string is cut, the initial angular accelerations 
of AB and BG are 

f (»i + 2»i') sin a - 2m' sin^cos(a— /3) g 
J^ (to + 3m') - 4m' cos^ (a - ;3) a' 

, |(m + 3m') sin g - 2 (wt + 2m') sin a cos (a - /3) g 

' J^(m + 3m')-4m'cos2(a-^) 6* 

99. A uniform rod of length 2a and weight W rests on a rough horizontal 
plane with its pressure on the plane uniformly distributed. A horizontal 
force P, large enough to produce motion, is suddenly applied at one end 
perpendicularly to the length of the rod. Prove that the rod begins to turn 
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about a point distant x from its middle point, where x is the positive root of 
the equation 

sfi-{\- 2P/^ W) a^x - %Pa^lii W= 0, 

where /t is the coefficient of friction. 

100. A thin uniform rectangular plank of mass M is suspended from 
four points in the same horizontal plane by four parallel chains of eqiial 
length and negligible mass attached to the comers, and a uniform cylinder of 
mass m is on the plank with its axis parallel to an edge and its centre of 
inertia vertically over that of the plank. The whole system is drawn aside 
in the vertical plane at right angles to the axis of the cylinder till the chains 
make an angle a with the vertical, and is then let go. Prove that the initial 
tension of each chain is 

J (M+m) (SM+m) g cos a/{3 (M+m) - 2m cos^ a}, 

or ^M {M-\- m) g cos a/{M+ ni sin^ a — m/i sin a cos a}, 

according as /i .the coefficient of friction is greater or less than 

(M+m) tan a/{3M+m). 

101. A uniform circular disc (mass M) rotates in a horizontal plane with 

angular velocity oi. Close round it moves a ring of mass m and radius c 

rotating about its centre with angular velocity v(<a). The ring carries a 

massless smooth spoke along a radius, and a bead of mass p can move on the 

spoke under the action of a force to the centre of the ring equal to 

jii/(distance)2, and the bead is in relative equilibrium at a distance a from the 

centre. Prove that, if a slight continuous action now begins between the 

disc and the ring, of the nature of friction and proportional to the relative 

angular velocity, the distance of the bead from the centre, and the angular 

velocity of the ring, will at first increase, and their values after a short time t 

will be 

a + ifiavX (a - p)l{mc^ +pa?'), 
and 

1/ + a (ai - v)l{rru? +pa^ - \ \fi [X (<a - v)l{mc'^ + pa^)] [21 Mc'^ + l/(me2 +pa^)l 

where \6 is the frictional couple when the relative angular velocity is d. 

102. A series of 2m equal uniform rods each of mass m are hinged 
together and held so that they are alternately horizontal and vertical, each 
vertical rod being lower than the preceding; the highest rod is horizontal 
and can turn freely round its end which is fixed. Prove that, when the rods 
are let go, the horizontal component X^^ and the vertical component Y^r of 
the initial action- between the 2rth and the (2?'+l)th rods are given by 

X^=B {-5 + 2^6Y+C (-5-2^6y, 
r2,=5'(-5 + 2V6)'-+C"(-5-2Ve)'-, 
the constants B, 0, B, C being determined by the equations 

^2»=0, Y^=0, ^2 + 2^0=0, 272 + 16r„-5m^ = 0. 
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103. A chain is formed of n equal symmetrical rods, each of length 2a! 
and radius of gyration k about its centre of mass. One end is fixed and the 
whole is supported in a horizontal line. Prove that, if the supports are 
simultaneously removed, the free end begins to move with acceleration 

Sr[l+(-)"+isechlog(tanh»Jfi)], where 6=log{ajk). 

104. A mass M rests on a smooth table and is connected with a particle 
of mass m by an inextensible thread passing through a hole in the table. 
Prove that, if m is released from rest in a position in which its polar coordi- 
nates are a, a referred to the hole as origin and the vertical as initial line, 
then in the initial motion 

(M+m) ra=mg cos a, 06^= -gain a, 
a {M+ m) >-o" = 3mff^ sin^ a, a%'^=g^ sin a cos a {M+ Zm)j{M+ m). 
Also prove that the initial radius of curvature of the path of m is 

eW+j'V)*/Wyo-yo"^o). 

where A;„=J=o, j'o=aiJo, x^" =r^' -Za'ea\ y^''=a6^' + W^6a. 

105. One end of a uniform rod of length 2a and mass m is freely jointed 
to a board of mass M at its centre of inertia and the board is placed on a 
smooth table. The rod is held so as to make an angle a with the vertical, 
and is let go. Prove that the initial radius of curvature of the path of its 
middle point is 

a {M^ cos2 a + {M+ mf sin^ a}*/ Jf {M+ mf. 

106. A garden roller is at rest on a horizontal plane rough enough to 
prevent slipping, the handle being so held that the plane through the axis of 
the cylinder and the centre of inertia of the handle makes an angle a with 
the horizon. Show that, if the handle is let go, the initial radius of curva- 
ture of the path described by its centre of inertia is cn-^ {s\v? a-\-n^ co%^ of , 
where {n-1) M {K^+a?) = ma% and c is the distance of the centre of inertia of 
the handle from the axis of the cylinder, m its mass, and MK^ the moment 
of inertia of the cylinder about its axis, the cylinder being homogeneous and 
of radius a. 

107. Two uniform rods of lengths 2a, 26 and masses A, B are freely 
hinged at a common extremity and the other extremity of A is fixed. The 
rods fall from a horizontal position of rest. Prove that the initial radius of 
curvature of the further extremity of B is 

2aJ {A + Bfj{aA^ + b(2A + Bf}. 

108. A rough plank of mass M is free to turn in a vertical plane about a 
horizontal axis distant c from its centre of inertia, and a uniform sphere of 
mass m is placed on the plank at a distance h from the axis on the side 
remote from the centre of inertia, the plank being held horizontal. Prove 
that when the plank is let go the initial radius of curvature of the path of 
the centre of the sphere is 2165/(5-115), where d={mh - Mc)j{mb+ Ma), and 
Mah is the moment of inertia of the plank about the axis. 
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109. Two rods AC, CB of equal length 2a are freely jointed at C, the rod 

AC being free to turn in a vertical plane about the point A, and the end B 

of the rod CB being attached to A by an inextensible string of length 4o/^3. 

The system being in equilibrium the string is cut. Show that the initial 

4 /412 
radius of curvature of the path of .S is a — ^ -^ . 

110. A set of n equal rods are jointed together in one straight line and 
have initial angular accelerations uj, wj, ... <an in one plane. Prove that, if 
one end is fixed, the initial radius of curvature of the path of the free end is 

(ai<oi + ajffla + . • ■ + «n<»n)^/(«i<»i^ + "aV + ■ ■ • + «n<»B^)- 

111. A system of two equal uniform rods AB, CD and a sphere of 
diameter BC equal to the length of either rod is free to turn about A, the 
bodies being freely jointed at B and C, and ABCJD being initially a horizontal 
straight line. Prove that, if the mass of the sphere is equal to that of either 
rod, the initial radius of cur\'ature of the path of D is 1{-^AB. 



112. Three particles, of masses m,, OTj, m^, are symmetrically attached 
to a circular wire of negligible mass and of radius a which can move in a 
smooth circular tube of the same radius fixed in a vertical plane. Prove 
that the length of the simple equivalent pendulum of the small oscillations 
of the system is 

(% + «i2 + wij) a\ij{m^ + to/ + m^ - m^m^ - m^Mi - mjm^}. 

113. Two equal particles of mass fsina are attached, at distance 
2a sin a apart, to a thread, to the ends of which particles of mass P are 
attached. The thread is hung over two pegs distant 2a apart in a horizontal 
line. Prove that the period of the small oscillations about the position of 
equilibrium is the same as that for a simple pendulum of length a tan a. 

114. Three particles of masses m, M, m are attached to the points B, C, 
D oi a, thread AE oi length 4a, and rest suspended by the ends A, E from 
two points at the same level. The portions AB, BC, CD, DE are each of 
length a and make with the horizontal angles a, |3, ft u respectively. Prove 
that J/'tana=:(Jf+2»i)tanft and that, if M receives a small vertical dis- 
placement, the period of the small oscillations is the same as for a simple 
pendulum of length 

sin a sin ;3 sin (a - j3) cos (a - 0) 



a- 



sin* a cos a + sin^ cos ^ 



115. A particle of mass M is placed near the centre of a smooth circular 
horizontal table of radius a; cords are attached to the particle and pass over 
n smooth pxilleys placed symmetrically round the circumference, and each 
cord supports a mass M. Show that the time of a small oscillation of the 
system is 



Vi(-I)- 
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116. Two equal particles are connected by a string of length 21, which 
passes over a fixed pulley, and they rest on a smooth inclined plane ; |3 is the 
inclination of the two portions of the string to the plane when the particles 
are together, and a that of the plane to the horizon. Prove that when they 
are slightly displaced the length of the simple equivalent pendulum is 

I cot (3 cosec ^ coseo a. 

117. A triangle ABCi& formed of equal smooth rods each of length 2a, 
and small equal rings rest on the rods at the middle points of AB, AC, being 
attached to A by equal elastic threads of natural length I, and connected 
together by an inextensible thread passing through a fixed smooth ring at 
the middle point of BC. Prove that, if there are no external forces, and if 
one of the rings is slightly displaced, the period of the small oscillations is 

27r^{2alm/£!{5a-3r)}, 
where m is the mass of each ring and H is the modulus of elasticity. 

118. A particle is attached to the middle point of an elastic thread 
whose ends are attached to two points in the same horizontal plane. The 
distance between the points and the unstretched length of the thread are 
each equal to 2a, and in the position of equilibrium the two parts of the 
thread contain a right angle. Prove that the time of a small oscillation is 
the same as for a simple pendulum of length 

a(2V2-2)/(2^/2-l). 

119. A uniform elastic ring of mass m modulus X and natural length Znc 
in the form of a circle is under the action of a force /x (distance) per unit 
mass directed from its centre. Prove that its radius will vary harmonically 
about a mean length 2jrXc/(27rX - miic), provided 27rX>m^c. What happens if 
this condition is not satisfied? 

120. Three small equal rings are fitted on three smooth rods, which are 
parallel and in the same plane, one being midway between the other two, and 
the distance between neighbouring rods being a. Prove that, if the rings 
attract each other according to the law of gravitation and are placed so that 
the line joining any two of them is nearly perpendicular to the rods, the 
middle ring and the centre of inertia of the other two will oscillate in a period 
2jr/;^(3/i), and the other two relatively to each other in period 47r/\/(5/t), fia 
being the attraction at distance a. 

121. A circular hoop of negligible mass and of radius 6 carries a particle 
rigidly attached to it at a point distant c from its centre, and its inner 
surface is constrained to roll on the outer surface of a fixed circle of radius 
a, {b>a), vmder the action of a i-epulsive force from the centre of the fixed 
circle equal to /i times the distance. Prove that the period of small oscilla- 
tions of the hoop will be 

b+e 



2ir- 



: /b-a 



330 MISCELLANEOUS METHODS AND APPLICATIONS. [CHAP. XII. 

122. Two particles of masses M, m are attached to a thread which hangs 
vertically from a fixed point, m being above M ; (1) m is held slightly pulled 
aside a distance h from the position of equilibrium, and, being let go, the 
system performs small oscillations; (2) M is held slightly pulled aside a 
distance k, without disturbing m, and, being let go, the system performs 
small oscillations. Prove that the angular motion of the lower thread in the 
first case will be the same as that of the upper thread in the second case if 

M={M+m)h. 

123. A particle is placed on one of the plane faces of a uniform gravitat- 
ing circular cylinder at a very small distance from the centre of the face ; 
prove that it will make small oscillations in a period 

2{a^+h^)^ {nlyph)\ 
where a, h, p are the radius of the cylinder, its height, and the density of its 
material. 



124. The lower end of a uniform rod of length a slides on an inextensible 
thread of length 2a whose ends are fixed to two points distant %ij{a^-b'^) 
apart in a horizontal line, and the upper end of the rod slides on a fixed 
vertical rod which bisects the line joining the two fixed points. Prove that 
the time of a small oscillation about the vertical position of equilibrium is 

2^2jra/V{35'(26-a)}. 

125. The extremities of a uniform rod of length 4a slide without friction 
on the circumference of a three-cusped hypocycloid whose plane is vertical, 
one of the cusps being at the highest point of the circumscribing circle 
(radius 3a). Prove that the length of the simple equivalent pendulum 
is ^a. 

126. A number n of uniform isosceles triangular discs are smoothly 
jointed at a common vertex so as to form a pyramid whose base is a regular 
polygon inscribed in a circle of radius a, and whose edges lie on a cone of 
vertical angle 2cot-i^(3+sin27r/n). Prove that, if the system is placed so 
as to rest on a smooth sphere with each of its planes inclined to the vertical 
at an angle a [>sin~i (J cos rr/m)], the length of the simple equivalent pendu- 
lum for its small oscillations is 

Jacosa(l-f8cos2o)/(l-|-2cos2a). 

127. In a heavy plane lamina, whose centre of gravity is O, are two 
narrow straight sUts BA, AC, such that AO bisects the angle BAC. Through 
each slit passes a fixed peg, the pegs, P, Q, being in the same horizontal 
line. Prove that the time of a small oscillation of the lamina in its own 
plane, about a position of equilibrium in which the vertex A of the triangle 
APQ is upwards, is 

o / 2PQ{PQ^+k^sm^A) 
"■ \f gamA{4PQ^-ACPam^A)' 
where i is the radius of gyration of the lamina about a line through O per- 
pendicular to its plane. 
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128. A uniform solid right circular cone of height h, vertical angle 2a, 
and radius of gyration k about an axis through its centre of inertia at right 
angles to its axis of figure, rests with its vertex downwards between two 
rough parallel rails at a distance 2c apart in a horizontal plane. Prove that, 
if the equilibrium is stable, the period of the small oscillations about it is 

TT V[{16F sin^ a + (3A sin a - 4c cos af)jg sin a cos a (4c - 3/i tan a)]. 

129. A uniform sphere of radius c is placed on a horizontal wire in the 
form of an ellipse of axes 2a, 26. Prove that, if the wire is rough enough to 
prevent slipping, the length of the simple equivalent pendulum of the small 
oscillation about the position of equilibrium is 

where l? = %c\ and cP=c^-b^. 

130. Two equal wheels each of mass M, radius a, and radius of gyration 
k about its axis, are rigidly connected by an axle of length c and run on a 
horizontal plane. Two particles, each of mass m, are connected, one to each 
of the centres of the wheels by cords which pass over smooth pegs in the 
line of centres. Prove that if the wheels are symmetrically placed between 
the pegs, and slightly displaced by rolling on the plane, the time of a small 
oscillation is 

where 26 + c is the distance between the pegs, 

131. A solid circular cylinder, bounded by two planes making given 
angles with the axis, is laid on its curved surface on a rough horizontal plane. 
Find the position of stable equilibrium, and prove that, if I is the length of 
the simple equivalent pendulum for a small oscillation, and d the diameter of 
the cylinder, then the ratio of the longest and shortest generators is 

l+4:d:l-'M. 

132. Four "equal rods each of length 2as are jointed so as to form a 
rhombus which is set up in a vertical plane with its lowest corner fixed and 
one diagonal vertical, being kept in shape by an elastic thread in the other 
diagonal, and in the position of equilibrium the thread is stretched to twice 
its natm-al length and the rods make equal angles a with the vertical. Prove 
that the period of a small symmetrical oscillation is the same as that of a 
pendulum of length 

§a sec 2a cos a (1 + 3 sin^ a). 

133. Four equal uniform rods, each of length 2a and weight W, are 
freely jointed so as to form a rhombus, and the opposite corners are joined by 
two similar elastic threads of equal unstretched lengths and of modulus X. 
Prove that, if the system is laid on a smooth horizontal plane and the threads 
never become slack, each rod swings about its position of equilibrium like a 
simple pendulum of length f ^2 Waj\. 
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134. A cubical framework of twelve rods freely jointed at the corners is 
suspended from a corner and held in shape by an elastic string occupying the 
vertical diagonal. Prove that, if small oscillations take place with the string 
remaining vertical, their period is the same as that of a simple pendulum of 
length ^^(I-Iq), where I and Z,, are the equilibrium length and natural length 
of the string. 

135. A uniform rod rests in equilibrium on a rough gravitating uniform 
sphere imder no forces but the attraction of the sphere. Prove that, if 
slightly displaced, it will oscillate in time 

where m is the mass of the sphere, a its radius, and 21 the length of 
the rod. 

136. A uniform rod of length 2a moves in a smooth fixed tube under the 
action of a fixed gravitating particle of mass to at a point distant c from the 
tube. Prove that the period of small oscillations is 

137. A series of n infinitely long uniform circular cylinders, each of 
radius c and mass M per unit of length, is ranged symmetrically round a 
rigid framework freely moveable about a fixed axis A, the axis of each cylinder 
being parallel to A and at distance a from it. They are attracted by a 
similar gravitating fixed cylinder with a parallel axis at a distance 6(>a) 
from A. Find the positions of stable equilibrium, and prove that the period 
of small oscillation about such a position is 






where X is the pressure on the axis per unit of length, and the mass of the 
framework is neglected. 

138. Two equal spheres, each of radius a and moment of inertia / about 
an axis through its centre, have their centres connected by an elastic thread 
passing through holes in their surfaces, and are set to vibrate symmetrically. 
Prove (i) that, if in equilibrium the tension of the thread is T, then the time 
of an oscillation of small amplitude a is 2iTa~'^sl(JITa), and (ii) that, if 
the natural length of the thread is 2a and X is its modulus of elasticity, then 
the period is 



aW\Ka)]o. 



de 



iVCl-isin^^)" 

139. Two equal uniform balls are fixed to the ends of a rod AB of 
negligible mass which is suspended by its middle point by means of a wire 
of such torsional elasticity that the system makes a complete oscillation 
about in a horizontal plane in time T. Two equal fixed uniform spheres 
of radius a are fixed with their centres at C, D so that AC and BD are each 
of length 6 and are in the same horizontal plane with AB and perpendicular 
to it on opposite sides. The attraction of the spheres alters the position of 
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equilibrium of the balls by a small distance x. Prove that the density of 
the spheres is ^b^xja?yT^, 

where y is the constant of gravitation. 



140. A number of uniformly distributed particles move with the same 
velocity v in the same direction ; in this medium is placed a body of any form 
and such that all the particles impinging on it adhere. Show that, if if is the 
mass of the body at any time, and u its velocity, then M(v — u) will remain 
constant. 

141. An umbrella whose surface is smooth and spherical is held in rain 
which falls vertically with velocity v and the umbrella itself is drawn 
vertically downwards with velocity V{<v). Prove that the average pressure 
per unit area of the rain falling on the umbrella at a point whose distance 
from the highest point is 6 ia p cos^ 6 {v- V)^jv% where p is the average 
pressure per unit area of the rain falling on a fixed horizontal plane. 

142. Three equal particles are attached at equal intervals to a thread, 
and, when the thread is straight, the two extreme ones are projected in 
parallel directions with the same velocity v at right angles to the thread. 
Prove that, if there are no external forces, the angular velocity of the 
portions of the thread when they have turned through an angle . d is 
l/V(l+2sin2(9) of its initial value. 

143. Two particles on a smooth table are connected by an elastic thread 
of natural length a and are initially at rest at a distance a apart. One 
particle is projected at right angles to the thread. Prove that, if the 
greatest length of the thread during the subsequent motion is 2a, the velocity 
of projection is ^(8aX/3m), where X is the modulus of elasticity of the thread, 
and m is the harmonic mean between the masses of the particles. 

144. An equilateral wedge of mass M is placed on a smooth table with 
one of its lower edges in contact with a smooth vertical wall, and a smooth 
ball of mass M' is placed in contact with the wall and with one face of the 
wedge so that motion ensues without rotation of the wedge. Prove that the 
ball will descend with acceleration 

145. Two particles A, B of masses 2m and m are attached at equal 
intervals to an inextensible thread OAB, and lie on a smoqth table with 
the thread straight and the end fixed. The particle B is projected on the 
table at right angles to AB. Prove that in the subsequent motion the angle 
OAB is never less than a right angle, and that when OAB is again a straight 
line the velocity of B is half that of A. 

146. Two particles of masses m, m' are placed close together on a smooth 
horizontal plane and are connected by an elastic thread of modulus X which 
passes round a smooth peg in the plane, and is of its natural length a. The 
two particles are projected away from the peg with equal momenta. Prove 
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that they will come to rest at the same time and that their distance apart 
will then be {m~m') s/{awvl\(m+m')}, where « and v are their initial 
velocities. 

147. Find the charge of powder required with an elevation of 15° to 
send a 32 lb. shot over a range of 1600 yards, being given that the initial 
velocity is 1600 feet per second when the charge is half the weight of 
the shot. 

Prove that, if the gun is moveable on a smooth horizontal plane, and if 
the weight of the gun is n times that of the shot, while the charge is that 
just found, then the range is 

6400ra/(4?i + 2 - V3) yards. 

148. A gun is suspended freely at an inclination a to the horizontal by 
two equal parallel cords in a vertical plane containing the gun, and a shot 
whose mass is Iju of that of the gun is fired from it. Prove that the range 
on a horizontal plane through the muzzle is in {l+n)h tan a, where h is the 
height through which the gun rises in the recoil. 

149. A regular polygon of n sides is placed in a vertical plane with its 
two highest sides equally inclined to the vertical. A particle slides down 
from the highest point and V^ is its velocity on arriving at the leth angular 
point from the top, there being no restitution in the impacts. Prove that 
the particle will or will not pass through the (K + l)th angular point ac- 
cording as 

172^ ^1 Stt „(2K + l)ir (2(£-l)7r 
K;< or >iag cosec — cos^ ^ '— sec ^ — . 

150. A wedge of mass M and angle a rests on a smooth horizontal table, 
and a particle of mass m, moving on the table in a vertical plane through 
the centre of inertia of the wedge and a line of greatest slope on its inclined 
face, comes to the edge of the wedge. Prove that, if there is no restitution 
between the wedge and the particle, and if the wedge is high enough, the 
particle will ascend through a vertical height 

hM^ cos2 al{{M+ m){M+m sin^ a)}, 

where h is the height to which the velocity of the particle before reaching the 
wedge is due. 

151. A wedge of angle a and mass M is free to move on a fixed hori- 
zontal plane. Another wedge of angle a and of mass M' is laid upon it so 
that its upper surface, on which there is a particle of mass m, is horizontal. 
The surfaces are all smooth and the motion takes place in a vertical plane. 
Prove that the pressure of the particle m on the plane with which it is in 
contact is 

MM'mgl{MM' + {M+ M'){m+ M') tan^ a}. 

152. Prove that, in the system of Example 151, the total weight exceeds 
the pressure on the fixed horizontal plane by 

{{M+M'){M'+mygsm^a}/{{M+M'){M'+m)8iii''a-i-MM'coB^a}. 
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153. A smooth bore giin and carriage, together of mass M tons, are 
placed on a railway truck of mass M' tons which runs on a smooth level 
railway. A projectile of mass m tons is fired from the gun parallel to the 
rails. Show that, if the gun is fixed to the carriage, if the powder gas exerts 
a uniform thrust equal to the weight of § tons on the shot and gun, lasting 
till the shot has traversed the bore, a length I feet, and if the resistance to 
sliding between the gun carriage and the truck is constant and equal to the 
weight of R tons, then the velocity imparted to the shot is 

(^sJ]^MgH\m{m,-^M) ^-wi^iS}] feet per second, 

and the total length of recoil of the gun carriage on the truck is 

iqm {M'{q-R)- MR)I[R {M+ M') {{M+ m)Q- mR}] feet. 

154. In a truck of mass M is fixed a fine vertical tube inside which is 
fastened a particle of mass m. The truck is made to slide on a smooth 
horizontal plane by a massless horizontal chain which passes over a fixed 
smooth pulley and supports a body of mass M'. Motion ensues for time t 
after which the particle is allowed to fall down the tube. Prove that the path 
of the particle is a parabola of latus rectum 

2if' 2 {M+ M' + m) gfil{(M+ M' + mf + M'^}1 

155. A railway carriage of mass M moving with velocity v impinges on a 
carriage of mass M' at rest. The force necessary to compress a buffer 
through the full extent I is equal to the weight of a mass m. Assuming that 
the compression is proportional to the force, prove that the buffers will not be 
completely compressed if 

v^<2mgl(llM+l/M'). 

Prove also that if v exceeds this limit, and if the backing against which 
the buffers are driven is inelastic, the ratio of the final velocities of the 
carriages is 

Mv-sJ{2m,M'gl{\+M'IM)} : Mv+^{2mMgl{l+MIM')}. 

156. Two particles of masses in and m', joined by an elastic thread of 
natural length I and modulus X, are placed on a smooth table with m at the 
edge and m' at a distance I in a line perpendicular to the edge. The particle 
m is then just pushed over the edge. Prove that, if the length of the thread 
at any time is Z+«, then 

s^=2gs—\s^ (m+m')/mm'l. 

Also, if at time t, m has fallen through z and m' is at a distance x from 
the edge, prove that 

m' {I - x)-\-mz=\mg^. 

\h1. An elastic circular ring of radius c sin a is placed unstretched in a 
horizontal plane over a smooth sphere of radius c. Prove that if it just 
slips over the sphere the position of equilibrium is defined by the equation 
4 (sin 6 - sin a)^ (1+ sin a) = tan^ 5 (1 - sin of. 
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158. Two equal particles are connected by a thread one point of which 
is fixed, and the particles are describing circles of radii a and 6 about this 
point with the same angular velocity so that the thread is always straight. 
Prove that, if the thread is suddenly released, the tensions in the two portions 
are altered in the ratios (a 4- 6) : 2a and (a + 6) : 26. 

159. Three equal particles are attached at equal intervals to a thread. 
One extreme particle A is held fixed, and the other two are describing circles 
about it with the same angular velocity so that the thread is straight. Prove 
that, if the particle A is let go, the tensions in the two portions of the thread 
are diminished in the ratios 1 : 3 and 1:2. 

160. Two particles each of mass m are connected by a rod of negligible 
mass and of length I, and lie on a rough horizontal plane (coefficient of 
friction \i). One of the particles is projected vertically upwards with velocity 
F, prove that the other particle will begin to move when the rod makes with 
the plane an angle a, where a is the least angle which satisfies the equation 

( F^ - Zgl sin a) (cos a + ;i sin a) = fi,gl, 

provided V'lgl is less than 3sina+coseca, and find the radius of curvature 
of the path immediately after. 

161. Two particles, each of mass m, are connected by an inextensible 
thread of length I passing over a smooth pulley at the top of a smooth plane 
of inclination a on which one of the particles rests at a distance a from the 
top {a<l). Prove that in the motion which ensues after the system is free of 
the plane the tension of the thread is constant and equal to 

\ mgal ~^oos^a{l-s\na), 

and that the radius of curvature of the path of the upper particle immediately 
after it leaves the plane is 

^ 1 - sin g [cos^a+^(l-sina)^]^ 
cos a l+JoZ"' 008^0(1 -sin a)' 

162. A spherical shell contains a particle of equal mass supported by 
springs of equal length and strength, attached at opposite ends of a diameter, 
and the system, all parts of which are moving in the line of the springs with 
the same velocity, strikes directly a fixed plane. Show that, if the coefficient 
of restitution between the shell and the plane is unity, the shell will strike 
the plane again after an interval of time equal to half the period of free 
oscillation. 

163. In Example 162 the spherical shell is of mass km, and the particle 
of mass m. Prove that the shell will or will not strike the plane again 
according as A< or >l + 2cosa, where a is the least positive root of the 
equation tana=a+7r. 

164. In Example 162 the particle and the shell have equal masses but 
there is imperfect restitution (coefficient e) between the shell and the plane. 
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Prove that, if 27r/?i is the period of the free osoillations of the system, the 
time t until the shell again strikes the plane is the smallest positive root of 
the equation 

(1 + e) sin n< = (1 - e) nt. 

165. In Example 163 prove that the period of oscillation when the sheU 
is free to move is less than it would be if the shell were held fixed in the ratio 

1:V(1 + 1W. 

166. In a smooth table are two small holes .4, 5 at a distance 2a apart ; 
a particle of mass M rests on the table at the middle point of AB, being 
connected with a particle of mass m hanging beneath the table by two 
inextensible threads, each of length a(l+seca), passing through the holes. 
A blow J is applied to M at right angles to AB. Prove that, if 

J^>^Mm.a,g ia,n a, 
MvnW. oscillate to and fro through a distance 2a tan a, but if 

J^=^Minag (tan a— tan (3) 
where tan /3 is positive, the distance through which M oscillates will be 
2av/{(sec a — sec /3) (sec a - sec /3 + 2)}. 



167. A particle can move in a smooth plane tube which rotates uniformly 
with angular velocity &> about a vertical axis. Prove that the time of a small 
oscillation about a position of relative equilibrium is 



%n It p sin g \ 
o) \J \a — p sin a cos^ a) ' 



where p is the radius of curvature at the point of equilibrium, a the angle 
the normal at this point makes with the vertical, and a the distance of the 
point from the axis. 

168. A smooth circular wire is made to rotate uniformly about a vertical 
diameter. A bead of mass m can move on the wire, and is attached to a 
thread, which passes through a fixed smooth ring at the lowest point of the 
circle and supports a body of mass m. Prove that, if a is the angle which the 
radius through the bead in steady motion makes with the vertical, the steady 
motion is stable or unstable according as 

l-6sin2^a-8sin5^a 
is negative or positive. 

169. A particle describes a horizontal circle in steady motion at a depth 
d below the centre' of a smooth oblate spheroid of axes 2a, 26, the axis of 
revolution being vertical. Prove that, if the tangent plane at any point of 
the circle makes an angle yjf with the vertical, the velocity is acot-\lfJ(gd)/b, 
and the period of the small osoillations when the steady motion is slightly 
disturbed is the same as that of a simple pendulum of length 

a2rf/(a2 cos2 yj, + 4:b^ sin^ yj,). 

170. A particle is describing a circle of radius r in a smooth bowl in the 
form of a surface of revolution whose axis is vertical. Prove that, if the 

L. 22 
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particle is slightly disturbed, the length of the simple equivalent pendulum 
for the small oscillations is 

rp cos a/(r + 3p cos^ a sin a), 
where p is the radius of curvature of the meridian curve and a the inclination 
of the normal to the vertical at any point on the horizontal circle. 

171. A thread of length I has its ends attached to two points distant c 
apart on a vertical axis, and a bead can slide on the thread ; the system 
rotates about the vertical axis with angular velocity <a. Prove that, if 

the time of a small oscillation about a position of relative equilibrium is 

where A = 2ffPlc:,^(P-c^). 

172. A particle describes a circle uniformly under the influence of two 
centres of force which attract inversely as the square of the distance. Prove 
that the motion is stable if 3cos5oos0<l, where 6, <j> are the angles which 
a radius of the circle subtends at the centres of force. 

173. A straight uniform rod passes through a ring on a smooth horizontal 
plane, and an elastic thread whose natural length is equal to that of the rod 
has its ends fastened to the ends of the rod and its middle point fixed to the 
ring. Prove that, if the rod is rotating about its centre with an angular 
velocity such that the steady motion is unstable, then if it is slightly dis- 
tm-bed its centre will describe the curve whose polar equation is 

{l + K^jr') sin2a=cosh2(5sina), 

where 6 is measured from the apse line, k is the radius of gyration of the rod 
about its centre, and <c tan a is the value of r at the apse. 

174. A uniform rod of length 26 can slide with its ends on a smooth 
vertical circular wire of radius a and the wire is made to rotate about a 
vertical diameter with uniform angular velocity m. Prove that the lowest 
horizontal position is stable if 

175. Four equal uniform rods are freely jointed so as to form a rhombus 
ABDC; AB, J Care connected with a vertical spindle ly means of a hinge 
at A, permitting free motion in the vertical plane BAG. An elastic thread, 
of natural length ^AD when AB is inclined to the vertical at an angle a, and 
of modulus of elasticity equal to twice the weight of a rod, joins A to D. 
Prove that if the system is started to rotate with angular velocity a, 

=^{ZglAD), 
when each rod makes an angle a with the vertical the system will move 
steadily, and that the time of a small oscillation about the steady motion is 
(7r/<»)V(l+3sin2a). 



EXAMPLES. 339 

176. A plane disc of any form has in its surface a flat circular cavity of 
radius a, and it is free to turn about a vertical axis through a point in the 
circumference of the cavity. A circular disc of mass m and radius o{<a) 
with a smooth face and a rough edge is in the cavity, and the whole system is 
rotating steadily about the vertical axis with angular velocity <a. Prove that 
the length of the simple equivalent pendulum for small oscillations about the 
state of steady motion is 

g{a-o) {c^+}fi)I+AmBa? ' 
aoW /+ m {F + (2a - cf) ' 
where 7 is the moment of inertia of the first disc about the axis, and k is the 
radius of gyration of the circular disc about a vertical axis through its 
centre. 

177. A plane tube the equation of which is y^=/(^) is turning freely 
about the axis of symmetry which is vertical with angular velocity ijigjc), 
and a particle of mass m is in the tube close to the lowest point. Prove that, 
if the radius of curvature of the tube at the lowest point is greater than c, 
the particle will rise in the tube to a vertical height h which is the least 
positive root of the equation 

^Ioh = {I-'2.mch)f{h), 
where / is the moment of inertia of the tube about the axis of symmetry. 

178. One end of a rigid uniform rod of length 2a formed of gravitating 
matter is constrained to move uniformly in a circle of radius c with angular 
velocity <a, and the rod is attracted to a fixed particle of mass m at the centre 
of the circle. Prove that the rod can move steadily projecting inwards 
towards the centre, and that this steady motion is stable if 

■y»i>(B^c(c— 2a)2. 



179. If an elastic thread whose length is the same as that of a uniform 
rod is attached to the rod at both ends, and suspended by the middle point, 
prove that the rod will sink until the parts of the thread are inclined to the 
horizon at an angle 6 which satisfies the equation 

cot3^5-cot^d=2?i, 
where n is the ratio of the modulus of elasticity of the thread to the weight 
of the rod. 

180. A bead is free to slide on a rod whose ends slide without friction 
on a fixed circle. Prove that it moves relatively to the rod as if repelled 
from the middle point with a force varying inversely as the cube of the 

■ distance. 

181. A smooth rigid uniform circular tube of mass M contains two 
particles of masses m^, m^ and being placed on a table is set in motion by a 
blow in a line passing through the centre of inertia of the system. Prove 
that, if ^1, $2 are the angles which the radii to the particles make at time t 
with a fixed line on the table, then throughout the motion 

M{mJi + mjfl'a) + 'Hm^ni^ (fl'i + B^) sin^ \ {6-^-62) = 0. 

22—2 
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182. Two equal uniform rods AB, BC each of mass m and length 2a are 
freely jointed at B and have their middle points joined by an elastic string, 
and the system moves in one plane under no forces. Prove that, if 6 is the 
angle between the string and either rod at any time, the angle the string 
makes with a fixed line, and V the potential energy of the stretched string, 
then throughout the motion 

(I + cos^ 6)^= const., 
ma^{{\^ cos2 6)4>^ + {\+ sin^ 5) d'^} + 7= const. 

183. Two equal uniform rods AC, OB, hinged at C, and having their 
extremities A, B connected by a thread so that AGB is a, right angle, are 
revolving in their own plane with uniform angular velocity about the angle 
A which is fixed. Prove that if the thread is severed the reaction at the 
hinge is instantaneously changed in the ratio ^5:4:. 

184. A smooth uniform tube contains a smooth uniform rod and the 
system moves under no external forces being set in motion by an impulse at 
right angles to the tube when the distance between the middle points of the 
rod and tube is a. Prove that the distance r between the middle points when 
the system has turned through an angle 6 is given by the equation 



(a^ + b^) U+ 62 + ^gy| = (r2 + 62)2 



where 6 is a certain constant depending on the masses and moments of inertia 
of the rod and tube. 

185. A smooth circular tube lying in a horizontal plane contains a 
particle at a point O and can turn about a point A of its circumference. 
Prove that, if the tube is struck by a horizontal blow, the particle can 
oscillate about the point B furthest from A, and that, if OB subtends at the 
centre an angle u and the line joining the particle to the centre at time t 
makes with the radius to 5 an angle /3, the limits of oscillation are given by 

008^/3= + -J sin a. 

186. One end of an inextensible thread of length a is attached to a 
smooth circular wire of radius a whose plane is vertical at one end of a 
horizontal diameter, and the other end is attached to one end of a rigid 
uniform rod of length a whose other end can slide on the wire. The system 
starts from rest with the thread and rod in a horizontal position ; find the 
velocity of the rod when its middle point has fallen through any distance. 

187. A uniform rod. of mass m and length 2a moves at right angles to 
itself on a smooth table, and impinges symmetrically on a uniform circular 
disc of mass m' and radius a spinning freely about its centre. Prove that, 
if there is no restitution, and the edge of the disc is rough enough to prevent 
slipping, the bodies will separate after an interval in which the unmolested 
disc would have turned through an angle whose circular measure is 

(to' + 3»i)/(ot' 4-«i). 
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188. A solid paraboloid of revolution is free to turn round its axis which 
is vertical, and has a groove cut in its surface which makes a constant angle 
a with the axis. A particle of mass m is placed in the groove at a depth h^ 
below the vertex. Prove that when the particle has descended a depth A the 
angular velocity of the paraboloid is 



/ 2gha {{h + kg) sin^ a- a cos" a} 

"* V {I+4ma{h + hg)} {I+4ma{a + h+h„)i 



{1+ Ama (h + h(,)} {/+ 4ma (a + h+h^) cos^ a} ' 
where 4a is the latus rectum of the paraboloid and / is its moment of Inertia 
about its axis. 

189. A uniform cube, of mass M, and radius of gyration k about an axis 
through its centre, rests on a smooth horizontal plane, and a smooth circular 
groove of radius a is cut on the upper face and passes through the centre 
of that face. A particle of mass m is projected along the groove from with 
velocity V. Prove that, if ayjr is the arc traversed by the particle, and <jj the 
angle turned through, by the block in any time, 

cot 5^^ (i,^ - 6)=;j^^ ooH<l>, 
where /S^ = k^ {M+ m)/4mal 

190. Two uniform rods each of length 2as are freely jointed and placed 
on a smooth table in a straight line parallel to an edge. A cord is attached 
to the joint and passing over the edge of the table at right angles supports a 
body of mass l/n of that of either rod. Prove that the angle 6 through 
which either rod has turned at time t is given by the equation 

{2+?i(l+3sin2 5)}ad"2=3^sin5. 

191. Six equal uniform rods are freely jointed at a point and have 
their other ends at the corners of a regular hexagon on a smooth horizontal 
plane, these ends being connected by six similar elastic threads in the sides 
of the hexagon. Initially all the threads have their natural lengths, and the 
rods are inclined at an angle a to the vertical. Prove that the joint will or 
will not reach the plane according as the ratio of the modulus of elasticity of 
each thread to the weight of each rod < or > sin a cos a/(l - sin of. 

192. A rifled gun is mounted on a carriage without wheels. Prove that, 
if a is the elevation of the gun, p the pitch of the barrel, i: the radius of gyra- 
tion of the shot, and U, Fthe muzzle velocities of the shot when the carriage 
is (1) fixed and (2) allowed a free recoil, then 

V^ {k^/p^+ain^a+Mcoa^aKM+m)} = U^{l+k'/p^) {am^a+3Pooa^aj{M+m)^}, 
where m is the mass of the shot, and M is the mass of the gun and carriage. 

193. A particle is placed in a smooth elliptic tube of n times its mass at 
an end of the major axis, and the tube is struck by a blow parallel to the 
minor axis so that it starts to move parallel to this axis with velocity V. 
Prove that the eccentric angle i^ of the position of the particle at any time 
is given by the equation 

L^sin^0+&^cos^./.+ ,, "V,f "^?y. , J <^^= n 
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where 2a and 26 are the principal axes of the tube, and k is its radius of 
gyration about its centre. 

194. Two rough horizontal cylinders each of radius c are fixed with their 
axes inclined to each other at an angle 2a and a uniform sphere of radius a 
rolls between them, starting with its centre very nearly above the point of 
intersection of the highest generators. Prove that the vertical velocity of its 
centre in a position in which the radii to the two points of contact make angles 
^ with the horizontal is 

^{lO^i (as + c) (1 - sin (^)/(7 - 5 cos^ a cos^ (^)}. 

195. Two equal right circular cones of semivertical angle a are fixed with 
their axes horizontal so as to touch along a horizontal generator and to have 
their vertices coincident. A sphere, of radius a rolls between them. Prove 
that the height z of its centre above the plane of the axes satisfies the 
equation 

f ,2 2.2 / z2\2-l 

\z^ |l + L^cot2a+^2<'ot'''(sec2a+-2J ^=g{z,-z). 

196. A circular tube of mass m and radius a contains a particle of mass 
nm,, and the tube rotates freely about a vertical chord AB {A above B) which 
subtends an angle 2a at the centre. Initially the particle is at the highest 
point C of the tube and the tube is set rotating with angular velocity fl, 
Prove that, if the particle oscillates between C and B, then 

aQ2{(?i+l)cos2a+^}cos2a=5'(H-sina)(l+2cos2a). 

197. A rhombus of four equal uniform rods each of length a freely 
jointed together is laid on a smooth horizontal table with one angle equal to 
2a, and the opposite corners are joined by similar elastic threads of natural 
lengths 2a cos a and 2a sin a. Prove that, if one thread is slightly extended 
and the rhombus left free, the periods during which the threads are extended 

in the subsequent motion are in the ratio (cos of : (sin of. 

198. A particle of mass m is placed in a smooth straight tube which can 
rotate in a vertical plane about its middle point, and the system starts from 
rest with the tube horizontal. Prove that the angle 6 which the tube makes 
with the vertical when its angular velocity is a maximum and equal to o> is 
given by the equation 4(»ir''+/)(o* — 8»i^r(B''cos5 + m^^sin2fl=0, where I 
is the moment of inertia of the tube about its middle point, and r is the 
distance of the particle from that point, 

199. Four equal rods of length a and mass m are freely jointed so as to 
form a rhombus one of whose diagonals is vertical; the ends of the horizontal 
diagonal are joined by an elastic thread at its natural length, and the system 
falls through a height A to a horizontal plane. Prove that, if any rod makes 
an angle 6 with the vertical at time t after the impact, then 

(l + 38inM)5-'==^ _J^ + §fl:(eosa-cos^)-^ (^i^f^EE^, 
"• ' c? l + Ssm^a a ^ ' Uma sma ' 

where a is the initial value of 6, and X is the modulus of the thread. 
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200. A square formed of four similar uniform rods freely jointed at their 
extremities, is laid on a smooth horizontal table, one of its corners being 
fixed; show that, if angular velocities a, a in the plane of the table are 
communicated to the rods that meet at this corner, the greatest value of the 
angle between them is 

^COS-l{-f(<o-o>')2/(a.2 + <o'2)}. 

201. A homogeneous hemisphere of radius a and mass M falls from rest 
with its base vertical on to a smooth horizontal plane (no restitution). Prove 
that its pressure on the plane when its base is horizontal is equal to 

where V is the velocity with which it strikes the plane. 

Prove that the hemisphere will leave the plane immediately upon its base 
becoming vertical if 15V>l6s/{aff), and that, if 615V^/{10247raff) is an 
integer, the hemisphere will again strike the plane with its base vertical. 

202. Two equal homogeneous cubes are moving on a smooth table with 
equal and opposite velocities F in parallel lines, and impinge so that finite 
portions of opposing faces come into contact ; show that so long as they 
remain in contact the line joining their centres meets the opposing faces at 
a distance x from the centres of the faces where 

a;2 (^2 + f a") ( ^ + ^a^) = VW {"■^ + -^^ - V). 
where 2as is a side of either cube, and x^ is the initial value of x. 

Prove further that, if the line joining the centres at the instant of impact 
cuts the opposing faces at an angle Jtt, then while the faces are in contact 
they slip with uniform relative velocity, and separate after an interval 
(1 +\/3) a/ V after turning through an angle 

2V|{tan-V% + tan-V*}- 

203. Two equal rigid inelastic uniform hooks A BCD, A'B'C'D' each in 
the form of three sides of a square of side 2a moving with equal velocities V 
in opposite directions parallel to AB or A'B' impinge, so that the points D 
and D' strike the middle points of B'C and BO. Show that they separate 
immediately after impact with the velocities of their centres of inertia reduced 
in the ratio 9 : 53. 

Prove that if the ends I) and D' are provided with apparatus for clipping 
the sides B'C and BC so that they can slide on these sides without friction, 
then in the subsequent motion 3 and Jy will come to relative rest after 
moving over distances J (3-^/5) a on jB'C" and BO, and that the sides CD 
and CD' will impinge upon A'B' and AB after an interval 
V53 a [6 V(44 + ^^) 

from the instant when D and D' were at rest relative to the hooks. 

204. Two smooth rigid uniform hemispheres, each of radius a and of 
equal masses, moving at right angles to their bases with the same velocity V, 
impinge so that lengths fa of the diameters of their bases in the plane 
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through their centres perpendicular to their bases come into ooiitaot. Prove 
that the distance x between their centres at time t is given by the equations 

8O^=19a2(02-l), 

^/19 a ~V19 ^ * ^^VS-n/IS^+I/ 



205. A uniform chain of length I is held by its upper end so that its 
lower end is at a height I above a fixed horizontal plane, and is let drop on 
the plane. Prove that when half the chain is on the plane the pressure on 
the plane is f of the weight of the chain. 

206. A uniform chain of length I is coiled at the edge of a table; one 
end is attached to a particle of mass equal to that of the chain, and the other 
end is put over the edge of the table. Prove that immediately after leaving 
the table the particle is moving with velocity \>J{%gl). 

207. Two uniform chains, lengths I, V, masses ml, ni'V, are coiled in 
loose heaps and lie close together. They are projected with velocities v, if 
in directions containing an angle .. and move under no forces. Prove that, 
if mP>m,'l'\ the former will be uncoiled before the latter, that the tension so 
long as neither is completely uncoiled is mm' (v^+i/^—Zvi/ cosa)/(-Jm+i^m'y, 
and that the whole time which elapses before both are uncoiled is 

i(ml^+ m'l'^ + 2m'U')/ml^(v^ + v'^ - 2vv' cos a). 

208. A coil of uniform chain of mass mij per unit of length is placed on a 
smooth table and one end of it is joined by a thread passing over the edge 
of the table to one end of another coil of mass m^ per unit of length, which 
is held just at the edge. Prove that if the second coil is let go the straight 
parts of the chains increase with uniform accelerations 

gslm^l{^m^+Jm^ and ff^mj^^m^+^m^), 
so long as neither is completely uncoiled. 

209. A chain of length I slides from rest down a line of greatest slope 
on a smooth plane of inclination a to the horizontal, the end of the chain 
hanging initially just over the edge. Prove that the time of leaving the 
plane is ij{llg {1- Bin a)} log {cot ^a). 

210. A smooth circular cylinder is fixed with its axis horizontal and 
vertically over the edge of a table, on which a length as of a uniform chain 
of mass ml and length I is coiled,, the chain passing over the cylinder and 
having its free end on a level with the table. Prove that, if this end is 
slightly displaced downwards, the amount of energy that will have been 
dissipated by the time the chain leaves the table is ^mga^/l. 

211. A smooth circular cylinder is fixed with its axis horizontal and 
vertically above the edge of a table on which lies a chain of length I and 
mass II, one end of which is attached to a thread passing over the 
cylinder and supporting a body of mass M. If all the chain is off the 
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table before any of it reaches the cylinder, prove that the amount of energy 
dissipated by the time the chain leaves the table is 
\mgl{ZM-^)l{M^^). 

212. A quantity of uniform chain is coiled on a horizontal plane, and a 
body of mass equal to that of a length I of the chain is fastened to one end 
and projected vertically upwards with the velocity due to falling through 
a height h ; prove that it will rise to a height 

{P(Z + 3A)}*-Z. 

213. A length i of a uniform chain of length l + h and mass fi,{l+h) is 
coiled at the edge of a table and the length I hangs over the edge. Prove 
that the amount of energy dissipated by the time the chain leaves the table 
isly.gh^{Zl+h)l{l+k). 

214. A great length of uniform chain is coiled at the edge of a horizontal 
platform, and one end is allowed to hang over until it just reaches another 
platform distant h below the first. The chain then runs down under gravity. 
Prove that it ultimately acquires a finite terminal velocity V, that its velocity 
at time * is F tanh ( Vtjk), and that the length of chain which has then run 
down is h log cosh ( Ytlh). 

215. A thread of length 2A — Z passing over a smooth peg at a height h 
above a table has attached to its ends two uniform chains, and the system is 
released from rest when a length I of one chain is vertical and the rest of 
that chain and the other chain -are coiled on the table. Prove that the 
chains will be momentarily at rest when the length of the vertical portion 
I is reduced to Z— «, where 

log{W-^)} = 2^/«, 
and that the maximum velocity is acquired when 2^/Z=log2. 

216. A chain whose density varies uniformly from p at one end to 2p at 
the other end is placed symmetrically on a small smooth pulley and is then 
let go. Prove that it leaves the pulley with velocity ^,J{l\lg), where 2Z is its 
length. 

217. Two buckets each of mass if are connected by a chain of negligible 
mass which passes over a fixed smooth, puUey. On the bottom of one of 
them lies a length I of uniform chain, whose mass is fd, one end of which 
is attached to a fixed point just above the bottom of the bucket. Prove 
that, if the system starts to move from rest, the velocity of the bucket when 
there remains upon it a length y of chain is V, where 

218. Two scale-pans each of mass M are supported by a cord of negligible 
mass passing over a smooth pulley, and a uniform chain of mass m and 
length I is held by its upper end above one of the scale-pans so that it just 
reaches the pan. Find the acceleration of the pan when a length a; of chain 
has fallen upon it, and prove that the whole chain will have fallen upon it 
after an interval ^{\l{^M+m)jMg}. 
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219. A chain of length a is coiled up on a ledge at the top of a rough 
plane of inclination a to the horizontal, and one end is allowed to slide down. 
Prove that, if the inclination of the plane is double the angle of friction (\), 
the chain will be moving freely at the end of a time ij\^a\(g tan X)}. 

220. One end of a uniform chain of length I and mass m is fixed to a 
horizontal platform of mass (2/;-1)to, the chain passes over a smooth fixed 
pulley, and is coiled on the platform. As the platform descends vertically, 
the chain uncoils, rises vertically and passes over the pulley. Prove that at 
any time t before the chain is completely uncoiled the depth x of the platform 
satisfies an equation of the form a?=a-\-^!S-\-ye'^", where a, j3, and y are 
constants. 

221. A uniform chain is placed on the arc of a smooth cycloid whose 
axis is vertical and vertex upwards. Show that so long as the chain is 
wholly in contact with the cycloid the tension at any point of the chain 
is constant throughout the motion, and is a maximum at the middle point. 

222. A string without weight is coiled round a rough horizontal uniform 
solid cylinder of mass M and radius a which is free to turn about its axis. 
To the free extremity of the string is attached a uniform chain of mass m 
and length I ; if the chain is gathered close up and then let go, prove that 
the angle, 6, through which the cylinder has turned after a time t, before the 
chain is fully stretched, satisfies the equation MlaB—mi-^gt^-aSf- 

223. A piece of uniform chain is placed on a four-cusped hypocycloid 
occupying the arc between two cusps the tangents at which are horizontal 
and vertical, and the chain runs off the curve at the lower cusp. Prove that 
the velocity of the chain when it has just all run off is that due to falling 
through j^ of its length. 

224. An elastic circular ring of which the radius when unstrained is a 
rests on a smooth surface of revolution whose axis is vertical in the form of 
a circle of radius r. Prove that the period of the small oscillations in which 
each element moves in a vertical plane is the same as for a simple pendulum 
of length I, where 1/Z = sin a cos a/(r — a) — sec a/p, p being the radius of 
ciu'vature of the meridian curve at a point on the ring, and a the incli- 
nation of the normal to the vertical. 

225. An endless flexible and inextensible chain, of which the mass per 
unit length is y, through one continuous half and /i' through the other, is 
stretched over two equal rough discs each of mass M and radius a, which 
can turn freely about their centres at a distance 5 apart in a vertical line. 
Prove that the time of a small oscillation of the chain under gravity is 

/-^ + (™H-6)(MV) 
^V 2(,*-/)s' • 

the discs being rough enough to prevent slipping. 
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226. An elastic string (modulus X, mass ma, unstretched length a,) is 
confined within a straight tube to one end of which it is fastened, and the 
tube rotates about that end with uniform angular velocity m in a horizontal 
plane. Show that the length of the string in equilibrium is 



tan 6 , ^ /m 

^—a~i where 8 = ata ./ ^ . 



227. A smooth circular tube of radius a having a narrow slit on its 
inner side rotates about a fixed vertical diameter AB with angular velocity a, 
A being the highest point, and a uniform chain which subtends an angle 2a 
at the centre can move in the tube, To its upper end is attached an elastic 
thread which passes through the slit and through a ring at A and is fastened 
at B, its natural length is 2a and its modulus of elasticity equal to a weight 
4a tan a of the chain. Prove that the chain is at rest in the tube in the 
same position for all values of a, and that, if slightly disturbed, it oscillates 
in a period 

2iriJ{aa cosec ajig tan a + aa? cos a)} . 

228. A cone of vertical angle 2a, whose moment of inertia about its axis 
is /, is free to turn about its axis which is vertical, and a fine smooth groove 
is cut on its surface so as to make a constant angle /3 with the generators. 
A uniform chain of mass fi and length I moves in the groove under gravity, 
one end being initially at the vertex. Prove that, if 6 is the angle through 
which the cone has turned when the upper end is at a distance r from the 
vertex, 

{/cosec2a//i+^?2coa2^}e29 8inacot3^^2 + ^;cos/3 + iZ2cos2/3+/cosec2a/,i. 

229. A uniform chain of mass m and length 22 is in a tube of uniform 
bore in the form of an equiangular spiral which revolves in its plane about 
its pole with uniform angular velocity <a. Prove that the tension at any 
point of the chain is \m cos^ a {J? — x^) <i?\l, where a is the angle of the 
spiral and x the arcual distance of the point from the middle point of 
the chain. 

230. A smooth tube in the form of a cycloid generated by a circle of 
radius a rotates uniformly about the base of the cycloid with angular velocity 
Q, and a piece of uniform chain of length 22 is in the tube. Prove that, if 
the chain is under no forces but the pressure of the tube, the time of a small 
oscillation about the position of relative equilibrium is 

(8n-/0)v/{2a7(16a2-22)}. 

231. A rough circular cylinder of radius c is fixed with its axis vertical, 
and a uniform chain lying on a smooth horizontal plane has a length c/S in 
contact with the cylinder, its end portions of lengths a and 6 being stra,ight. 
The free end of the length a is pulled by a constant force F in the direction 
of its length. Prove that when the free end of the length 6 reaches the 
cylinder it will be moving with a velocity 



V 12W! 



'^{^^-\){l-h)» 
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where Z=e//i + (a+6e''^)/(e^^-l), 

fi being the coefl&cient of friction, and m the mass of a unit of length of the 

chain. 

232. A uniform chain falls in a vertical plane with uniform acceleration 
/ retaining an invariable form, while the chain advances along itself with a 
velocity which at any instant is the same for all points of the chain. Prove 
that the angle (j) which the tangent at any point of the chain makes with 
the horizontal, considered as a function of the time t and of the arc s 
measured up to this point from some definite point of the chain, satisfies 
the two partial differential equations 



(/-,){cos^3+2sin,@)) 



"^dfi ds dt d8dt~'^' 



ds dsdt dt 9«2 ~ 

233. A uniform flexible chain passes over and under two rough equal 
pulleys of radius a whose centres are at a distance d apart in the same hori- 
zontal line ; part of the chain is coiled up on a horizontal platform at a 
depth h below this line, the part between one pulley and the platform is 
vertical, the part below the pulleys is a catenary of parameter o, and the 
chain hangs from the second pulley to a platform at a lower level h', the 
vertical parts being between the pulleys. Show that steady motion with 
this configuration is possible the pulleys rotating with angular velocity 
'J{9Q''-h')}la, and that the relation between c, d, and h can be found by 
eliminating a between the equations 

A=o sec a+ct cos a, d=2c sinh~i (tan a) -2a sin a. 



234. A uniform chain hanging under gravity receives a tangential impulse 
at one end. Prove that the initial velocity at any point in the direction at 
right angles to the directrix is proportional to the curvature at the point. 

235. A chain of variable density is in the form of an arc of a circle less 
than a semicircle and subtending an angle 2a at the centre, and the line 
density varies inversely as the square of the distance from the diameter 
parallel to the chord joining the ends. The chain is set in motion by 
equal tangential impulses T applied at its ends ; prove that the kinetic 
energy generated is 2T^sm^a/M, where M is the mass of the chain. 

236. The ends of a chain of variable density are held at the same level, 
and the chain hangs in the form of an arc of a circle subtending an angle 
26 {<ir) at the centre. If equal tangential impulses are applied at the ends 
the initial normal velocities at the lowest point and at either end are in the 
ratio 1 : cos 6. 

237. A uniform chain lying in a curve on a smooth horizontal plane is 
set in motion by impulsive tension applied at one end in the direction of the 
tangent. If the initial direction of motion of every element makes the 
same angle with the tangent prove that the curve is an equiangular spiral. 
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238. A string is laid on a smooth table in the form of a catenary, and 
an impulse is communicated to one extremity in the direction of the tangent; 
prove (1) that the initial velocity of any point, resolved parallel to the 
directrix, is proportional to the inverse square of the distance of that point 
from the directrix, (2) that the velocity of the centre of gravity of any arc, 
resolved in the same direction, is proportional to the angle between the 
tangents at the ends of the arc directly and to the length of the arc 
inversely. 

239. A uniform chain lies in a part of the curve r—a^ from 5=0 to 
6 = ^ and receives a tangential impulse T^ at 6=0, the other end being free. 
Prove that the impulsive tension at any point is 

240. An endless tmiform chain lying in the form of a circle receives a 
tangential pluck at one point A which gives it an impulsive tension T^ at 
that point ; prove that the impulsive tension at any point P is 

„ sinh(2;r-fl) 
° sinh 27r ' 
6 being the angle which AP subtends at the centre, and that P starts in a 
direction making an angle ^ with the tangent, where 

tan(^ = (e -e )/(e +e ). 

241. A thin chain of variable density is placed on a smooth table in 
the form of the curve in which it would hang -under gravity, and two 
impulsive tensions are applied at its extremities, which are to each other in 
the ratio of the tensions at the same points in the hanging chain. Prove 
that the whole wiU move without change of form parallel to the Hne which 
was vertical in the hanging chain. 

242. A uniform flexible inextensible chain of density p rests on a smooth 
plane ; a part of its length is in contact with a smooth circular disc of radius 
a which lies on the plane, the length of this part being a (a+/8) ; the remainder 
is in two straight portions which touch the disc at the ends of the arc of 
contact ; and particles of masses m and m' are attached at the ends. Prove 
that, when the disc is suddenly moved with velocity F in a direction making 
an angle a with the radius to the point at which the portion carrying m 
leaves the disc, m begins to move with velocity 

J/"-i7[(OT'+pf)(sina+sin;8)+pa{(a+j3)sina + (oosa-oos/3)}], 
where M is the mass of the whole system, and V is the length of the straight 
portion of chain to which m! is attached. 

243. A uniform inextensible chain is stretched nearly straight with two 
ends at the same level ; suddenly one end is released. Prove that, to a first 
approximation, half the product of the tensions at the other end before and 
after release is equal to the square of the weight of the chain. 
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244. A uniform chain hangs in equilibrium with its ends fastened to two 
points nearly in the same vertical line. One end is released, and when the 
velocity of this end is u the lengths of the two portions of the chain are I 
and I'. Prove that, if the other end is released at this instant, the chain 
becomes straight after a time l{l+2l')ll'u. 

245. A uniform chain is suspended from two points in the same horizontal 
line so that the tangents at the ends make angles a with the horizontal. Prove 
that, if the support at one end is removed, that end starts to move in a 
direction making with the horizontal an angle 6, where 

tan 5 = ( 1+ sin^ a + 2a tan a)/sin a cos a, 
and that the tension at the other end is diminished in the ratio 

1 : 1 +^a~icota. 

246. A chain is attached to two fixed points and rests in an arc of a 
circle of angle 2a under a repulsive force varying inversely as the cube of 
the distance from the extremity of the diameter bisecting the arc. Prove 
that, if the chain is cut through at its middle point, the initial tension at 
any point is proportional to 

sec^^(^ — sech a cosh (a - cj)), 
where <j} is the angular distance of the point from the point of section. 

247. A heterogeneous chain hangs under gravity in the form of a circle, 
its ends being free to slide on two smooth straight wires which make equal 
angles y with the vertical. Prove that, if the chain is severed at its vertex, 
the tension at a point where the tangent makes an angle (f> with the horizontal 
is diminished in the ratio 

({> : y + cot y. 

248. A chain of variable density has its ends fixed at points A, B and 
hangs freely, the tangents at A and B making angles a and /3 with the hori- 
zontal. Prove that, if the end A is released, the tension at a point P, where 
the tangent makes an angle <^ with the horizontal, is instantaneously 
changed in the ratio 

((|>-|-a)sin/3 : cos3 + (a-l-/3) sin^. 



CHAPTER XIII. 

RELATIVE MOTION AND UNIVERSAL GRAVITATION. 

275. In the course of this book we have, in order to avoid 
interruptions of the argument, made a number of statements of a 
provisional character. Such, for example, were the statement in 
Article 3 concerning the method of measuring time, the state- 
ments in Articles 90, 91, and 94 concerning the relations between 
weight, mass, acceleration due to gravity, and gravitational force 
exerted by the Earth upon a body, and the statement in Article 
88 that frames of reference can be chosen for which the Postulates 
of Mechanics apply to natural bodies. We shall now reconsider 
all these matters, and we shall find it convenient to begin with an 
account of the motion known as the rotation of the Earth, and its 
effects as observed in the cases of falling bodies and pendulums. 

276. Rotation of the Earth. It is a fact of observation 
that there is a relative motion of the Earth and stars by which 
every star moves relatively to the Earth continually from East to 
West, or, what is the same thing, by which any part of the Earth's 
surface moves relatively to the stars continually from West to 
East. This motion can be precisely described by saying that, 
relatively to the stars, th6 Earth rotates about its polar axis ; the 
magnitude of the angular velocity is such that the Earth turns 
through four right angles in a sidereal day, and the sense is such 
that the positive sense of the axis of rotation is from South Pole 
to North Pole. We shall use the letter D, to denote the angular 
velocity of the Earth's Kotation. 

In the statement of the Law of Gravitation in Article 97 we 
said that the forces between bodies in the solar system are 
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expressed by that law if the frame of reference is fixed relatively 
to the stars. If then we wish to describe the motion of a body by 
applying the Law of Gravitation we must refer to axes which are 
not fixed in the Earth, but which, relatively to the Earth, rotate 
with the stars. 

277. Gravity. We have given a provisional account of the 
acceleration due to gravity, and of the weight of a body. We said 
that relatively to axes fixed in the Earth a falling body near the 
Earth's surface moves very nearly in a vertical direction, and with 
an acceleration which is very nearly equal to yE/R", where 7 is 
the constant of gravitation, E the Earth's mass, and R the Earth's 
radius. In this statement the vertical at a place was understood 
to mean the line of a flexible cord freely supporting a body so 
that it remains at rest relative to the Earth, and this line makes 
with a line drawn to the Earth's centre of inertia an angle which 
is very nearly zero. Treating these approximate statements as 
exact, we said that the weight of a body is the force with which 
the Earth attracts it, that its direction at any place is the vertical 
at the place, and that its magnitude is the product of the mass of 
the body and the acceleration due to gravity ; further with the 
same degree of inexactness the weight of a body is equal to the 
force exerted by a cord or by a spring supporting the body so that 
it remains at rest relatively to the Earth. Also we said that the 
most exact process for experimentally determining the acceleration 
due to gravity is provided by pendulum experiments. 

We wish as far as possible to replace these provisional state- 
ments by exact ones, and to exhibit the relations between the 
quantities involved. We accordingly give the following defi- 
nitions : — 

(i) The vertical at a place is the direction of the plumb-line 
there, i.e. the direction of a flexible cord which supports a body so 
that it remains at rest relatively to the Earth. 

(ii) The weight of a body at a place is a force equal and 
opposite to the force which must be applied to support the body 
in equilibrium relatively to the Earth. Its direction is that of the 
vertical at the place. 

(iii) The acceleration due to gravity at a place is the initial 
value of the acceleration (relative to axes fixed in the Earth) of a 
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free body falling from relative rest in the neighbourhood of the 
place. 

We shall write W for the weight of the body, m for its mass, 
and g for the acceleration due to gravity, and we shall regard the 
Earth as a sphere of radius R and mass E attracting like a 
particle of the same mass placed at its centre. We shall find 
that W is not equal to the force ymE/R^ with which the Earth 
attracts a body, and we shall find that W is equal to mg. 

278. Weight of a body. The difference between W and 
ymE/R' arises from the Earth's rotation. We may say roughly 
that some part of ymE/R' is required to maintain the circular 
motion of the body about the polar axis, aiid that the remainder 
is the force W. 

Let \ be the angle which the radius of the Earth drawn to the 
place makes with the plane of the equator. The body describes a 




Pig. 84. 



circle of radius RcosX with angular velocity il, and thus the 
acceleration RQ^cosX towards the axis must be produced by the 
force of magnitude W supporting the body, and the force ymE/R^ 
towards the Earth's centre. 

Let I be the angle which the direction of W makes with the 
plane of the equator. Then I is the (astronomical) latitude of the 
place. 

L. 23 
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For the motion of the body, we have, by resolving parallel to 
the direction of W, 

-W + {rpnEjB?) cos (? - \) = mRCi^ cos \ cos I (1), 

and, by resolving at right angles to the radius, 

Wsin(Z-X) = mi2Xl=cosXsin\ (2). 

Now mRSl'/W is, in all latitudes, a small fraction, approxi- 
mately equal to 1/290, and thus the angle i — \ is very small. 
From equation (1) we have, when fl is neglected altogether, 

W = ymEIR^ 
and for a second approximation 

W=ymE/B^-mRn''cosH (3). 

To this order of approximation, the weight of a body differs 
from the force with which the Earth attracts it by the vertical 
component of the force required to maintain the circular motion 
about the polar axis. 

279. Deviation of the plumb-line. The latitude I and 
the angle \, which the Earth's radius makes with the plane of 
the equator, are connected by an equation, which is most readily 
obtaiaed by resolving for the motion of the body at right angles 
to the direction of W. We find 

{ymEjE') sin (l-X) = mRD? cos \ sin I, 

f fad? \ 
so that tan\ = tan if 1 -^ vjiv? ) (•^)' 

The angle J — \ is the deviation of the plumb-line, i.e. the 
angle between the vertical and a line draAvn to the Earth's centre. 

The components of the force supporting the body parallel and 
perpendicular to the polar axis are determined by resolving in 
those directions. We find 

-Wsml + (ymE/B'>) sin \ = 0, 

- Wcoal+ (ymE/R^) cos \ = mBD,^ cos \, ' 

so that we have . 

(yEim sin \ {(yE/R') - BD.-} cos \ ^ 

sinZ coal ' ^ '' 

and these equations are in accord with equation (1). 
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*280. Motion of a free body near the Earth's surface. 

We form first the equations of motion of the body referred to 
axes fixed in the Earth. We take the origin to be at the centre 
of the Earth, the axis of z to be the polar axis (from South Pole to 
North Pole), the axis of x to be the intersection of the plane of 
the equator and the meridian plane near which the motion takes 
place, the positive sense being from the centre to the meridian 
in question, also we take the axis of y to be at right angles to 
this meridian plane and directed towards the East. This system 
is a right-handed system. By the results of Article 263, the 
component velocities of the body parallel to these axes are not 
«, y, i, but they are 

A - fly, 2/ + fla;, z, 
and the component accelerations are 

^(A-fl2/)-fl(y + fla;), ^(y+fla;) + fl(i-fl2/), z. 

Hence the equations of motion of the body are 
m (» - 2ny - Q?x) = - {r^mElW) cos \,] 

mi? = - {r/mEjB^) sin \, \ 

where \ is the angle which the radius drawn through the body 
makes with the plane of the equator. Now, as the body remains 
near a place, we may take X to be constant, and we may in the 
terms containing fl^, put a? = i2 cos \ and y = 0. Then, using 
equations (2) of Article 279, we shall have 

X — 2fly = — ( W/m) cos I, 

y + 2fla! = 0, 

'i = — ( W/m) sin I. 

Since these equations contain only differential coefficients of 
X, y, z with respect to the time, we may, without making any 
alteration, suppose the origin to be on the Earth's surface in the 
latitude and longitude near which the motion takes place. We 
shall now, taking the origin as just explained, transform to the 
horizontal drawn southwards as axis of »', the horizontal drawn 
eastwards as axis of y, and the vertical drawn upwards as axis of /. 
We have 

X =x%va.l — z cos I, y' = y, 2f = z svnl + X cos I. 

23—2 
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We thus obtain the equations 

(c'-2D.y'sml=0, "1 

y'+2n{xsml + z'cosl) = o\ (1), 

z'-2ny'cosl = -W/m, J 

these equations determine the motion of the body relative to the 
axes at the place of observation. 

*281. Acceleration due to gravity. Suppose the body to 
fall from rest relative to the Earth. Then the initial velocities 
relative to the axes at the place of observation are 

x'=0, y' = 0, i'=0, 

and we shall suppose that the initial value of the coordinate y' is 
zero. The motion is determined by equations (1) of Article 280. 
Integrating the first of these, we have 

3!'= 2%' sin i (1), 

and integrating the third equation, we have 

- z =(Wjm)t -2ny' cosl...- (2), 

where t is the time from the beginning of the motion. Substitut- 
ing in the second equation, and neglecting il'y', we have, on 
integration 

y' = n{W/m)t^ cos I, 

so that y' = ^n(Wlm)t^ cos I (3). 

Substituting in equations (1) and (2), and neglecting terms of the 
same order as before, we have, on integration, 

z' = Zo'-^(W/m)t\j 
where «»' and Zo are the initial values of of and /. 

In the beginning the motion of the acceleration relative to 
axes fixed on the Earth is directed vertically downwards and is 
precisely (TT/m), or we have 

W = mg, 

and, to the order of approximation here adopted, this equation, 
holds throughout the motion. 
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It appears that the body falls a little to the East of the starting 
point, the eastward deviation in a fall through a height h being 
very approximately 

|V2 0VW^)cosZ. 

This result accords well with observed facts. 

*282. Motion of a Pendulum. Suppose that a simple 
circular pendulum of length L is free to move about its point of 
support which is fixed relatively to the Earth, and let T be the 
tension of the suspending fibre. 

Taking x', y' , z' to be the coordinates of the bob referred to 
the system of axes described in Article 280, the origin being at 
the equilibrium position, the line of action of T makes with the 
axes angles whose cosines are 

-afjL, -y'lL, (L-/)/L, 
and we have the relation 

a;'^ + y'^ + (L-zy = L^ (1). 

Now the equations of motion are, by Article 280, 
mx' - 2mny sml = -T (x'/L), ) 

my + 2mn {x' sin l + z'cosl) = -T (y'/L), I (2). 

mz'-2mn,y'cosl = -W + T(L-z')/L. J 

We shall integrate these equations on the assumption that 
the pendulum makes small oscillations. On this assumption we 
have approximately 

z'=H^"+y")IL (3). 

Multiply the equations (2) in order by x', y', z', and add. The 
terms containing T vanish identically by (1), the terms containing 
D, also vanish identically, and the equation can be integrated. 
Omitting i'* in the integral equation, and substituting for z from 
(3), we have 

i m {x'^ + y'") = const. - 1 F (x'" + y'^)IL (4). 

Again, multiplying the first of equations (2) by — y', and the 
second by x', adding, and omitting the term in ifif, we have on 
integration 

xj/-lfx=- €l sin I (a;'» + 2/'»J)+ const (5). 

Introducing polar coordinates in the horizontal plane given by 
«' = r cos Q, y' = r sin 6, 
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and putting g for TT/m, we obtain from equations (4) and (5), 
equations of the form 

i-^ + r^e^ = A-r'{glL). \ 
r^d = B~t^n sin I, 



and, if we put 



we shall have 



+ ntsinl = ^ (6), 



ra + r=^» = (4 + 2nB sin I) - r' {(g/L) + a" sin" l},\ ^ 

These equations completely determine the motion. It is to be 
noticed that r and <^ are polar coordinates referred to an initial 
line rotating about the vertical from East to West with an angular 
velocity fl sin I, viz., with the component of the angular velocity 
of diurnal rotation with which the stars rotate about the vertical 
relative to the Earth. Thus the initial line from which ^ is 
measured remains parallel to a plane fixed with reference to the 
stars. 

*283. Foucault'B Pendulum. When the pendulum can 
turn freely about its point of support apd is set oscillating so as 
to pass through its equilibrium position, the system is known as a 
Foucault's Pendulum. 

Since r can vanish, it follows by the second of equations (7) of 
the last Article that B must vanish, and thus ^ vanishes through- 
out the motion. Hence the pendulum oscillates so that its plane 
of vibration is fixed in direction relatively to the stars, and this 
plane turns round the vertical relatively to the Earth with angular 
velocity O sin { from East to West. 

The first of equations (7) of the last Article then becomes, on 
neglecting Q," sin" I in comparison with g/L, 

^ r^ = A-r'ig/L), 

showing that the horizontal motion in the plane of vibration is 
simple harmonic motion of period 2ir>j{Llg). 

If a is the amplitude of the simple harmonic motion, so that 
the pendulum has no velocity in the plane of vibration when 
r = a, it will not move as here described unless its angular velocity 
relative to the Earth is fl sin I from East to West. To start the 
pendulum, therefore, it is not sufficient to hold it aside from its 
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equilibrium position; it must be projected at right angles to 
the vertical plane containing it with velocity aD, sin I. When 
thus set going it moves like a simple pendulum of the same 
length in a plane which turns about the vertical from East to 
West with angular velocity fl sin /. 

This result accords well with observed facts, 

^^284. Examples. 

[In these examples the Earth is regarded as a homogeneous sphere.] 

1. liF the Earth were to rotate so fast that bodies at the equator had no 
weight, prove that in any latitude the plumb-Mne would be parallel to the 
polar axis. 

2. If the acceleration due to gravity at the poles is g^ and at the equator 
ff,, prove that in (geocentric) latitude X the value of g' is 

and that the deviation of the plumb-line from the (geometrical) vertical is 
tan-i {(ffo-ffe) sin X cos \/(cfg sin^X +ff, cos^X)}. 

3. Prove that a pendulum which beats seconds at the poles will lose 
approximately ZOni cosH beats per minute in latitude I, where 1 -|-»i : 1 is 
the ratio of the weight of a body at the poles to its weight at the equator. 

4. A train of mass m is travelling with uniform speed v along a parallel 
of latitude in latitude I, Prove that the difference between the pressures on 
the rails when the train travels due East and when it travels due West is 
4mva cos I approximately. 

5. A projectile is projected from a point on the Earth's surface with 
velocity V at an elevation a in a vertical plane making an angle /3 with 
the meridian (East of South). Prove that after an interval t it will have 
moved southwards through a;, eastwards through y, and upwards through z, 
where 

a;= F<cosa{cos^ + i2<sinZsinj3}, 1 

^=Vt {cos a sin j3 - 0< (sin Z cos /3 cos a + cos ? sin a)} + J Qfl'i' cos ^, > 
z = Vt {sin a + at COS I sin ff COS a} -igfl, J 

approximately, O^ being neglected. 

6. Prove that, if the bob of a pendulum of length L is let go from a 
position of rest relative to the Earth when its displacement from its equi- 
librium position is a, and the vertical plane through it makes an angle ff with 
the meridian (East of South), its path is given approximately by the equation 

{ff-e)=aJ(Llg)smiy(,a^-r^)lr-coB-Hrla)}, 
higher powers of La^/g being neglected. 
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7. A particle being observed to move, relatively to a certain frame, with 
a simple harmonic motion of period 2ir/7i in a line, which turns uniformly 
about the mean position of the particle in a plane fixed relatively to the 
frame with angular velocity a>, prove that the acceleration of the particle 
when at distance r from its mean position is compounded of a radial 
acceleration (n^+ai^)r, and a transverse acceleration 2ar in the sense in 
which the line turns. 

*285. Relativity of Force. Passing now from this par- 
ticular set of facts connected with the rotation of the Earth 
about its polar axis and their dynamical formulation, we consider 
next the influence of the doctrine of the relativity of motion in 
respect of the notion of force, and we say at once that force, 
like motion and position, is relative, meaning thereby that the 
force acting on a body is force relative to a frame; in other words, 
just as we hold that no meaning can be attached to any phrase of 
the kind — " a body is moving with such a velocity " or " a body 
is at rest" or "a body is rotating about an axis" — until the 
frame of reference is specified, so no meaning can be attached 
to any phrase of the kind — "a body is acted upon by a force 
of such and such a magnitude " or " the force acting on a body 
is directed to a certain other body" — until the frame of reference 
is specified. This conclusion is at once established when we 
reflect that (1) the force on a body is the resultant of the forces 
on its particles, (2) the force on a particle is made up of com- 
ponents each of which is the product of the mass of the particle 
and the acceleration induced in it by some other particle, and 
(3) the acceleration of a particle is the rate of change of its 
velocity relative to a frame; in fact "acceleration," and by 
consequence " force," have no meaning except as dependent on a 
frame; "acceleration" means "acceleration relative to a frame," 
and similarly with force. 

But now it is important to observe that, whereas the position 
of a point, or the velocity or acceleration of a particle, can be 
described by reference to any frame determined by parts of 
natural bodies, this is not the case for forces; but the notion 
of force requires that the frame of reference should be properly 
chosen. Thus there are frames of reference for which the phrase 
" force on a particular body " would have no meaning. We shall 
now illustrate and enforce this theory by considering the choice 
of the origin and of the lines of reference of a frame of reference. 
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286. Choice of Origin. In choosing the origin of a frame 
of reference for the motion of any system of bodies, it is in the 
first place necessary to observe that the Postulates of Mechanics 
(Article 87) will in general. be inapplicable if the origin is taken 
at the position of any definite particle of the system. For, if 
this were done, that particle would have no motion, and could 
not be subject to any resultant force. Now the masses of parts 
of a system are determined by observing the ratios of their 
accelerations relative to a properly chosen frame, and to secure 
that any part shall always have zero acceleration we should 
have to take the mass of that part to be infinite, and then no 
definite number however great could represent this mass. It 
is one of our Postulates that every body and every part of a 
body has a definite mass, and it thus appears that this Postulate 
implies a restriction upon the position of the origin of the frame 
of reference ; it may not be taken at the position of one of the 
particles. 

To take aji example : — In discussing the motions of bodies 
relative to the Earth, the Postulates do not apply if the origin 
is taken at the centre of the Earth, unless the mass of the Earth 
is taken to be infinite. The mass of the Earth is, however, 
assumed to be a determinate multiple of the mass of any par- 
ticular body, and this multiple can be determined in accordance 
with the Law of Gravitation. In general, it appears that the 
postulates cannot be applied without error to the motion of a 
body if the origin of the frame of reference is fixed relatively 
to the Earth, and the error that would arise in such an application 
consists in the neglect of the fraction (mass of body : mass of 
Earth). In Articles 278 to 284 this fraction is neglected. 

Again, we have said that the interaction between two particles 
consists of two equal and opposite forces in the line joining them, 
the force on one particle being measured by the product of the 
mass of that particle and a component of its acceleration, and 
we have seen how the theory of the motion of the centre of 
inertia enables us to replace a body by a certain particle. Now, 
if in a system of two bodies with relative accelerations we took 
the origin of a frame of reference at the centre of inertia of one 
body, then the magnitude of the force exerted by the second 
body upon the first would be zero, and accordingly the first 
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body would exert no force on the second, and the acceleration 
of the second body relative to the frame would not be produced 
by a force arising from interactions between parts of a system. 
It is one of our Postulates that all accelerations are so produced, 
and it thus appears that this Postulate implies a restriction upon 
the position of the origin of the frame of reference. 

To take the same example as before: — If the origin of the 
frame of reference were fixed in the Earth, then any other body 
would exert zero force on the Earth, and the Earth consequently 
would not act on the body. The " acceleration due to gravity " 
could not be regarded as produced by forces exerted by the parts 
of the Earth on the parts of a falling body. 

We have so far explained and illustrated the relativity of 
force by showing that, unless the frame of reference is properly 
chosen, bodies will not have definite masses, and action and re- 
action will not be equal and opposite. 

We may evade these difficulties by taking the origin at the 
centre of inertia of a system so remote from all other bodies 
that it may be considered to be independent of them. Thus 
for the motion of a body near the Earth's surface it will be 
sufficient to consider the body and the Earth as such a system ; 
for the motions of the planets it will be sufficient to consider 
the solar system as such a system. When however the origin 
of the frame of reference is taken at the centre of inertia of a 
system the system must be regarded as independent; in other 
words, no meaning could be attached to the phrase "action of 
external bodies on the system." For example, so long as the 
origin of the frame of reference is the centre of inertia of the 
solar system no meaning could be attached to the phrase " force 
exerted on the Sun by a star." 

*287. Choice of lines of reference. We have seen that a 
frame of reference is determined by the origin, a line through 
the origin, and a plane through the line ; and we have recorded, 
by way of examples and otherwise, a number of theorems re- 
lating to changes introduced into the descriptions of particular 
motions by changing the frame of reference. Thus in Example 4, 
p. 52, and Example 2, p. 186, we noticed a transformation from 
uniform rectilinear motion to motion with a central acceleration 
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varying inversely as the cube of the distance; in Article 198 
we noticed a transformation from one law of central acceleration 
to another. 

Now it is one of our Postulates that accelerations are 
produced by interactions between bodies, and the choice of the 
frame of reference is restricted by the condition that the accelera- 
tions of the parts of a system must be such as reduce to com- 
ponents in the lines joining the particles. This condition is 
however in general extremely difficult of application, and we 
make use of the possibility of changing the acceleration by 
changing the frame of reference to simplify the description of 
motions. 

We refer the motion to be described to such a frame among 
possible frames that the description of the observed motion may 
be more easily brought under such general principles as the Law 
of Gravitation and the Conservation of Energy than it would be 
for others. 

To see how this might have been done in a particular case, let 
us imagine what might have been the course of history in respect 
of the theory of the motion of falling bodies. Let us suppose 
that after Galilei's experiments on falling bodies the next con- 
siderable step was Foucault's pendulum experiment. It would 
have been known (1) that bodies tend to fall with uniform accele- 
ration in a vertical direction, (2) that this statement is not exact, 
but, at any rate in one case there is, for a supported body, a 
westerly component acceleration as well as a vertical component 
(Example 7, p. 360). Further, if the fact of the eastward deviation 
of a falling body (Article 281) had been observed, it would have 
been known that for another case there was, for an unsupported 
body, an easterly component as well as a vertical component. It 
is also perfectly possible that it might have been found that, 
relative to lines of reference pointing to fixed stars, the accelera- 
tion in all such cases was simply directed to the Earth's centre. 
It would then have appeared much simpler to choose such lines of 
reference for the description of the motion in terms of acceleration 
than to choose axes fixed in the Earth. 

*288. Relativity of Force and Conservation of Momen- 
tum. The theory of the relativity of force makes it necessary 
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to reconsider the statements of the Principles of Conservation of 
Momentum and of Moment of Momentum. These principles 
were stated in Articles 111 and 112 for the motion of a system in 
a given field of force, and they hold provided the field of force is 
subject to certain conditions. They consequently imply that the 
frame of reference has been so chosen that the field of force obeys 
the conditions, and of course it is understood that the frame of 
reference has been so chosen that the Postulates of Mechanics 
apply to the system under discussion. We accordingly arrive at 
the following statements of these principles : — 

(1) When the motion of a system can be referred to a frame 
for which the Postulates of Mechanics are applicable, and which 
is such that the field of force relative to the frame gives rise to 
zero resultant force in a direction fixed relatively to the frame, 
the linear momentum relative to this frame resolved in this direc- 
tion is constant. 

(2) When the motion of a system can be referred to a frame 
for which the Postulates of Mechanics are applicable, and which 
is such that the field of force relative to the frame gives rise to 
zero moment about an axis fixed relatively to the frame, the 
moment of momentum relative to this frame about this axis is 
constant. 

It is worth while here to remark that if one frame has been 
chosen for which the Postulates apply they will still apply to a 
new frame moving relatively to the first with uniform velocity in 
a direction fixed relatively to the first, and if either of the abov6 
principles has an application to the former frame it has an applica- 
tion also to the latter. 

Now when any system can be treated as independent (Article 
286) both the principles apply to it, and the moment of momentum 
about any axis fixed relatively to the frame of reference, and the 
linear momentum in any direction fixed relatively to the frame 
of reference are constants. Taking the origin of the frame of 
reference at the centre of inertia of the system, we see that the 
linear momentum in any direction is zero. On the other hand 
the moment of momentum about any axis being the moment of a 
couple (of vectors localised in lines), the moment about any axis 
is the resolved part of an unlocalised vector parallel to that axis. 
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The direction and sense of this unlocalised vector are fixed 
relatively to the frame of reference, and might therefore be used 
to determine one of the lines of reference. 

Thus an independent system presents a natural origia for a 
frame of reference, viz., its centre of inertia, and one natural line 
of reference, viz., the axis of resultant moment of momentum. 

The plane through the centre of inertia of an independent 
system at right angles to the axis of resultant moment of momen- 
tum is known as the invariable plane. 

This discussion and that in the last Article show that there 
are cases of practical importance in which it is possible to deter- 
mine the frame of reference, at least partly, by dynamical conside- 
rations. The rule is that among possible frames that one is to be 
taken for which the field of force has the simplest expression. 

*289. Law of Gravitation. In connexion with the doc- 
trine of the relativity of force, the matter which is of the greatest 
importance is the statement of the Law of Gravitation in a 
precise form. It is not sufficient to say, "The force between two 
particles is the product of a constant, the masses of the particles, 
and the reciprocal of the square of the distance between them," 
for this is just the kind of statement which has no meaning until 
the frame of reference is specified. 

We shall make some advance towards a more precise state- 
ment if we say, " There is a frame of reference relative to which 
the force between two particles of masses m, m' at distance r is 
ymm'/r^." The objection to this statement is that we shall not be 
able to say where that frame of reference is. Our statement will 
imply forces between particles in the stars and particles in the 
solar system, and we shall be unable at present f to fix the 
position of either a possible origin or the directions of possible 
axes relative to the sun and stars. Our statement then will 
either involve a pretence of knowing something which we do not 
know, or we shall be reduced to saying that there is a frame of 

+ The objection needs qualification in view of the fact that it has been suggested 
that the required frame of reference is presented in the undisturbed position of 
parts of the luminiferous medium. If an Electrical and Optical Theory on the 
basis of an ether " at rest" becomes established, it will perhaps be possible to free 
the statement in the above form from the objection here urged. 
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reference which fulfils a certain condition but that we do not 
know where its origin is or how its axes point. This is very like 
saying that there is an absolute space in which bodies move, or 
that bodies have absolute positions, but that we never can know 
what those absolute positions are. It is equivalent to denying 
the relativity of motion. 

Now if we content ourselves with a statement of the Law of 
Gravitation as an abstract formula representing observed facts, 
it will take the form given to it in Article 97, viz.: — "If the 
frame of reference has its origin at the centre of inertia of the 
Solar System and its lines of reference determined by stars so 
remote as to have no observable annual parallax, the force between 
two particles within the system is •ymm'jr", where m and m' are 
the masses of the particles and r is their distance." 

The law thus applies to forces within a particular system 
which can be treated as independent (Article 286). The similarity 
of chemical constitution of the bodies outside the solar system 
and of those within it suggests that the law probably has an 
application to such bodies as well. It is thus suggested that, for 
any system of bodies which can be treated as isolated, the force 
between two particles is expressed by the law of gravitation when 
their motions are referred to a frame whose origin is at the centre 
of inertia of the system and whose axes point to bodies external 
to the system and at suflEiciently great distances. 

With the understanding referred to in Article 97, that the law 
applies only to particles at measurable distances, the above is 
probably the most general statement that we can make. The law 
as extended to bodies outside the solar system is not proved to be 
an expression of facts of observation. For example, in the motions 
of double stars, the relative paths are oval curves, but they are 
not proved to be ellipses, nor is there any evidence to show that 
one component star occupies a focus of the path of the other 
relative to itf. On the other hand there are no facts of observa- 
tion in this department of Astronomy which conflict with the 
proposed extension of the law to bodies outside the solar system. 

*290. Measurement of Time. Relatively to the stars the 
Earth rotates about its polar axis as we have explained in 

+ See Tisseiand, Meeanique Cgleste, Tome i., Chapter 1. Paris, 1889. 



289, 290] TIME. 367 

Article 276. This process of relative rotation is that which is 
taken as time measuring process (Article 3), and accordingly we 
say of this process that it takes place uniformly. Time so 
measured is called sidereal time, and the interval in which the 
Earth turns through four right angles relatively to the stars is a 
sidereal day. 

Now we have said (Article 3) that the process used for 
measuring time is the average rotation of the Earth relative 
to the Sun. To explain this statement, consider in the first 
place the motion of the Sun relative to a frame whose origin 
is the centre of the Earth and whose lines of reference go out 
thence to stars so distant as to have no observable annual 
parallax. The path and motion of the Sun relative to this 
frame are the same as the path and motion of the Earth relative 
to a frame whose origin is in the Sun and whose lines of reference 
go out thence to the same stars (cf. Example 1, p. 61), and this 
latter motion is a planetary motion of the kind described in 
Article 177. There is thus for the motion of the Sun, relative 
to the frame of Earth and stars, at any instant an instantaneous 
ellipse osculating the Sun's actual path relative to the frame, 
and the motion is very nearly an elliptic motion about a focus 
at the centre of the Earth. The sense in which the Sun describes 
his orbit is the same as the sense in which any particular meridian 
plane of the Earth turns about the polar axis, i.e. the Sun is 
always moving from stars which have a more westerly position 
towards stars which have a more easterly position in the plane 
of his path. The elements of the elliptic orbit are not quite 
constant; in particular the apse line has a small progressive 
motion in the sense in which the orbit is described, and the 
line of intersection of the plane of the orbit with the plane of 
the Earth's equator (known as the line of nodes) has a small 
progressive motion in the opposite sense. The Sun passes the 
line of nodes at the Equinoxes, and the periodic time in the 
orbit is a year. Now it is to be observed that, relatively to a 
frame fixed in the Earth, the Sun makes about 365^^ revolutions 
round the Earth in a year, and the stars make about 366^ 
revolutions, but the time of revolution of the Sun is not a 
constant multiple of the time of revolution of the stars. The 
variability arises in the first place from the fact that the motion 
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of the Sun in his path, relative to the frame of Earth and stars, 
is much more nearly elliptic motion ahout a focus than uniform 
circular motion, and in the second place from the fact that the 
plane of the Sun's path is inclined . to the equator. To define 
the measurement of time by the average rotation of the Earth 
relative to the Sun, we imagine a point to move (relatively to 
the frame of Earth and stars) in the Sun's path, with a uniform 
angular motion about the centre of the Earth (i.e. so that the 
time of describing any angle is a constant multiple of the time 
in which the Earth turns through the same angle), and at such a 
rate as always to coincide with the Sun at the nearer apse of 
his path ; then we imagine a second point to move in the plane 
of the Earth's equator with a uniform angular motion about 
the centre of the Earth, and at such a rate as always to coincide 
with the first point at the node corresponding to the Vernal 
Equinox. This second point is called the Mean Sun. We may 
determine a frame of reference by taking the centre of the 
Earth as origin, the line joining the origin to the Mean Sun^ 
as a line of reference, and the plane through this line and the 
polar axis as a plane of reference. Relatively to this frame the 
Earth rotates about its polar axis in an interval called a mean 
solar day; this rotation can be used instead of the rotation 
relative to the stars as time measuring process, and time so 
measured is mean solar time. The unit of time is the. time in 
which the Earth rotates relatively to this frame through an angle 
equal to 1/86400 of four right angles, and this unit is the mean 
solar second. 

*291. Change of the time measuring process. In the 

last Article we have explained how in a particular case it is 
convenient to take as the measurement of time a multiple of 
the time measured by some particular process, or, in other words, 
to change the variable which expresses elapsed time by multi- 
plying it by a constant number. In the same way we might 
conceivably take as time measurer the value of any definite one- 
valued function of the number expressing sidereal time, provided 
the function always increases as the number expressing sidereal 
time increases. In general such a procedure would introduce a 
needless complication, but it is on the other hand conceivable 
that it might produce a simplification. 
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So long as the time measuring process is the rotation of the 
Earth relative to the stars, the question whether the length of 
the day is liable to change is meaningless. Now it has been 
stated by astronomers that the day is increasing in length, or 
that, in long past ages, the angular velocity of the Earth was 
sensibly greater than it is now. This statement should imply 
that there is some other process for measuring time than the 
rotation of the Earth, and that at one time less of this process 
would have taken place while the Earth turned thiough four 
right angles than would be the case now. It might be meant, 
for example, that such a process is the vibration of the lumin- 
iferous medium in transmitting a certain kind of light, and that a 
particular measurable interval is the period of such a vibration, 
and then the statement would be that the number of such periods 
in a day is increasirig. In such a form however the statement 
would be quite unverifiable. Again, it might be meant by the 
statement (that the length of the day is increasing) that time 
measured by a function of sidereal time fulfils better than sidereal 
time the requirements of the Law of Gravitation and the theory 
of energy, and that this function has a positive second differential 
coefficient with respect to sidereal time. 

Now it is quite conceivable that the change made in the 
equations of motion of bodies of the solar system by changing 
the independent variable from the number representing sidereal 
time to a function of that number which varies very slowly, while 
producing no change of importance in the mechanical description 
of most of the motions of the solar system, might help to bring 
some particular facts under the Law of Gravitation. In such a 
case it would be simpler to say that time can be measured so 
that the length of the day varies and the particular fact accords 
with the law than to keep to the measurement of time by the 
diurnal rotation and seek a formulation of the fact as an exception 
to the application of the law. It is known that the existence of 
one of the inequalities in the motion of the Moon can thus be 
accounted for. 

Again, the Earth and Moon, with the fluid ocean on the Earth, 

form a system showing various internal relative motions, among 

which the tides are conspicuous. Such internal relative motions 

generally involve dissipation of energy in a system, for they do 

L. 24 
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not take place without friction; and thus we are led to expect 
that the kinetic energy of the Earth's rotation is being dissipated 
at a finite rate. To give a meaning to this statement we must 
suppose time to be measured by some process other than the 
diurnal rotation of the Earth. As before we may take the 
number expressing time to be a slowly varying function of the 
number expressing sidereal time, and then the sense of the 
variation is again such that the function has a positive second 
differential coefficient with respect to sidereal time. As before, 
it is simpler to say that time can be measured so that the length 
of the day varies and the tidal motions obey the laws of energy 
than to keep to the measurement of time by the diurnal rotation 
and seek a theory of the tides in conflict with the theory of 
energy. 
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MEASUREMENT AND UNITS. 

292. Measurement. The mathematical theory of measurement rests 
on the assumed possibility of dividing an object into an integral number of 
parts which are identical in respect of some property. Thus, to measure 
the length of a segment of a line, we must suppose the segment divided into 
a number of equal segments, where the test of equality of length is con- 
gruence ; to measure the mass of a body we must suppose it capable of 
division into a number of bodies of equal mass, where equality of mass is 
tested by weighingjto measure an interval of time we measure the angle 
turned through by the Earth in the interval ; this requires the division of 
an angle into a number of equal angles, and the test of equality of angles 
is congruence. 

The measurement of an object in respect of any property requires (1) a 
imit or standard of comparison, and (2) a mode of referring to the standard. 
The standard must be an object which possesses the property in question. 
The mode of referring to the standard must be such that it determines a 
positive number (integral, rational but not integral, or irrational) which is 
the measure of the object in respect of the property. The number is deter- 
mined by the following rules : — 

(a) When the object can be divided into an integral number n of parts, 
each of which is identical with the standard in respect of the property in 
question, the measure of the object in respect of that property is n. 

(6) When the object and the standard can be divided into p and q parts 
respectively {p and q being integers), such that all the parts are identical in 
respect of the property in question, the measure of the object in respect of 
that property is the rational fraction pfq. 

Here it is to be noted (1) that the rule (a) is the case of the rule (6) for 
which q=l, and (2) that in practice the integer q may be taken so large that 
an integer p may be found for which the fraction pjq measures the object 
within the limits of experimental error. 

In the mathematical theory of measuremeht the case where no rational 
fraction piq can measure the object may not be so simply dismissed. It may 
happen that however great q is taken there is no corresponding number p, 
but that, while the fraction pIq would measure an object somewhat smaller 
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than that to be measured, the fraction {p + l)lq would measure an object 
somewhat greater than that to be measured. When this is the case we say 
that the measure sought is an irrational number. Now we may take two 
series of rational numbers aj, Oj, ... a„, ... and ij, 63, ...&„,... such that each 
a is greater than every b and that, by taking n sufficiently great, a„ - &„ shall 
become less than any rational number assigned beforehand. All the numbers 
a may be greater than the measure of the object, and all the numbers 6 less 
than that measure. The two series determine an irrational number a which 
is the common limit of the two series. In such a case we define the measure 
of the object to be the irrational number a. 

Thus, suppose we wish to measure the diagonal of a square whose side is 
the unit of length. The process of extracting the square root of 2 gives 
1'41421..., and thus the series b may be taken to consist of the numbers 

1, 1-4, 1-41, 1-414, 1-4142, 1-41421, ..., 
and the series a may be taken to consist of the numbers 

2, 1-5, 1-42, 1-415, 1-4143, 1-41422 

and the nature of the process shows that the excess of any a above the 
corresponding b diminishes without limit. These two series define a limit, 
which is »J2, and this irrational number is the required measure. 

293. Number and Quantity. When the unit is stated the magnitude 
of an object is precisely determined by its measure in terms of the unit, and 
this measure is always a number. The "object" may be anything which 
we can think of as measurable in respect of any property, and the phrase 
"magnitude of an object" is thus coextensive in meaning with the word 
" quantity.'' The quantity does not change when the unit chosen to measure 
it changes, and thus the quantity is not identical with the number express- 
ing it. 

A number can express a quantity only when the unit of measurement 
is stated or understood. When the unit is stated or implied the number 
expresses the quantity. 

Mathematical equations, and inequalities, are relations between numbers, 
expressing that a certain number which has been arrived at in one way is 
equal to, greater than, or less than, a certain number which has been arrived 
at in another way. 

Mathematical equations, and inequalities, between numbers expressing 
quantities are valid expressions of relations between the quantities only if 
they hold good for all systems of units. 

294. Fundamental and derived Quantities. The fundamental Physical 
quantities are lengths, times, and masses. In Dynamics, as considered in 
this book, all the other magnitudes which occur are derived from these. 
Thus, velocity is measured by a fraction of which the numerator is a 
number expressing a length and the denominator is a number expressing 
an interval of time; acceleration is measured by a fraction of which the 
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numerator is a number expressing a velocity and the denominator is a 
number expressing an interval of time ; force is measured by the product 
of a number expressing a mass and a number expressing an acceleration ; 
and all the other magnitudes that occur are in similar ways dependent 
upon lengths, times, and masses. 

295. Dimensions, A number which expresses a quantity is said to be 
of one dimension in that quantity. If the unit of measurement is altered 
so that the new unit is a certain multiple x of the old, the number expressing 
the quantity in terms of the new unit is the quotient by x of the number 
expressing the quantity in terms of the old unit. 

The number expressing a derived quantity is, in every case, the product 
of three numbers A, B, G, of which .4 is a homogeneous expression of degree 
p in numbers expressing lengths, 5 is a homogeneous expression of degree q 
in numbers expressing intervals of time, and C is a homogeneous expression 
of degree r in numbers expressing masses. We say that the quantity is of 
p dimensions in length, q dimensions in time, and r dimensions in mass. 
We express this shortly by saying that the dimension symbol of the quantity 
is [i]''[7']^[if]^ The numbers p, q, r may be positive or negative, integral 
or fractional, or zero. 

If the units of length, time, and mass are changed so that the new units 
are respectively x, y, z times the old, the measTire of any quantity in terms 
of the new units is obtained from its measure in terms of the old units by 
dividing by x'^y^z^, where [Z] ''[?']'[ Jf]'' is the dimension symbol of the 
quantity. 

The condition that a mathematical equation or inequality between numbers 
expressing quantities may be a valid expression of a relation between the 
quantities is that every term in it must be of the same dimensions. 

296. Physical Quantities. Wo give here a list showing the principal 
derived quantities that occur in Dynamics and their dimension symbols. 

Velocity [LY[TY\ 

Acceleration [LYlTy- 

Momentum! -.^ 

Impulse J 

Moment of Mouientuml r r-ia [7-1-1 rj/ii 
Impulsive Couple / L J L J L J ■ 

Kinetic Reaction^ \LV\T\-'^ \M'V 

Force J L J L J L J • 

Kinetic Energy] .^p [T]-^{Mf. 
Work J 

Power [LY[TY^[MJ. 

Density {Ly^WJ. 

Constant of Gravitation [LJ [T]-^ [M] " K 
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297. Method of Dimensions. We can frequently determine the form 
of a result by consideration of the dimensions of the quantities involved. 
This will be made clear by the consideration of some examples. Thus, if 
we assume that the period of oscillation of a pendulum can depend only on 
its mass, its length, and the acceleration due to gravity, we can prove that 
it is proportional to the square root of the length. Since the quantity to be 
expressed is an interval of time its expression cannot involve any power of a 
mass, and we have assumed that no mass but the mass of the body can 
enter into the expression ; the period is therefore independent of the mass 
of the body. Now g has dimension symbol [2i]'[y]"^ and therefore \\>Jg 
has dimension symbol [?"]'[-£] ~i, hence the only way in which the expression 
of the period can contain the length I of the pendulum is by being propor- 
tional to its square root. This argument would prove that the period is a 
numerical multiple of ij{llg). Again, to take another example, consider the 
ellipticity of the Earth supposed to depend on the angular velocity of 
rotation a, the mean density p, and the constant of gravitation y. The 
product yp has dimension symbol [T]"^, and thus at^lgp is a number (angles 
being measured in circular measure); the ellipticity being a number, must 
be a function of <a7yp. The method of dimensions supplies also a useful 
means of verification. In any piece of mathematical reasoning where the 
numbers represent quantities all the terms in each equation must be of the 
same dimensions. 

298. Units. Throughout this book, except occasionally in examples, it 
has been assumed that the unit of length is one centimetre, the unit of time 
one mean solar second, and the unit of mass one gramme. This system of 
units is known as the c. g.s. (centimetre, gramme, second) system. Some of 
the derived units have received names which have mefwith general accept- 
ance, such as the names for the units of force and work. 

The c.G.s. unit of force is the di/ne, it is the force which acting on a mass 
of one gramme for one second generates in it a velocity of one centimetre 
per second. The weight in London of a body whose mass is one gramme is 
about 981 '2 dynes. The gravitational attraction between two spheres each 
of mass one gramme with their centres at a distance of one centimetre is 
(6'65) 10 ~* dynes. This is the value of the constant of gravitation y in 
c.G.s. units*. 

The c.G.s. unit of work is the erg, it is the work done by a force of one 
dyne acting over a displacement of one centimetre. 

299. British Gravitation Units. The c. g. s. system, although generally 
used for scientific work, is frequently not employed in practical applications 
of science. Engineers in this country use a system of units adapted to their 
purposes and associated with the commercial measures of quantities here 
adopted. British tradesmen do not generally estimate lengths in centimetres 
(or metres) nor do they sell things by the gramme (or kilogramme). The 

* 0. V. Boys, Proc. R. 8. VoL lvi. 1894. 
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commercial units of length and mass in this country are the foot and the 
pound, and corresponding to these there is a system of dynamical units. 
There is however another important respect in which this system differs 
from the c.g.s. system, and that is in respect of the unit of force. The 
unit of force employed by British engineers is statical, it is the force that 
must be applied to support a body whose mass is one pound. This involves 
a change in the measurement of force. Instead of saying, as we have in 
Article 75, that the force acting on a body of mass m, and producing an 
acceleration / is measured by the product of the numbers m, /, we should 
have to say that the measure of the force is the product of the numbers ot,/, 
and a constant coefficient. The coeflftcient is then the reciprocal of the 
numerical measure of the acceleration due to gravity in terms of the unit 
of length employed (the foot). This constant is accordingly 1/(32-2). Thiis 
the equation which we write P = mf, where P is the force producing accele- 
ration / in a body of mass m, could be written in these units P = {mlg)f, 
where g is the said constant*. In the system of units we are now de- 
scribing certain measures of quantities of work and power have received 
special names. 

The unit of work is the foot-pound, it is the work done by a force which 
would support a body of mass one pound acting through a displacement of 
one foot. The potential energy of a body which weighs m pounds raised 
to a height h above the Earth's surface is mh foot-pounds. According to 
Article 149 this is the measure of the "potential energy of thebody in the 
field of the Earth's gravitation." 

The unit of power employed in the same system is the horse-power. It 
is the power of an agent which does 33000 foot-pounds of work per minute. 

The units of the system here described are called "gravitation units" 
because the quantities expressed by the units at any place depend on the 
local numerical value of the acceleration due to gravity. They are unsuited 
to the general expression of dynamical equations, which are required to hold 
without modification not merely for relatively small bodies at a place on 
the Earth's surface but for bodies of any size in any place. 



* It does not tend to simplieity that the writers who use these units also use 
the word "weight" for the quantity we call "mass," and the letter W where we 
use m, and thus they write the above equation P=(Wjg)f. In the notation of 
Article 281 this would be a valid equation in c. u. s. units, or in any units in 
which the unit force produces unit acceleration in unit mass, but all the letters 
except/ would have different meanings. Much confusion has thus been produced. 
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Acceleration, Definition of, 33; along 
normal to curve, 36; along normal 
to surface, 198; uniform, 33, 42; 
central, 51; radial and transversal, 
60; of rigid body, 238; initial, 279; 
relative to rotating frame, 299, 306, 
355 

Angular momentum, 104 

Angular velocity, 38, 227 

Apses, 65 

Atwood's Machine, 177; Correction for 
inertia of pulley, 288 

Axis, Principal, 229; Polar, 351, 355 

Ballistic Balance, 96, 101, 258 
Bodies, conception of, 85, 87, 142 

Central forces, motion under several, 
152 

Central Orbits, 51, 62, 148 

Centre, Instantaneous, 238, 235, 282, 
289; of Oscillation, 237; of Inertia, 
102 ; Motion of, 89, 107 

Centroid, 14 

Chain, Tension of, 120 ; Motion of, 301 

Conservative forces, 125, 126 ; Examples 
of, 180; Motion of a Particle under, 
147, 183 

Collision, 256 

Conic, construction of from certain con- 
ditions, 57 

Constraint, definition of, 114, 138 ; one- 
sided, 173, 184 
L. 



Couples, 21; Theorems concerning, 22, 

24,26 
Curve, motion on a, 172, 182, 187, 188, 

302 
Curvature, initial, 280, 284 
Cycloid, Isoohronism of, 176 

D'Alemhert's Principle, 101, 107 
Density, 88 

Descent, Line of quickest, 173 
Differential Notation, 35 
Dimensions, 33, 34, 878 
Displacement, 6, 30 

Elasticity, Theory of, 116, 257 
Elements of planetary orbit, 159 
Elliptic motion, 54; under gravitation, 
97; of two bodies, 156; disturbed, 159 
Energy, Kinetic, 105; Potential, 126; 
Equation of, 133; Conservation of, 
136; Forms of, 137; Dissipation of, 
136, 257; essential to Mechanics, 
143 ; Problems illustrating, 298 
Envelopes, of trajectories, 47, 53, 55 
Equations of motion, 90, 106; Varia- 
tional, 140, 143 ; of rigid body, 235 ; 
of chain, 306; impulsive, 91, 269, 809 

Field of Force, 93 ; Potential energy of 
body in, 182 

Force, Definition of, 89; Eesultant, 89; 
Original notion of, 100 ; Internal, 106, 
112, 139; Transmissibility of, 118; 
25 
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Bodily, 118; Positional, 135, 152; 

Motional, 135; Belativity of, 360 
Foucault's Pendulum, 358 
Friction, 114; Coefficient of, 115; on 

curve, 174, 187, 189; on surface, 192; 

in rolling and gliding, 239 ; Impulsive, 

272 
Frame of Reference, 5, 7, 93, 361 

GaUlei, 45, 100 

Gravitation, 96; Constant of, 97, 374; 
Work done by, 128; Motion of two 
bodies under, 155, 156 ; Frame of re- 
ference for, 97, 366 ; Universal, 365 ; 
Units, 374 

Gravity, 43, 94, 179, 352, 356; Work 
done by, 127; Free motion under, 
148; Corrections of, 151, 353 

Gyration, radius of, 280 

Harmonic motion, 47; Composition of, 
49; Production of , 149 ; of Pendulum, 
178; of oscillating system, 287; re- 
sisted, 196 ; in line turning uniformly, 
360 

Heat, generated in collision, 257 

Hertz, 141 

Huygens, 236 

Impulse, 90; internal, 110, 271; effect 

of, on elastic system, 261 
Impulsive motion, 91, 92, 109, 264, 275, 

309 
Inertia, 99; Moment of, 228; Ellipse 

of, 230 
Inflexions, Circle of, 235 
Initial Motion, 278, 308 
Inverse Square, Law of, 56, 58, 63 

Kinematic Conditions, 241, 301, 302, 305 
Kinetic Energy, 105; Change of, 134, 

183, 189; produced by impulse, 138, 

270 ; lost in collision, 262 
Kinetic Reaction, 90, 103 ; of rigid body, 

233 ; Moment of, 104 



95; Measurement of, 98; essential 
to Mechanics, 101, 142 

Measurement, Theory of, 371 

Mechanics, Postulates of, 93, 861 

Molecular hypothesis, 142 

Momental equivalents, 230 

Moment, of Localised Vector, 18 ; Theo- 
rem of, 21 

Momentum, 90, 103; of rigid body, 232; 
Moment of, 104; Conservation of, 108, 
147, 364; Change of, 264, 269; 
Problems illustrating, 293 

Newton, 51, 56, 100, 154, 257 

Oscillation, 178, 180, 286, 296 
Osculating plane, of path of particle, 
193 

Parabolic motion, 44, 148 

Parallelogram, of localised vectors, 17 ; 
of forces, 101 

Particle, Notion of, 42, 86, 87; Dyna- 
mics of, 145, 172; inadeijuacy of, 142 

Path, 32 

Pendulum, Simple, 178; Conical, 191; 
Rigid, 236; Simple equivalent, 288; 
Foucault's, 358 

Planetary motion, 97, 157 

Plumb-line, 352, 354 

Poisson, 259 

Position, Determination of, 3 

Potential, 129 

Potential energy, 126; Localisation of, 
132; of body in field, 132; of gravi- 
tating system, 129; due to gravity, 
130 ; of stretched string, 131 

Power, 138 

Pressure, 99, 114; on a curve, 172, 183, 
187, 189 ; on a surface, 193 

Problem of Two Bodies, 154 

ProJeotUe, 44, 196, 199 

Pull, of a locomotive, 174 

Quantity, 372 ; of matter, 98 



Lagrange, 143 
Laws of Motion, 100 

Mass, Notion of, 87; Determination of, 



Range, of projectile, 46, 197 

Reaction, of bodies in contact, 113, 117; 

of string in contact with surface, 120; 

initial, 278 
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Belatlve, Coordinates, 39, 102 ; Motion, 
39, 40, 154, 184, 263, 293, 298, 305, 
355 

Besistance, 115 

Resisting medium, 195 

Bestltution, 259 ; between rigid bodies, 
271 

Rigid Body, Force applied to, 89, 112; 
general motion of. 111 ; in two dimen- 
sions, 227, 236; impulses applied to, 
269; initial motion of, 282; oscilla- 
tion of, 289 ; energy and momentum, 
297 

Kolling, 239, 241 

Botation, of frame, 184, 186, 298, 863; 
of rigid body, 227, 233 ; of the Earth, 
351 

Screw, right-handed, 19 
Second, Mean Solar, 3, 368 
Seconds Pendulum, 179 
SUdlng, 115, 239, 272 
Speed, 33 

Spheres, impact of, 258, 259, 261, 274 
Spring, 121; Potential energy of, 132 
Stability, of circular orbit, 68 ; of equi- 
librium, 288; of steady motion, 295 
Strain, 116, 122 
Stress, 116, 122; in a rod, 246 



String, 119, 301; elastic, 120, 293; 
Potential energy of, 131 

Tension, 119; of extensible string, 121; 

of chain at place of discontinuity, 301 
Thread, 120 

Time, Measurement of, 3, 366 
Traction, Surface, 118 
Trajectory, 32 
Translation and Botation, Independence 

of, 108 

Uniformity of Nature, 1 

Unit, of time, 3 ; of velocity, 33 ; of 

acceleration, 34 ; of mass, 98 
Units, Systems of, 374 

Vectors, Definition of, 8; Composition 
and Eesolution of, 10, 15; Systems 
of, 13, 27, 28; Localised, 16; in 
parallel lines, 23 

Velocity, Definition of, 30, 32; ter- 
minal, 196, 200 ; of rigid body, 232 ; 
relative to rotating frame, 299 

Virtual Work, 139 

Weight, 94, 352 

Work, Definition of, 123; of internal 

forces, 128 
Work Function, 125 
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